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Chapter 6

6 Big Bang Nucleosynthesis
* Initial Conditions;
* Nuclear statistical equilibrium;

* Neutron abundance;

* Helium abundance ;

* Comparison with observations

* BBN as a probe of cosmology and fundamental
physics
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Part III Mathematical Tripos

Big-Bang Nucleosynthesis

Initial conditions After QCD phase transition and T = 1 MeV protons

and neutrons...

L B R T I * remain in equilibrium with the fluid mostly due to
- it | weak interactions involving neutrinos.
. bt * First atomic nuclei may form in equilibrium via 2-
W25 o | body nuclear reactions between protons + neutrons
* The proton to neutron ratio is n/p = n® /p®4
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EW ByT ~1— 0.7 MeV,

* weak interactions can no longer keep protons and
neutrons in equilibrium

* Free neutrons tend to decay into protons by
T/MeV ~ 0.8, while atomic nuclei remain in
equilibrium (due to the electromagnetic interaction)

* Neutrinos also decouple; n/p starts to deviate from
the equilibrium value, n/p # n® /p®©4

T
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T

i 17 ByT~0.7—0.5MeV,
* The production of deuterium,n+p —- D +,
ceases when the number of neutrons decrease.
* Light atomic nuclei are then consistently formed by
T [MCV} 2-body reaction involving deuterium nuclei (3 body
reactions are very unlikely). 4




Big-Bang Nucleosynthesis

Initial conditions
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Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium

Let us assume a given atomic nucleus A = n + p nucleons (4 is the nuclear
mass number, n is the number of neutrons, and p is the number of protons of
the nucleus. The nuclear charge is given by the atomic number Z = p.

The number density of this nuclear species at equilibrium is given by the non-
relativistic expression derived in Series 2 (exercise 5.1):

maT\ "2 HA — Mg
naA = ga 3 €xXp o

where the chemical potential needs to account for the number of protons and
neutrons that make up the nucleus

pa=Zpp+ (A— Z)pn

We can also write similar equations to the free (non-relativistic) protons and
neutrons, noticing that both these particles have 2 degrees of freedom (spgn).



Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
i.e., neutrons and protons have also non-relativistic equilibrium densities given by
the previous expression (A =1, g, = 2):

PN
nn=2(ﬂ;’;> e—(mn un)/ll‘

3
gy . (mpT) /26_(%_#1,)/,1.
# 2T '

The nuclear binding energy, B, of a nucleus with atomic mass, 4, is defined as the
difference between the total mass of free nucleons and the mass of the nucleus:

Ba=Zmp+ (A—Z)mp —mag

Using these expressions in n, (the previous slide) and approximating m, = Amg
inside the (), with mp =~ m,, = m,, one obtains (Ex. Sheet 4’s exercise):

. = 24 2T

T 3(1-A)/2
__ 94 A2 (mB ) nznf_ZeBA/T

Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
This shows that abundance of a nuclear species, critically depends on :

* the abundance of protons and neutrons at a given T ;
* the binding energy to temperature ratio, B, /T

It is useful to write the nuclear abundances in terms of mass fraction abundances, X/,
defined as:

Xa=——| where nB:np+nn+ZAnA
A

This definition allows on to write the following conservation equation of nuclear

abundances
> xa =1
A

Using ny, = X ng/A in the expression of n, in the previous slide, one has:

3(1-A) A
XA — g_::A5/2 mBT /2M68A/T:
2 21 np 8




Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
The density ratio in the previous expression can be written as:

"5"??_2 "f"A_ZAl P g i ZvA-Z A-1_A-1
n — — — — — -—
—_— n = XX n =AX5 X ny, n
ng ngnA—Z B p “*n B p“*n oy

where we write ng = n,, 1 and define the baryon to photon ratio as:

n = 'nB/’n,7 where, Ny = 7722'4-(3)T3

7 is a central quantity in BBN. It can be calculated at present (T, = 2.7525):
n=2.74 x 1078h2%Qp

Using these expressions in X, (of the previous slide) one has (check all the steps!):

gA . mBT 3(17/‘)/2 Z A Z 2 2 A—l A B
XA=2—AA‘/2( = ) XFX4- (;«3)?“) pA-leP AT

— gAA5/22—A+A—1—3(1fA)/27T—2A+2—3(1fA)/2<(3)A—lT(l—A)(—3+3/2)m3B(1*")/2,’7A—1XPZX;;1—ZeBA/T
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Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
Which can be written in a nicer way...

T 3(A-1)/2
XA - F(A) (m_B> T]A_IXI%X,;?_ZBBA/T

where

F(A) = gaAV*¢(3)4 In - W/egCA=o0

This expression allows one to explicitly compute the mass fraction abundances of any
nuclear species assuming nuclear statistical equilibrium. In particular one has:

g
D: Xy = 16.3(m—> R, By = 2.22 MeV
B
, PRP
3He : X3 = 57.4<m—) n2e™/T X, X2, B3 = 7.72 MeV (*He)
B
3H . B3 = 6.92 MeV(®H)
N
‘He : Xy = 113(—) nPe”/TX2X2, By = 28.3 MeV
mp

T 33/2 i
20: X12=322x10° (m—> b -6 Bz =92.2 MeV |
B



Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
These abundances are constrained by the conservation equation which, if one neglects
other elements, reads:

Xn+Xp+Xo+Xs+ X4+ X12=1

The neutron and proton fractions are related. Their mass fractions in equilibrium can
be easily obtained. We know that

3/2
(@) _ (%) S -
np eq mp

Dividing the numerator and the denominator on left hand side of this equation by n,,

one obtains:
n X
(np> (Xp> ! = - p)
eq eq

Note that expressions for X,, derived in the previous slides assume the approximation
mg = m, = m,. If this approximation is taken rigorously then X;, /X;, = 1. However,
the mass difference (Q = m, — m,) in the exponential should not be ignored whlelreas
it is smaller impact on the ratio of masses of the right-hand side of n,, /n,, .

Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium
Also note that, since the mass fraction abundances add up to one, e.g.,

Xn+Xp+Xo+Xs+ X4+ X12=1

and nuclear synthesis occurs via 2-body reactions (such as those in slide 5):

* Heavier nuclear species are only effectively produced after the lighter ones
are produced. This is the case of Helium-4 which is only produced via 2-body
reaction involving Deuterium or Hydrogen-3

* |If the abundance fraction of a given nuclear species increases, this happens at
the expenses of some other species (which has its fraction reduced)

So, one can define an estimate of the temperature at which a given nuclear species is
effectively produced by setting X ,~1. this can only happen for T < B, so that the
exponential term in X,, compensates 1 (the baryon to photon ratio) term, which is
small.

T 3(A-1)/2 "
Xa= F(A)(m—B> X EXL % NT 1



Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium

From this previous expression on can derive an approximate equation to compute the
temperature of effective production of a given nuclear species, T,. Setting X, ~ X, ~
Xp ~ 1, taking the logarithm of X, and droping In F(A), which is also F, ~1, gives:

ozg(A—mn(ﬂ) Bt — Tl e

mp

This can be used with iterative numerical methods to estimate Ty,

B =
Y @
2(A- l)ln(%) +(A—-1)Inn
Ba 1

A—1lnnt+3In (%)

A
For example, using this expression for Deuterium, one obtains:

7 222 1
P71 In(2 x 10-8Qph%)~1 + 31n (LGY)

Tp

Similar equations can be derived for other nuclear species. H

Big-Bang Nucleosynthesis

Nuclear Statistical equilibrium

Solving these type of equations, one obtains the following effective temperatures of
production (in equilibrium) of the Deuterium, Tritium, and Helium-4:

Tp ~0.07MeV ; Tiy ~0.11 MeV ; Ty, ~ 0.28 MeV,

These temperatures can be converted to time using the Friedmann equation
expressed in terms of temperature of the effective degrees of freedom in energy

a hc m? T ,g.\Y2 T?
—=H = > —g*T‘l- = — (g_) -
a 3Mpl 30 3 \10 Mpl

where we assume radition domination.
Taking g, = 3.38 one can derive the following expression for the beginning of the
nucleosynthesis,

0.1 MCV) 2
Tnuc

14




Big-Bang Nucleosynthesis

Neutron’s abundance
The production of nuclear elements within the mechanism of Big-Bang nucleosynthesis is
directly related with the abundance of free neutrons, and the evolution of ng or the baryon

to photon ratio. One can tell the story of neutrons in a few steps:

Step 0: Step 2:
Equilibrium Step 1: Neutron Decay Step 3:
‘ Neutron Freeze-Out Helium Fusion
|

‘:IIIIIIII I LA

Neutrons decouple
from the fluid and

- T T T T T T

8 107! abandon equilibrium.
§ They also decay into
5 Protons.
2 107° E
= =
E —
2 —
2 [
2
g 10 T E
- equilibrium

1074

[TTTT]

it 1 1 ]
1

15
Temperature [MeV]

Big-Bang Nucleosynthesis

Neutron’s abundance
Step 0 (Equilibrium): Above T ~ 1 MeV protons and neutrons are in equilibrium via the
nuclear reactions

n+ve & p+ +e

n+et & p+ + Ve
The relative abundance of neutrinos to protons is then given by the equilibrium
prediction (neglecting the chemical potential of the leptons, p,~puy):

3/2
("_n> _ <”ﬁ) o~ (Mn—mp)/T
Np eq myp

where m, —m, = @ = 1.293 MeV is the mass difference between neutrons and

protons. So, the fraction of neutrons at equilibrium can be approximated by:
nod nod/npd e—Q/T

nSd S T 14+nS /0t 1+ e @/T

eq
X4~

where ng = n, + n, is used in the first equality and m,, / m,= 1is used in the last
equality. At T = 0.8 MeV this gives,

X29(0.8MeV) = 0.17 ~ 1/6 16



Big-Bang Nucleosynthesis

Neutron’s abundance

Step 1 (Decoupling): As neutrinos decouple and positron-electron annihilation occurs,
neutrons are forced to also decouple from the fluid. From the figure in a previous slide
one expects that the freeze out abundance of neutrons should be close to:

1
X3 ~ X23(0.8MeV) ~

To confirm this expectation, one needs to integrate the Boltzmann equation for the
interactions that keep neutrons and protons in contact with the plasma. As seen in
Chapter 4, the Boltzmann equation for the 2-body interaction1+2 = 3+ 4 is:

nin2
nin2 — ngng
N3N4 J oq

For interactions of the formn + l; S p™ + [,, where [; is a lepton tightly bound to

the plasma one obtains:
n (nn) n
n N P
Np / eq

Since leptons are tightly bound to the fluid one has: n;, = nleiq, and [}, =<mn; ov >.

1 d(n1a®)
ad dt

= —(ov)

1 d(nna®)

=
a3 dt

Big-Bang Nucleosynthesis

Neutron’s abundance

Step 1 (Decoupling): The solution of the Boltzmann equation is numerical. To compute the free
neutron’s fraction, X,,, one needs to use its definition (in slide 8) and compute the densities of
all baryon species in the fluid at a given time.

However, one can simplify the calculation of X,, using the following approximations:

* before neutron decouplingn, =n, +n, & 1 =X, + X,
* the total number of baryons is conserved, i.e., nba3 = constant.

Using these assumptions the Boltzmann equation can be written as (see Black Board):

1 d(n,a®) 1 I, Ny,
a3 dt (nga3)  (ngad) Mt 0/ oq

d (n,a® n n n
= — n — _l"n _‘)’L —_ _Tl _p =9
dt \nga3 ng \np/ ng

eq
nn

X, —|— X

" (np) P

eq

np] =

dX,
& —1 =T
dt n

dx,

= |Tar

= - [X, — (1 —X,) e” 7]

where we used X, = 1 — X, and the fact that (Q = m,, — m,):

3/2
<”_n> _ <ﬂ> o~ (Mn=mp)/T o =Q/T
np mp 18



Big-Bang Nucleosynthesis

Neutron’s abundance
Step 1 (Decoupling):
To integrate this Boltzmann equation,

df;" = [Xn il — Xn)e_Q/T]

it is useful to make a change of variable x = Q/T,

dX, dX,dx dX,d(QT™) _ an( Q dT) dX, x dT  dX,

—_— — — = = _—— == — H
dt  dx dt  dx  dt dx \" T2 dt dx T dt  dx =

Where the last approximation comes from T = A4; g*sl/3 (T) a(t)~! assuming g.s = constant
(see Riccatti equation in Chap 5). This expression is therefore valid away from mass thresholds.
Using this in the Boltzmann equation and writing R UL B e

i Wt 70 go

106.75 | | b T
g* . 100 85wy
== 3M21 3410 3V10My, g;z s WD =10
P - oW

=H,~1.13s~ 1

where H; is the x —independent part of the Hubble function )
written as a function of x the Boltzmann equation reads: ;

dX, TI'n
dr H1

[e_z—Xn(1+e_’”)] 7w\w\|\\w\x‘w\w‘

10° 10! 10° 10 10 1 0.1

Big-Bang Nucleosynthesis

Neutron’s abundance

Step 1 (Decoupling):

The exact form of I, depends on the lepton particles being considered. Its calculation
can be done in Quantum Field Theory. It can be, generically, approximated by:

255 12 + 6z + z?

Tn x5

Lt =

where 7,, = 886.7 s is the neutron half-time decaying period.
With these expressions the numerical

Step 0: Step 2:

integration of the Boltzmann S s Sk N P et Psion

|
‘|IIIIIII I [rroyrrTrd

equation (blue curve) would give:

X = X, (2 =00)=0.16

107!

only if neutrons don’t decay! (Step 2)
This is like the result in slide 17.
So just before Neutron decay one has:

np~n,+n, <= 1~X,+X,
and 1074 :

LiEr 111 1 ] | LTI S
X,~1-X,=085 + X,/X,~017| 1 0.1

Temperature [MeV]
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Big-Bang Nucleosynthesis

Neutron’s abundance
Step 2 (Neutron decay): The decoupled neutrons also decay into protons via the

process:
n—>p-+e + v

which has a half-time decaying period of 7, = 886.7 &= 0.8 sec.. This decay can only
become relevant when the universe is old enough (as old as the t,, decaying period).

To include neutron decay into the calculation, we simply multiply the neutron
abundance by an exponential term - e
characteristic of nuclear decaying S e St N Pt Fusion
processes: !

‘|IIIIIII I |ll|||||
Xn(t) _ XTIllo—decaye_t/Tn

~ le_t/TTL

6
Where ¢ is (radiation domination):

107!

1072

1072

Fractional Abundance

5 veq
o%s
equilibrium

0.1 MeV) 2
)
This decaying mechanism has strong L TR J,"“' T
implications for the nuclear species synthesis. Temperature [MeV]
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Big-Bang Nucleosynthesis

Neutron’s abundance

Step 2 (Neutron decay)
Using these assumption one can, for example, compute mass fraction abundances by
t=t(T~0.07 MeV) = 269.4s

260.4 s
886.7 s

X,(0.07 MeV) =< exp (- ) =0.123

X,(0.07 MeV) =1 — X, = 0.877

Step 0: Step 2:
Equilibrium Step 1: Neutron Decay Step 3:
Neutron Freeze-Out Helium Fusion

and therefore:

|
‘|IIIIIII I [rroyrrTrd

1

X,,(0.07 MeV)
Xp(0.07 MeV)

107!

—0.140 ~2
7

1072

this is just before Hellium-4 starts to

be produced in an efficient way. 107°

Fractional Abundance

equilibrium

10~4
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Big-Bang Nucleosynthesis

Helium abundance
Step 3 (Helium fusion): Helium is produced via the reactions:

D+pt & 3He+7,
D+ 3He ¢ “He+p™"

that require the existence of Deuterium, which is produced via: n +p* < D+ v
So, helium cannot be produced before enough deuterium is formed.

The helium fraction abundance by the end of BBN can be estimated as follows:

* Until before neutron decay (T~0.07) all baryons are in the form of free
protons and neutrons: nz ~ n;, + n,,

* By the end of BBN hydrogen (p) and helium-4 nuclei are the 15t and 2"¢ most
abundant elements (other nuclei are residual). So, baryon conservation allows
to write: ng + 4nZHe = n, + 1,

* By the end of BBN about half of the initial neutrons are inside helium nuclei

(because each nucleus of helium contains 2 neutrons): n4fHe =n /2

Under these approximations, the Helium mass fraction abundance becomes:

¥ ndy, Ani /2 i, 2n, /ni, 2X7/ X} 2/7 1
4He = = — — = — — = — = . - ~ —
ng+4n{He ni4+ni, ni+ni o 14ni/ni 1+ XP/XE 0 14+1/7 4

Big-Bang Nucleosynthesis

Numerical evolution of mass fraction abundances of light elements:
Time [min]

107°

107191

Mass Fraction
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Big-Bang Nucleosynthesis

Comparison with observations: QB2

WMAP
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Figure 3.10: Theoretical predictions (colored bands) and observational constraints (grey bands).



