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Métodos de Lax, Upstream, Leapfrog
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Aula passada

Diferencas finitas

e Série de Taylor:
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https://en.wikipedia.org/wiki/Taylor_series



Aula passada

Diferencas finitas

* Diferencas avancadas: (
* Diferencas retardadas: (

* Diferencgas centradas: (g
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As diferencas centradas dao uma aproximacao mais exacta

A aproximacao é melhor quando Ax -> 0
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Aula passada

= ~ . oT oT
Equagdo de adveccgao (linear, 1D) | &, = —up, u = const

* A equacao é linear se u = const e tem, nesse caso, solucao analitica.

* Trata-se de um problema de valores iniciais. l.e., dada a distribuicao inicial T(x,
t=0) calcular T(x, t>0).

* Vamos discretizar a fungao T(x, t) = T"At, , = T™,

(O indice superior representa tempo, o inferior o espaco). Vamos experimentar
uma solugao por diferencas finitas usando o método de Euler, com diferencas
avancadas no tempo e centradas no espaco:

1
T]Z:ﬁH_ B T/? — _uTl?-i-l B Tg—l — TTH—l — TN _ uAtTl?-Fl o T/?—l
At 2Ax k & 2Ax

* Trata-se de um método com 1 nivel (o calculo da solu¢dao no passo de tempo n
sO depende de 1 passo anterior n — 1).

* Trata-se de um método explicito: T™*!, depende do campo no passo de tempo
anterior (e ndao do seu valor noutros pontos em t = nAt).



= ~ . oT oT
Equagdo de adveccgao (linear, 1D) | &, = —up, u = const

n __m
k & 2Ax

* Trata-se de um método de 12 ordem no tempo e 22 ordem no espaco.

* Asolucao depende de condi¢des fronteira espaciais. Vamos definir a solucao
num dominio espacial finito:

r €0, L] = xp=(k—1)Ax, k=1,...,.N

* \Vamos considerar dois casos:
* CondicOes ciclicas (periddicas): g = TN, TN+1 = X1

e Condicdes “abertas”: 0T
— =0,emz =21,z = TN

ox



import matplotlib.pyplot as plt
import numpy as np

plt.rcParams['figure.figsize']l = 10, 6

nx=1000; dx=5.

nt=5000; dt=1.

u=2.
x=np.arange(0, nx*xdx, dx)

x@=dx*nx/2

L=100
Ti=np.exp(-((x=x0)/L)*x*2)
T=np.zeros(len(x))
Tp=np.zeros(len(x))
TL:1=Til:]

n n
n+1 n k+1 k—1
isp=1 Tk + — Tk - /U/At +
for it in range(1,nt): QACE'
for ix in range(1,nx-1):
Tplix] = Tlix] - uxdt/(2xdx)* (T[ix+1] - T[ix-1])

Tplnx-11 = Tlnx-1] — uxdt/(2*dx)*x (T[@] - T[nx-2])

Tplo] = T[O] — uxdt/(2%xdx)x (T[1] - T[nx-1])

T[:1=Tpl[:]

if (it+1)%250==0 and isp<=5: L0 = TN, TN+1 = L1
plt.subplot(5,1,isp)
plt.plot(x,Ti,'b', x,T,'r")
plt.xlabel('x")
plt.ylabel('T")

plt.title('t="+str(itxdt)) n+1.
plt.grid() T . Tp

isp +=1 Tn' T
if max(T) > 10: )

print('it=" + str(it)+ ', T=' + str(T)) n-1.

print T4 Tm

plt.tight_layout()



FTCS — Forward-time, central space (método instavel)
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FTCS — Forward-time, central space (método instavel)
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O método de Euler é incondicionalmente instavel

T£+1 R Tl?—l
2Ax

TP =T — uAt

* Ainstabilidade é, neste caso, independente da escolha dos parametros
de discretizacao At, Ax e nao € uma consequéncia da ordem da
aproximac3o. E possivel definir esquemas de 12 ordem (ou ordem mais
elevada) condicionalmente estaveis.



Aproximacao de Lax—Friedrichs

mn
* Em vez de: T,?“ =T;?—uAtTk+1 13
—_— 201
1 Tk 1 Tl? 1
- Fazemos: Iy"' = 2(Tk 1+ Ty ) — uldt +2A:1:

e Continua a ser um método com 1 nivel temporal e de primeira ordem
no tempo e segunda no espaco.



nx=1000; dx=5.

nt=5000; dt=1.5

u=4.
x=np.arange(0,nxxdx,dx)
courant=uxdt/dx

xX0=1000

L=100
Ti=np.exp(-((x—x0)/L)**x2)
T=np.zeros(len(x))
Tp=np.zeros(len(x))

T[:]1=Til:]
1 e — 1ha
n+1 __ n n + —
for it in range(1,nt): xr
for ix in range(1,nx-1):
Tplix] = 5x(T[ix-1]+4T[ix+1]) - uxdt/(2*dx)x (T[ix+1] - T[ix-1])

Tplnx-1]1 = .5%(T[nx=21+T[0]) - uxdt/(2xdx)* (T[0] - T[nx-21)
Tpl0] = .5%(TInx-11+4T[1]) - uwkdt/(2xdx)*x (T[1] - T[nx-1])
TL:1=Tpl:]

if (it+1)%250==0 and isp<=5:
plt.subplot(5,1,isp)
plt.plot(x,Ti,'b', x,T,'r")
plt.xlabel('x")
plt.ylabel('T")
plt.title('Lax, t="+str(itxdt) + ', u="+str(u) + ', dx="+str(dx) + ', dt="+str(dt) + ', co
plt.grid()
isp += 1

plt.tight_layout()



Comportamento do método Lax

Lax, t=249.0, u=4.0, dx=5.0, dt=1.0, courant=0.8
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Comportamento do método Lax

v

Lax, t=311.25, u=4.0, dx=5.0, dt=1.25, courant=1.0
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Comportamento do método Lax

v

Lax, t=373.5, u=4.0, dx=5.0, dt=1.5, courant=1.2
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Comportamento do método Lax

» Estavel, difusivo:
Lax, t=1249.0, u=4.0, dx=5.0, dt=1.0, courant=0.8
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e Estavel (quase perfeito!):
Lax, t=1248.75, u=4.0, dx=5.0, dt=1.25, courant=1.0
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e NUmero de Courant: ——

L > 1, instavel



oT oT
= —U——, U = const

Upstream differencing o~ 'on

L _Tn
e FTCS: 7TnTL — 77 _ At k+1 k—1
& B 2Ax

T — 17
) . ‘|‘1 _ n k k—1
Seuw>0: Tyt =T} — ult———
+1 k1~ Iy
] n — n
* Seu<O: T =Ty — uldt—

Meétodo de primeira ordem tanto no espaco como no tempo, explicito, de
1 nivel.



TEMPO

oT oT

— = —U—, U = const
Leapfrog (22 ordem) o ox
Tn+1 . Tn—l n __m Problema: A malha
k k — —u ft1 k—1 computacional fica
2At 2Ax dividida em dois conjuntos
desacoplados...
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A
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Parametros

import matplotlib.pyplot as plt
import numpy as np

plt.rcParams['figure.figsize']l = 10, 6

nx=1000; dx=5.

dt=1

u=1.

L=100

x0=1000

x=np.arange(0, nxxdx, dx)

courant=uxdt/dx

voltas=10

nt = int(((max(x)-min(x))/u/dt+1) * voltas)
Ti=np.exp(-((x-x0)/L)**x2)

or
ot

oT
= —UuU—

ox

, U = const

19



- or __or
Tk:—|—1 — CZ—}{;_1 E = —U%, U = cons

2Ax

1
Lax: it = 5 (T + T — uAt

T=np.zeros(len(x))
Tp=np.zeros(len(x))
Tl:1=Til:]

for it in range(1,nt):
for ix in range(1,nx-1):
Tplix] = 5% (T[ix-11+T[ix+1]) — uxdt/(2xdx)* (T[ix+1] - T[ix-1])

Tplnx-1] = .5%(T[nx-21+T[0]) - uxdt/(2xdx)* (T[0] - T[nx-2])
Tpl0] = .5%(T[nx-11+T[1]) - uxdt/(2xdx)*x (T[1] - T[nx-1])
T[:1=Tpl:]

Tlax=T

plt.plot(x,Ti,'b', x,T,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Lax, t='+str(itkdt) + ', u='+str(u) + ', dx="+str(dx) + ', dt="+4str(dt) + ', courant="+
plt.grid()

20



oT oT
n __qm — = —U—, U = const

T, i

T=np.zeros(len(x))
Tp=np.zeros(len(x))
T[:1=Til:]

for it in range(1,nt):
for ix in range(1,nx-1):
Tplix] = T[ix] = uxdt/(dx)* (T[ix] - T[ix-1])

Tplnx-1] = Tlnx-1] - uxdt/(dx)* (T[nx-1]1 - T[nx-21)
Tplo] = T[O] - uxdt/(dx)*x (T[0] - TInx-11)
Tl:1=Tpl[:]

Tupstream=T

plt.plot(x,Ti,'b', x,T,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Upstream, t='+str(itkdt) + ', u='+str(u) + ', dx="+4str(dx) + ', dt="+str(dt) + ', cou
plt.grid()

21



oT oT

n—+1 n—1 n n
I_ : T =1 I o By ' — = —u—, u = const
eapfrog - utt o ~ "oz

T=np.zeros(len(x))
Tm=np.zeros(len(x))
Tp=np.zeros(len(x))
Tl:1=Til:]
Tm[:]1=T[:]
Tpl:]1=TI[:]

for ix in range(1,nx-1):

Tlix] = Tm[ix] - uxdt/(2%dx)* (Tm[ix+1] - Tm[ix-11)
TInx-11 = Tm[nx-1] — uxdt/(2%dx)*x (Tm[@] - Tm[nx-21)
T[0] = Tm[0O] - uxdt/(2*xdx)* (Tm[1] - Tm[nx-21)

for it in range(2,nt):
for ix in range(1,nx-1):
Tplix] = Tm[ix] - uxdt/(2xdx)x (T[ix+1] - T[ix-1])

Tplnx-11 = TmInx-1]1 - uxdt/(2xdx)*x (T[0] - Tlnx-21)
Tpl[0] = Tm[O] - uxdt/(2xdx)x (T[1] - TInx-11)
Tml:1=TI[:]

Tl:1=Tpl[:]

Tleapfrog=T

plt.plot(x,Ti,'b", x,T,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Leapfrog, t="+str(itxdt) + ', u="4str(u) + ', dx="+4str(dx) + ', dt="+4str(dt) + ', coura
plt.grid() 22



or __or
Plot all o - Mo T

plt.rcParams['figure.figsize'] = 10, 6
plt.close()

plt.subplot(3,1,1)

plt.plot(x,Ti,'b", x,Tlax,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Lax, t="+str(itxdt) + ', u="+4str(u) + ', dx="+str(dx) + ', dt="+str(dt) + ', courant='+
plt.grid()

plt.subplot(3,1,2)

plt.plot(x,Ti,'b"', x,Tupstream,'r')

plt.xlabel('x")

plt.ylabel('T")

plt.title('Upstream, t="+str(itxdt) + ', u="+4+str(u) + ', dx="+str(dx) + ', dt="+str(dt) + ', coura
plt.grid()

plt.subplot(3,1,3)

plt.plot(x,Ti,'b"', x,Tleapfrog,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Leapfrog, t="+str(itxdt) + ', u="+str(u) + ', dx="+str(dx) + ', dt="+str(dt) + ', coura
plt.grid()

plt.tight_layout()
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A dissipacao dos métodos de Lax e Upstream depende do Numero de Courant
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Leapfrog é pouco dissipativo (mantém amplitude) mas é dispersivo (a
velocidade de fase depende do comprimento de onda).
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Impacto do espetro da perturbacao a ser advectada
(Courant=0.2, L=500)
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Impacto do espetro da perturbacao a ser advectada
(Courant=0.2, L=500)
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CondicOes fronteira abertas

No caso da equacao da adveccao linear a condicao fronteira aberta é muito

simples:
ory (T,
0x )y -\ Ox 20 N

Em geral, € mais complicado...
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Filtro temporal no Leapfrog

TL:1=T[:1+filtro*x(Tm+Tp-2%T)
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Reduz a dispersao; Evita a instabilidade; Tem um efeito difusivo (atenua) .
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isp=1

plt.rcParams['figure.figsize']l = 10, 6
plt.close()

for filtro in [0., 0.1, 0.2]:
T=np.zeros(len(x))
Tm=np.zeros(len(x))
Tp=np.zeros(len(x))
T[:1=Til:]

Tml:
Tpl:

for

1=TI[:1]
1=TI[:1]

ix in range(1,nx-1):

Tlix] = Tmlix] - uxdt/(2%dx)* (Tm[ix+1] - Tm[ix-11)

TInx-11 = Tm[nx-11 - ukxdt/(2xdx)* (Tm[@] - Tm[nx-21)
T[0] = Tm[0] - ukxdt/(2*kdx)* (Tm[1] - Tm[nx-2])

for it in range(2,nt):
for ix in range(1,nx-1):

Tplix] = Tm[ix] - uxdt/(2xdx)* (T[ix+1] - T[ix-1])
Tplnx-1] = Tm[nx-1] — uxdt/(2*xdx)* (T[@] - T[nx-2])
Tplo]l = Tm[0] - uxdt/(2xdx)x (T[1] - T[nx-1])

e T [ ]=T[:]+Filtrox(Tm+Tp-2%T)

Tm[:1=TI[:]
Tl:1=Tpl:]

plt.subplot(3,1,1isp)

plt.plot(x,Ti,'b', x,T,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('Leapfrog, filtro='+str(filtro))

plt.grid()

isp+=1

plt.tight_layout()



