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Calcular: f: f(x)dx

Massa de placa semi-circular homogénea (densidade p = kgm™2).

y — f(x) — V RZ - xz Método do trapézio

R p7TR2 N
m=ﬂpd$=jpydx=
. _p 2 ol

(m = area, quando p = 1)

Centro de massa:

FCM — %ffs 77 pdS 40 o T - -
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Método do trapézio

(1)

(2)

(3)

(4)

Divide-se o intervalo de integracdo em N
sub-intervalos

Aproxima-se a funcao integranda pela linha
guebrada

Cada elemento de integracao é um trapézio
(neste caso, com 2 triangulos em cada
limite)

No lim alinha quebrada converge para a

N—-oo

funcao.
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Método do trapézio

y=22.47449
area=3559.59
n-1= 5

T
20

il
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Calculo do centro de massa pelo método do
t ra péZio Método do trapézio

50 1Centro de I\/Iassa
dotrapemo

import numpy as np

import matplotlib.pyplot as plt 40 1
def placa(x,R):
=np.sqrt (R**2-x**2) 30 -
return £ ,
ro=1.;R=50. ;kp=0; n=6 n-1=
x=np.linspace (-R,R,n+1) ;dx=x[1]-x[0] 201
f=placa(x,R)
massa=ro* (£[0]+£[n]) /2 10 -
xcm=ro* (£[0]*x[0]+£f[n]*x[n]) /2
ycm=ro* (E[0]*£[0]/2+£f[n]*£[n]/2) /2

for k in range(1l,n):

massa=massa+ro*f[k] -40 -20

xcm=xcm+ro*f [k] *x[k] f f

ycem=ycm+ro*f [k]*£[k] /2 0 N
massa=massa*dx Ax + fl Tt fN 1 + - 2

xcm=xcm*dx/massa
ycm=ycm*dx/massa
plt.scatter (xcm,ycm,color="'black', zorder=10) n éo numero de intervalos

(n+1) pontos
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Convergéncia trapézio

from sympy import integrate,Symbol, sqrt

x=Symbol ('x') ; £=Symbol (‘f’ ) ; f=sqrt (50**2-x**2)
a=integrate(f, (x,-50,50))
yCM=integrate (£**2/2, (x,-50,50)) /a

print('Analitico area=',6a, '=%23.16f yCM=%23.16f' % (a,yCM))

n= 6 massa= 3559.592 kg xcm= 0.000 m ycm= 22.47448714 m
n= 11 massa= 3796.311 kg xcm= 0.000 m ycm= 21.73162294 m
n= 101 massa= 3922.836 kg xcm= 0.000 m ycm= 21.24101229 m
n= 1001 massa= 3926.859 kg xcm= -0.000 m ycm= 21.22134832 m
n= 10001 massa= 3926.987 kg xcm= -0.000 m ycm= 21.22068133 m
n=100001 massa= 3926.991 kg xcm= 0.000 m ycm= 21.22065979 m

Analitico area= 1250*pi = 3926.9908169872414874 yCM=
21.2206590789193790
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n=100
= mPM=intTRAP (placa,-R,R,n)
TRAPEZIO Ve rS'Z xPM=intTRAP (placax,-R,R,n) /mTRAP
yPM=intTRAP (placay, -R,R,n) /mTRAP

import numpy as np def intTRAP(fun,a,b,n):
def placa (x,R=50): dx=(b-a) /n
f=np.sqrt (R**2-x**2) x=np.linspace(a,b,n+1)
f=fun (x)
L integral=0.5% (£[0]+£[n])
def placax(x,R=50): for k in range(1l,n):
f=placa (x,R) *x integral=integral+f[k]
return f integral=integral*dx

def placay (x,R=50) : return integral

f=placa(x,R)**2/2
return £
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50 + i —

Método do ponto médio _ ~ N

30 A
y=21.07596

(1) Divide-se o intervalo de i
. ~ . 20 4
integracao em N sub-intervalos

(2) Toma-se o valor da fungao no 10 1
ponto médio

(3) Cada elemento de integragao é ~40
um retangulo

(4) No lim  aescada converge

N—>oco

para a funcao.

XN N
f fx)dx = Sy = hz fk_% = h[f1/2 + fz2+ 0+ fN—1/2]
X0 k=1
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n=100
= mPM=intPM (placa,-R,R,n)
PONTO M EDIO xPM=intPM (placax,-R,R,n) /mPM
yPM=intPM (placay, -R,R,n) /mPM

import numpy as np def intPM(fun,a,b,n):
def placa (x,R=50): dx=(b-a) /n
f=np.sqrt (R**2-x**2) x=np.linspace (a+dx/2,b-dx/2,n)
f=fun (x)
TR integral=0.
f=placa (x,R) *x integral=integral+f[k]
return f integral=integral*dx

def placay (x,R=50) : return integral

f=placa(x,R) **2/2 1me|hor
return £ def intPM(fun,a,b,n):
dx=(b-a)/n

x=np.linspace (a+dx/2,b-dx/2,n)
integral=dx*np.sum(fun (x))
return integral
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Vantagens trapézio vs ponto médio

Os dois métodos tém desempenho comparavel. Por vezes a funcao nao pode
ser calculada nos pontos limite, apesar de ser integravel: nesse caso usa-se o
ponto médio.

O método do ponto médio é extensivel a problemas multidimensionais.
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Método de Simpson

No método de Simpson, a funcao é reconstruida entre cada trés pontos por
uma parabola:

1 4 2 4 2 4 1
=h[§f0+§f1+§f2+§f3+”'+§fN—z+§fN—1+§fN
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n=100

SIMPSON mPM=intSI (placa,-R,R,n)
xPM=intSI (placax,-R,R,n) /mSI
yPM=intSI (placay, -R,R,n) /mSI

import numpy as np def intSIMP(fun,a,b,n):
def placa(x,R=50): _ _
f=np.sqrt (R¥*2-x**2) dx= (b a) /n
S x=np.linspace(a,b,n+l)
def placax (x,R=50): coef=np. zeros (x.shape,dtype=£float)
f=placa(x,R)*x coef[0]=1./3
return £
e coef[l:n:2]=4./3
f=placa(x,R) **2/2 coef[2:n:2]=2./3
return £ coef [n] =1. /3

integral=dx*fun (x) .dot (coef)
return integral

A llf +4f+2f +4f+ +2f +4f +1f]
X(ZJoTZ/iT3/2T3 )3T TS IN-2T5IN-1TFJN
Para outra funcao mudar 3 3 3, 3 3 3 3

14242 24 1]
- [373’374’377773’3’3
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Testes de desempenho

kp=-1;R=50
points=np.array([6,12,24,100]) ;area=np.zeros((len(points),3) ,dtype=float)
for n in points:
kp=kp+1
mPM=intPM (placa,-R,R,n)
xPM=intPM (placax,-R,R,n) /mPM; yPM=intPM(placay, -R,R,n)/mPM
mTRAP=intTRAP (placa,-R,R,n)
xTRAP=intTRAP (placax,-R,R,n) /mTRAP; yTRAP=intTRAP (placay,-R,R,n)/mTRAP
mSI=intSIMP (placa,-R,R,n)
xSI=intSIMP (placax,-R,R,n) /mSI; ySI=intSIMP (placay,-R,R,n)/mSI
area[kp,0]=mPM;arealkp,1]=mTRAP;arealkp,2]=mSI
from sympy import integrate,Symbol,sqrt
x=Symbol ('x') ;£f=Symbol ('f') ; f=sqrt (50**2-x**2)
aSYM=integrate (£, (x,-R,R)) #solucido exata
ySYM=integrate (£**2/2, (x,-R,R) ) /aSYM
plt.plot (points,areal[:,0],label="PM')
plt.plot (points,area[:,1],label="'TRAP')
plt.plot (points,area[:,2],label='SIMP')
plt.scatter (points,aSYM*np.ones (points.shape) ,label='SYMPY' , color='black')
plt.title(f) ;plt.legend()
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semicirculo

sqrt(-x**2 + 2500)

4000 -
3950 1
3900 -
3850 1
3800 -
3750 1
— PM
3700 1 —— TRAP
—— SIMP
3650 - ® SYMPY
T T T T T
20 40 60 80 100
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Parabola (SIMPSON da resultado exato!)

-xFE2 + 2500
169000 —_— PM
— TRAP
168000 - — SIMP
® SYMPY
167000
166000 -
165000
164000
163000 4
162000
T T T T T
20 40 60 80 100
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Retangulo (todos exatos)

y=50.0
— PM
5004 - —— TRAP
—— SIMP
® SYMPY
5002 -
5000 { ©—=& s °
4998 -
4996 -
T T T T T
20 40 60 80 100
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Volume de um cone (integral 1D)

import numpy as np;from sympy import Symbol,integrate,pi
def circulo(z,R=2,H=10):
circ=np.pi* (R-z/H*R) **2
return circ
def intPMed(fun,a,b,n): P
dx=(b-a) /n r=R——R
x=np.linspace (a+dx/2,b-dx/2,n) H
integral=dx*np.sum(fun (x))

return integral R

H=10;R=2
z=Symbol ('z') ;r=Symbol('r') ;r=(R-z/H*R)
Vol=integrate (pi*r**2, (z,0,H))
ns=np.arange(5,100,5)
for n in ns:
VolPM=intPMed (circulo,0,H,n)
print ('VolPM=%25.16e VolANA=%25.1l6e' % (VolPM,Vol))
plt.scatter (n,VolPM/Vol)
plt.ylabel ('VolPM/ ('+str(Vol)+')"')
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Volume de um cone (integral 1D)

1.0000 - e © ® o o e e o o o o o o o
L]

0.9975 + s}
0.9950 +
0.9925 +

0.9900 4 =}

VolPM/(pi*H*R*%2/3)

0.9875 1

0.9850 4

0.9825 4

T T T T
20 40 60 80 100

2018 J Laboratorio Numérico



Volume de um cone szH [ E

{integral 3D, coord polares)

——

X

from sympy import Symbol,integrate,pi,sin,cos
H=Symbol ('H') ;z=Symbol ('z"') ;

r=Symbol('r') ;R=Symbol ('R') ;

theta=Symbol ('theta'); a=Symbol('a')
r=(R-z/H*R)

Vol3=\

integrate (integrate (integrate(a, (theta,0,2*pi)), (a,0,r)), (z,0,H))
Print (Vol3)

>>pi*H*R**2/3

2018 J Laboratorio Numérico



. H r=R—ﬁ 27T
Comentario V=j O <j6 ad9>da dz

=0

Este calculo podia ser feito numericamente com o método do ponto médio,
mas era trabalhoso: seria necessario distribuir os “pontos médios” de forma
homogénea em 3 dimensdes (polares).
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