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Topics

* Review of Quantum Mechanics concepts and instruments
* Approximation methods

* Basics of quantum computing

* Elements of scattering theory

* Identical Particles

* Groups and Symmetries



1: Review of Quantum Mechanics concepts and instruments




Timeline of the development of Quantum Mechanics

Photoelectric Atomic Structure Introducing = Quantum
effect Model Spin Con(i‘e\iZiice Electrodynamics
1905 1913 1924 1927 1948 — 1950
1900 1911 1924 1926 1927 1928
Black Body Discovery of Wave-particle Non—relativistic Uncertainty Relativistic

Radiation Nucleus charge duality Principle




Quantum Mechanics

Classical mechanics does not work on the “small” scale of matter:
* Black Body radiation

* Photoelectric and Compton Effects

* Atomic spectra

» Electron diffraction from crystals

Between 1926 and 1927 by Schrodinger, Heisenberg and Born finally obtained a consistent
description of matter on small scale and is as is known as “Quantum Mechanics”

Bohr Correspondence principle: Quantum theory must reduce to classical mechanics on a
larger scale and/or large quantum numbers.

Q: What is “small” ?
1. De Broglie’s wavelength A,~h/p~ obstacles = small
2.  Angular momentum =< Planck’s constant h

Ang. Mom. of earth ~10 h Ang. Mom. of a bicycle wheel~103% h
Ang. Mom. of molecules ~h Ang. Mom. of nuclei < h




1.1: Postulates of Quantum Mechanics: Copenhagen interpretation

The six postulates of quantum mechanics (Copenhagen

interpretation)
1. The wavefunction
2. Operators in Quantum Mechanics: Connection between
observables and mathematical operators
The superposition postulate
The expansion postulate
Measurements in quantum mechanics
Time evolution of the wavefunction

o bW




1- The Wavefunction

Postulate 1: For every dynamical system, there exists a wavefunction W that is a
continuous, square-integrable and single valued function of all the particles

coordinates and time and from which all possible predictions of the physical
properties of the system can be obtained.




Requirements for wavefunction

Wavefunction must satisfy 3 Conditions:

1. Wavefunction must be a continuous (No jumps in ¥ (x,7)), finite, single-
valued function of position and time.

To ensure that |¥(x, t|? is uniquely defined as p « |¥(x, t|? unique.

2. The integral of the squared modulus of the wavefunction all values of x must
be finite.

f |W(x,t)|?°dx = finite number
space

To allow the wavefunction to be normalised.

oW (x,t)
dx

1. Derivative must be continuous (no-kinks in ¥ (x,7) everywhere except

where potential is discontinuous (ie for finite potential).




The phase of a wave function: examples

Now we discuss several experiments which demonstrate the role of the
phase of the wave function. These emphasize that the fundamental quantity

in guantum mechanics is the wave function ¥ and not its absolute value

|LIJ|2,i.e

W(x,t) = |P(x,t)|e*D



Aharonov-Bohm effect (1949-59)

A phenomenon in which an electrically charged particle is affected by an electromagnetic potential
(¢, A), despite being confined to a region in which both the magnetic field H and electric field E are
Zero.
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Wave function of a free particle W(r,t) = C exp (— % Et + %p - r)

In electrodynamics magnetic field can be included by the following replacement in
the Hamiltonian (energy density):

p—op—ceA/c

This changes the phase of the wave function as:

pr pr e
5 A - dr
h h hcf

Such that the electron arriving at the detector gains an additional phase difference

A5=< ;CJA dr) ( ;JA dr) hecffA dr




Using Stokes theorem A§ = [[ VX Ads = h% @ , where @ is the magnetic flux
trough the surface bounded by the contour composed of Path 1 4+ Path 2

Therefore the interference patterns shifts

[ = 11 + 12 + 21/11]2 COS(5 + e(b/hC)

Conclusions: i) the phase of the phase function can be measured ii) the vector
potential 4 also has direct measurable consequences



Josephson effect (1962-63)

* Two superconductors separated by a thin insulating layer can experience tunnelling of Cooper
pairs of electrons through the junction. In the stational Josephson effect, a current proportional to
sin of the phase difference of the wavefunctions can flow in the junction in the absence of a voltage.

Insulator

Superconductor Superconductor

VAR | ¥al €PR

Cooper pair

You & Nori (2011), Nature 474, 589-597

Stationary case, no voltage: | = J,sin(¢; — ¢r)




Josephson effect (1962-63)

Insulator

Superconductor Superconductor

Non-stationary case, with constant electric

el
L potential difference:

| ppleiPr

@

Cooper pair

You & Nori (2011), Nature 474, 589-597

In electrodynamics electrostatic potential can be included by replacement E —
E — e@, therefore the wave function phase

E E 2e
Htﬁgt—?f@dt

J =Josin(¢p, — ¢pr — Tt)




2-Operators and dynamical variables

Postulate 2a: Every dynamical variable A (such as position,

momentum....) is represented by a linear and Hermitian operator A

Properties of Hermitian Operators
- Expectation (average) value is real ie (A) = (ﬁ)*

Eigenvalue a, of

* Eigenvalues of Hermitian operators a,are real. ie a,, = a, “tate
n

a ~
. -AY, = a
Operator A — ll}\n n/':bn

\ ./

Eigenfunction ¢,

Recall: Eigenvalue equation

Eigenvalues of the Hermitian operators are real and thus physically realisable. In
other words that the measured quantities are real .

 Eigenfunctions are orthonormal ie fspace Vi ¥ndV =8nm  eq.1
« If y,, satisfy eq. 1, they are said to form a complete set




Linear operators

All operators used in quantum mechanics are linear

Definition: An operator A is linear only and only if:
A(ay; + byp,) = aAy, + bAY,

(where Y, and ¢, are two wavefunctions and a and b are any two constant)s

d
dx

Eg: A =— islinear but B = Inx is not linear



Hermitian operators

Take two wavefunctions ¥, and 1, that a given operator A can act on.
Definition: An operator is Hermitian only and only if:

For all values of m and n

[P Ap,dV = [(AY,)* P,dV = (f w,b;ﬁlpmdl/)* Hermiticity condition

l

Amn = (Anm) " eq.7

«  Define the matrix element: 4,,,, = [ Y, A, dV

* In matrix notation eq 7: Hermiticity condition becomes A, . =(4,,,)"

RHS: Complex Conjugate transpose matrix elem




Properties of Hermitian operators

If an operators is Hermitian then it satisfy the following:

1. Its eigenvalues are always real
2. lts corresponding eigenfunctions are orthogonal

3. It expectation values are always real

Very important in QM as it ensures that the eigenvalues are physically realisable




Example

Show that the momentum operator p,

. d . . .
—ih—Is Hermitian
dx




Operators and expectation values

Definition: Expectation (average) value of 4 as (A) obtained after a large number
of measurements on identical particles

W*(x, t)A¥(x, t)dx
Y (x, t)¥(x, t)dx

J'space

Expectation value: (4) =

J.space

~

A is operator associated with A.

« |If Y (x) is normalised:

P*(x, )P (x,t) = fspaceh/)(x)lzdx = fspacep(x)dx =1.

J;pace

> < A>= [‘P*(x,t)AA‘P(x,t)dx
space

W (x,t) AW (x, t) :First evaluate A¥(x,t), then multiply the result with W*(x, t)



3- The superposition postulate

Postulate 3: Any linear combinations (superposition) of two or more
eigenfunctions of a given operator A may be used to build up a new

wavefunction W which is also a possible state of the system such:

3 Quantum superposition;
W(r) = 1+ Cath + o+ Cths = ) Cuthn
n Later in quantum computing
(eq. 2)

Y1, Y¥,, ... Y, are allowed wavefunctions (states) of the system

«  Each state n satisfies Ay,, = a,,,

« s maygotoxandc,,c,..c,: coefficients (real or complex)

* (4G, ...c,: Define composition of the state ‘¥ (r). Unique for that state

« When in a superposition state and not measured particle is a wave and exists
in multiple states at once (at the same time): Recall: particle goes through both
slits at the same time in double slit experiment when not measured

. Dif : assical "



4: The expansion principle

Postulate 4: Any arbitrary wavefunction ¥ can be expanded as a unique linear
superposition of a complete, orthogonal set of eigenfunctions of any Hermitian

operator as:

S
+co
Y = .
ZC"II’" with |c, = f YiPdx (eq. 4)

Notes:
* Y has the same boundary conditions as v,

 Expansions is generalisation of Fourier Series.

 Very useful, as can, in principle, any arbitrary wavefunction using
eigenfunctions of whichever observable we want to measure.




5-The measurement postulate
Postulate 5a: In any measurement of the dynamical variable (observable)

associated with an operator A, the only values that will ever be
measured are the eigenvalues a, associated with that observable.

Captures the central point of quantum mechanics

Two possible cases:
Case 1: If the system is in an eigenstate ie Ay,, = a, ¥,
= Results of measurement will be eigenvalue a,.
—=Probability associated with measurement p,, = 1
CK.XZ
Example: Take SHO in its ground state Y, = (a/n)Y%*e 2 a =—
Satisfies eigenfunction equation Hy, = Egiy = %hwwo
Energy Measurements: If the system is in state y,, the only possible result of

measuring the particle’s energy is the corresponding eigenvalue energy E, = %h@o



Measurements (ctd)

Case 2: If the system is in superposition state described by a wavefunction
Y = 2591 Cn¥n

¥ is not an eigenstate of A.

Question: What are results of measurements of measuring observable
associated with A?

Postulate 5= only eigenvalues of A can be obtained=> One eigenvalue in
a measurement so one state

« When in a superposition state: Before measurement, system exists in
multiple states at once.

* When measured: Find only a single state



Measurement: Expectation value

* Postulate 5= only eigenvalues of A can be obtained in any measurement

* Possible outcomes will be a4, a, ... ag

« Associate a probability with each measurement yielding an eigenvalue a,,:

p,, =probability of obtaining a,

« Satisfies: Yo —1pn =1

S
« Expectation (average value): (A) = z Pn,An, (6)
n

(weighted average of a,,)

(5)

On the other hand (4) = [W*AWdV = |c,|%a; + |c;1%a, + -+ + |cg|?ag = p, = clicy,

26




Measurement (4): Collapse of wavefunction

Postulate Sb: Immediately after the measurement, the wavefunction

of the particle is an eigenfunction of the operator corresponding to the
eigenvalue just obtained as the measurement result.

s * This is known as the collapse of the
Y — Z c P, —¥ =y, wavefunction
n=1

* This is the Copenhagen Interpretation

» Assume that the result of the first measurement yields an eigenvalue a; and
corresponding wavefunction ; with a probability p; = |¢;|?

« If we re-measure the same quantity immediately after first measurement
and would obtain again a; (wavefunction collapses to ;) with a probability

p;=1



Measurement example

Consider a particle in a Simple Harmonic potential with following wavefunction:

1
W(x,0) = 3 (VBiho(x) + 21 (x) + V2§, ()

Where y,, Y, are 3 lowest orthonormal states corresponding of the SHO with corresponding
energies E, = (n + ¥%)hw corresponding to n = 0,1 and 2 respectively and c, = 0 for n>3.

Homework question:

1.

Calculate the probability of finding the particle in anyone of the states vy, ¥; and ..
Verify that the total probability is equal to 1.

What are possible values of energy of the particles?

Consider an ensemble of 810 identical particles, each of them is in the state 2I(x). If the
measurements are done on all of them, how many will be found in each of these states?

What would be the average value of the energy?



Uncertainty

QM can also predict standard deviation AA of a set of measurements as
a measure of the spread around average value <A>.

* Predicted standard deviation is uncertainty in the value of the variable.

« Defined as: 44 = V< A2 >—< A >2

W (x,t)A%W(x,t)dx
W (x,H)¥(x,t)dx

fs;;ace

Where(A4) is given by eq 4 and and < A? >=

J-sp ace

 Most commonly used are uncertainty in energy AE , momentum Ap,
position Ax and time At to give Heisenberg’s relations




The Schwarz inequality

Take two operators A and B

 Let AA and AB the uncertainty associated with measuring A and B

A= J(42) = (A and aB = [(B2)—(B)® (Standard deviations)

Where (A%) = [*A%2yp dV; (A) = [¢Y*AypdV.

 Then AA and AB satisfy the Schwarz inequality

Where ([A, B]) fl/) |A,BlydV = fw (A.B-BA)ypdv



Consequence: Uncertainty principle

AAAB>—|(Z§)|

If Aand Bcommuteie [A,B]=0 AAAB >0 = No inconsistency in

having both AA and AB zero, ie can have
le can have AA = 0 and AB = 0 at the same time

If Aand B do not commute ie [A, B] # 0
So, if AA = 0 = AB has to infinite (AA and AB related)




Properties of commuting operators

« Consider two operators A and B that commute i.e:
[A,B] =0=AB=BA=AB(¢) =B.A(¢) (¢:any given wavefunction)

Conclusions: If two operators commute:

1. They must share the same eigenfunctions but have different eigenvalues

2. Simultaneous and precise measurements can be made on their corresponding
observables .




Consequences:
Simultaneousity and Complementarity

Take two given observables.
Suppose we require to do simultaneous measurement on both. What results of
measurements?

Two cases:
1. If two observables are to have simultaneously precise values (ie can measure

both with infinite precision at the same time) = their corresponding operators
must commute ie [A,B] = 0
le: simultaneous measurements (infinite precision for both)
2. If corresponding operators do not commute ie [A, B| = 0
= Cannot make infinitely and simultaneously precise measurements on both




Example of commuting operators

Eg: Take Hydrogen atom

~~

Electron’s angular momentum described by: L = |L,,L,,L,] 3 components
with [? = [2 + I3 + 2.

Eigenvalues of L and L, are common (the same)
and they are known as Spherical Harmonics .

i.e: [*Ypm,(0,90) = W2 +1)Y;,(0,9) 0<£<n-1

EZY&m{,(B, (p) = mghYg,m{,(Q, (p) — ¢ < my < +¢

~

Possible because L and L, commute is: [L2,L,| = 0




Photon Diffraction and Uncertainty (o2

When a photon passes through a narrow Movable
I . photomultiplier
slit, its momentum becomes uncertain, detector
and the photon can deflect to either side. Coi%ter
009
. . . Slit — P
A diffraction pattern is the result of many — ¥
photons hitting the screen. —_ Intensity
Monochromatic ’
We can’t predict the exact trajectory of an light .
individual photon, we can only describe the S

probability that an individual photon will . | |
. . Young and Freedman, Pearson Education Ltd.
strike a given spot on the screen. °
This fundamental indeterminacy has no counterpart in Newtonian
mechanics.



Probability and Uncertainty o2

e Assume that 1 « a. Fraunhofer's
diffractions = Sin 91 ~ 91 = A/a py and p, are the momentum components

for a photon striking the outer edge of
the central maximum, at mﬂ]e ()I

Diffraction
pattern

A
° py=pxtan31 o = B2

a T .
@ > o =) JLI :X(’l
« The photons that contribute to the central e — ’T px/
maximum, have y-component of the Photons of monochromatic light I Sereen
momentum spread over a range from Skit
_Pxd gy P
a a
y There will be an uncertainty Apy in the y- Young and Freedman, Pearson Education Ltd.
component of the momentum:
Apy = PxA ~ pxh _ h — « The slit width a represents an uncertainty in the y-
a pxa a component of the position of a photon as it passes
Apya = h. through the slit.



6-Time evolution of a system

Postulate 6: Between measurements (when the system is not disturbed by

any external influence), the time evolution of the system is described by time

dependent Schrodinger equation:

_ _ad¥Y(r,¢t)
HY (r,t) = in 3 Assume 3D

Consider case where Hamiltonian H is independent of time.
Two cases
Case 1: If y,, is an eigenstate of H: Hy,, = E, ),

—iE,t
W(r,t) = Ya(r) exp(— )

 The time dependent wavefunction:

where the term e ~‘Ent/ gjves the time dependence




6-Time evolution of a system (ctd)

Case 2: If wavefunction is a superposition of states (not an eigenstate of H) and
can be expanded as:

S

Y(r) = Z Cnn (1)

n

« Take ¢, = ¢y (t = 0)e Ent/h =

* The time evolution (dependence) given by:

Y0 =) tea@e B S wrnn =) pacet

Cnv(t)




Time dependence of superposition state

example
Take another example of an SHO potential with wavefunction:

¥ (x) = % (2100 () + V33, (1))
« At any later time t we obtain:
W(x,t) = % (29ho(x)eHEot/M N3y, (x) e HEat/ )
 Complex conjugate W*(x,t)
P (x, t) = % (295 (x)e™ot/™ +3pi (x)e F1/P)

 Exercise: Show that

1
W2 =W (x,£) X W (x, t) = Z (4398 (x) + 397 (%) + 4V31ho ()1 (x) cos((Ey — Ep)t/h))
39



Summary

Wavefunction to represent state of system.
Hermitian operators to represent dynamic variables: Ay,, = a,, 3,

Eigenvalues a, are real: a,, = a,
jt[}fntpndV =1 ifn=m

Eigenfunctions vy, are orthonormal:
=0 ifn+m

Superposition of wavefunctions. P (1) = )5, ¢, P, (1)

Normalisation: Y5 _;|c,|* = 1

Only allowed outcomes of measurements are eigenvalues of operator.
Several possible outcomes with associated probabilities.: p,, = |c,,|*
Probability p, of measurement yielding eigenvalue a,

Average value of observable: (4) = Y3|c,|* a,, = Y5 pLa,

Time dependence solution iE ¢
n

s
HY¥Y(r,t)=ih 6(:, ) Y(r,t)=wy(r)exp— 7” (r,1) %:\Vn (r)c;, exp ;




1.2: The Dirac notation




Quantum states as vectors

Vector Algebra: 2D or 3D space with orthonormal

unit vectors.

Linear combination of vectors:

Scaler (dot) product: u;.

Unit vectors form a basis: are orthonormal ie
satisfy: u;. u; = ;5

j”‘component of the vector:

= uj.ZAiui = ZAiuj.u,; = A_]
. - N e’
l l =6U

“ A,

Quantum Analogue
 Linear combination of wavefunctions:

Y(x) = )5 caPn(X): c,: coefficient

« Overlap integral (or inner product): fspace YW, 0x
« Wavefunctions are orthonormal:

fspace UmPndx = 5n,m

 Expansion coefficient ¢;: ¢; = Y WPdx

J‘sp ace

Analogy with vectors




Dirac notation: basic ideas

Wavefunctions ( or states) of a system described by a complex state vectors in the
Hilbert space that is free of the choice of the coordinate systems but enable us to

easily insert a coordinate system.

* State vector represented symbolically as ( [Y)) (or | )): called “ket” .

* Complex Conjugate of wavefunction, 1 *is denoted by the “bra” (¥ | or{(y | :

* Ket vector : denotes a state in the abstract form without any reference to any
particular representation.

Y represented by [y) (or | ) “ket” vector
Y* represented by (Y | or (Y | “Bra” vector




Properties of kets, bras and brackets

1. To every (vector) ket [1)) corresponds a bra (y | , given by
)T = (Y bra: conjugate of a ket

. There is a one-to-one correspondence between a bra and a ket.
(a|Y)T = a*(y| (a:complex number)

2. Overlap integral ( scalar or inner product)

fspace Y*(x)p(x)dx = (P|¢p) known as Bracket

Satisfies: (Y|p)* = (p|p)

(Y|g): equivalent to multiply Y* with ¢, then integrate over space.

3. p=Kolp)* :
[(p|w)?| : interpreted as probability that we start with ket | Y) and end up with bra (¢|.
| ): Ket ( |:Bra ( | ):Bracket




 Matrix element 4,,,,, defined as:

. Dirac - ~
ton = | Binddv—— (pn|A[n) = (m]d]n)
space

* In this notation, the condition for the operator to be Hermitian is
Ay, = AL, becomes <1jjm |A ‘wn) = <1/)n ‘A ‘¢m> or <m |A |n> = <n ‘A ‘m)
« Expectation (average value): (4)

[¢"Apdx Dirac  (P|A[p)

W= T e A =)




Projection operators
Eg: The quantity B = | o) <¢ | is a linear operator as it can act on one ket to give another:

Blyy=|o)@ly) = | p)
=1

« Satisfies (|qb)(lp|)Jr = |1/J)<¢|

* Products of type: | P)A or A <1/) | ( ie when operator stands to the right of a ket or left of a

bra) are forbidden and have no physical meaning

 Projection operator defined as P, = |n){(n| : P: Hermitian operators that satisfies P? = P::
Eg: projector operator P, = [n){(n|
B W) = [n}n||¥) = (n|¥) [n) = cpln)

Cn

gives component of the state y) along direction |n)




Completeness rule

If In) is a discrete orthonormal basis (ie satisfy (m|n) = 6,,,,), then they satisfy:

Ynln)n| =1 : completeness rule

(Operator on RHS: 1=/ Identity operator))
* Proof: |L[J) = Zn Cnll.bn) = Zn Cnln) : but Cnh = (nll{-’)|
W) = 3. In) = Tn(nW)n) = Tln) (n|W) by inspection:

= |¥) = Zln)(nl |¥) =>Z|n)(n| =1 * Z P, =1
n n n

_
must be 1

« Since projector operator P, = |n){(n|:
« Completenessrule: ¥, B, =Y, In)n| =1

 The sum of all projection operators onto all states of an orthonormal complete set gives
identity operator.

Completeness condition: very useful , as it can be incorporated in various places to make
calculations easier.




Completeness rule for continuous bases

For a continuous set of basis: expansion expressed in the base of y,,becomes:

continuous

2in Cn¥n > [ e(myp(n)dn

Dirac notation = |¥) = fc(n) [y

)

« Completeness rule: (sum over n becomes integral)

(n))dn = fc(n)ln) dn
In

continuum
2nln)n| =1 > [In)(nldn =1

 Orthonormal condition:

continuum
(m|n) = 6pm (m|n) = §(m — n)

Kronecker symbol & is replaced by the Dirac delta 8-function (see later)




Position operator in Dirac notation

Position operator: x

Basis kets of position space written as: | X)

Since x (—o < x < +0) continuous variable:
Completeness rule: [ dx|x) (x| =1 and (x|xX)=86(x —x")

Dirac notation: |¥) = [|x){x|dx |¥) = [(x|¥)|x)dx = [ P(x)|x)dx
=1 g

Hence in position representation space wavefunction: ¥ (x) = (x|y)
Y (x) is the component (projection) of the ket | ) in position space

Inner product (overlap integral): (¥'|®)
=‘Pi“(x) CD(x)
(P|D) = (¥ x 1|D) = (¥| [|x) (x|dx|®) = [ (P|x) (x| P)d x = [ ¥*(x)P(x) dx as required




Momentum representation (ie in momentum space)

 Basis | P, of momentum representation obtained from eigenstates of momentum operator

«  Eigenvalue equation: p,|p,) = pxlpx) (p,: momentum eigenvalue, |ﬁx) : momentum eigenvector)

Algebra in this representation can easily inferred from position representation.

- Completeness rule: [ dp|p,) (Pl =1 and (pylpx) = 6(px — px)

 Any ket |¥) can be expressed in this base as:

) = f I}l [ 1) = f (Del¥) )y = f $@lp.dp,

=1

In momentum representation: space wavefunction Y (p,): =(p,|y)

W(p,) is the component (projection) of the ket | ) in momentum space.

«  Probability of finding the system momentum in interval Ap, about given p,= |¥(p,)|%=|{p,|¥)|?

e  Scalar (inner) product in momentum space: ~

(PIP) = (P] [Ip X peldpy | ®) = [ (Plpy) (0| P) dpy = [ W (px) P (px)dpy: as required
Y*(px) P(px)




Connecting position and momentum representation

How do we connect between a state vector in momentum space and a
state vector in position space?

Consider Y(x) = (x|y)
W) = (i) = (xl1p) = (x] f [ Nl dpe ) = j (xIpe) (Pel) dps

Y(py)
S P(x) = f (xIp2) ¥ (Px)dps

Y(x) and Y(p,) are Fourier transforms of each other

«  Equally, find that: (x|p,) = (pylx)* = (Zn;)l/zeipxx/ﬁ

1 : % 1 .
W(py) = 2ah)/? fl/)(x)e—lpxx/h dx and Y(x) = 2nh)i/?2 f¢(px)e+szx/h dp,




Homework question q1

The Hamiltonian of a certain system is given by:
A = a(|1)(2]+|2)(1])

Where | 1) and | 2 ) form a complete orthonormal set. H|1) and H|2)
1. Show that |1) and|2) are not eigenstates H. (hint: evaluate )

2. By considering that eigenstates are given by: |¥) =a,|1)+4a,|2) (a; and a, constant),
Find the normalised eigenstates of H and their corresponding eigenvalues.



Summary

Wave mechanics
Wavefunction: ¥ (x)
Complex conjugate: ¥* (x)
Modulus squared: [ (x)|?> = Y™ (x) X P (x)
Complete sets: fspace Yi,dx = 8,
Eigenvalue equation: Ay, (x) = a, ¥, (x)

Superposition of states:

LP=ZCnlpn—>‘~IJ*=ZC,’;1,b;
n

n

Overlap integral: |.

space P*(x)P(x)dx

Matrix element:4,,,, = fspace Y Ay, dx

Hermiticity condition:

Amn = Ay = [ Yindthndx = ([ Y7 Apdx)

Dirac notation

“Ket” vector: [i)

“Bra” vector: (| = [)*

“Bracket”: (¢ [1)

Complete sets: (., [W,,,) = S
Eigenvalue equation: A|y,) = a,,|y,,)

Superposition of states:

%) = > cultn) = 19)" = (W= > e

n n
Overlap integral: (¥|®) satisfies (®|W¥)*
Matrix element: 4,,,,, = <1/)m ‘A ‘1/),1>

Hermiticity condition:

Amn = Apm = ('Pm 4 \¢n> = <1/’n 4 “E@Y
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  Ψ


     | Ψ | 2


  Ψ  ( x , t ) =  | Ψ  ( x , t ) |  e  i 𝛿 ( x , t )


  ( 𝜙 , 𝑨 )


  𝑯


  𝑬


  𝑨


  Ψ ( 𝐫 , t ) = C   exp ⁡  ( −  i ħ E t +  i ħ 𝐩 ⋅ 𝐫 )


  𝐩 →   𝐩 − e 𝑨 / c


    𝐩 ∙ 𝐫   ħ →   𝐩 ∙ 𝐫   ħ −  e  ħ c ∫ 𝑨 ∙ d 𝐫


  Δ 𝛿 =  ( −  e  ħ c   ∫ 1  𝑨 ∙ d 𝐫 ) −  ( −  e  ħ c   ∫ 2  𝑨 ∙ d 𝐫 ) =  e  ħ c  ∮  𝑨 ∙ d 𝐫


  Δ 𝛿 =  ∬  𝛁 × 𝑨 d s =  e  ħ c Φ   ,


  Φ


  I =  I 1 +  I 2 + 2   I 1  I 2  cos ⁡  ( 𝛿 +   e Φ /  ħ c )


  J =  J 0  sin ⁡  (  𝜙 L −  𝜙 R )


  E → E − e φ


   E ħ t →  E ħ t −   2 e ħ ∫ φ d t


  J =  J 0  sin ⁡  (  𝜙 L −  𝜙 R   −   2 e V ħ t )


    d     A ( t ) ^  d t


  Â


   a 1 ,  a 2 …  a s


   a n :


    ∑  n = 1 s   p n = 1  


   𝒑 𝒏 =


   a n


   ⟨ 𝑨 ⟩ =   ∑ 𝒏 𝒔   𝒑 𝒏  𝒂 𝒏 ,


   a n


   ⟨ A ⟩ =  ∫   Ψ ∗  A ^ Ψ d V =    |  c 1 | 2  a 1 +    |  c 2 | 2  a 2 + ⋯ +    |  c s | 2  a s   →  p n ≡  c n ∗  c n


  𝜆 ≪ a .  


  ⇒  sin ⁡   𝜃 1 ≈  𝜃 1 = 𝜆 / a


   p y =  p x  tan ⁡   𝜃 1 ≈  p x  𝜃 1 =    p x 𝜆 a  


  y


  −    p x 𝜆 a   to      p x 𝜆 a ⇒


  Δ  p y


  y


  Δ  p y ≥


     p x 𝜆 a ≈    p x h   p x a =  h a ⇒


  Δ  p y a ≥ h


  a  


  y


   𝜓 n


   H ^


   H ^  𝜓 n =  E n  𝜓 n


   e  − i  E n t / ℏ


   𝑯 ^ 𝜳 ( 𝒓 , 𝒕 ) = 𝒊 ℏ   𝝏 𝜳 ( 𝒓 , 𝒕 )  𝝏 𝒕


  Ψ ( r , t ) =  𝜓 n ( r )  exp ⁡ (   − i  E n t ℏ )


   H ^


  Ψ ( r ) =   ∑ n s   c n  𝜓 n ( r )


   c n →  c n ( t = 0 )  e  −   i  E n t / ℏ ⇒


  Ψ ( r , t ) =   ∑ n s   𝜓 n ( r )      c n ( 0 )  e  −   i  E n t / ℏ ⏟   c n ( t )


  ⇒  Ψ ∗ ( r , t ) =   ∑ n s   𝜓 n ∗ ( r )  c n ∗  e  i  E n t / ℏ


  Ψ ( x ) =  1   7  ( 2  𝜓 0 ( x ) +  3  𝜓 1 ( x ) )


  Ψ ( x , t ) =  1   7  ( 2  𝜓 0 ( x )  e  −   i  E 0 t / ℏ +  3  𝜓 1 ( x )  e  −   i  E 1 t / ℏ )


    ∗ ( x , t )


   Ψ ∗ ( x , t ) =  1   7  ( 2  𝜓 0 ∗ ( x )  e    i  E 0 t / ℏ +  3  𝜓 1 ∗ ( x )  e    i  E 1 t / ℏ )


     | Ψ  ( x ) | 2 =  Ψ ∗ ( x , t ) ×  Ψ ∗ ( x , t ) =  1 7  ( 4  𝜓 0 2 ( x ) + 3  𝜓 1 2 ( x ) + 4  3  𝜓 0 ( x )  𝜓 1 ( x )  cos ⁡   (  (  E 1 −  E 0 ) t / ℏ ) )


   𝑨 ^  𝝍 𝒏 =  𝒂 𝒏  𝝍 𝒏


   𝒂 𝒏 =  𝒂 𝒏 ∗


  𝜳 ( 𝒓 ) =   ∑ 𝒏 𝒔   𝒄 𝒏  𝝍 𝒏 ( 𝒓 )


    ∑  𝒏 = 𝟏 𝒔     |  𝒄 𝒏 | 𝟐 = 𝟏


   𝒑 𝒏 =    |  𝒄 𝒏 | 𝟐


     ⟨ 𝑨 ⟩ =   ∑ 𝒏 𝒔     |  𝒄 𝒏 | 𝟐  𝒂 𝒏 =   ∑ 𝒏 𝒔   𝒑 𝒏  𝒂 𝒏  


   ∫   𝝍 𝒎 ∗  𝝍 𝒏 𝒅 𝑽 = 𝟏     if  𝒏 = 𝒎


            = 𝟎    if  𝒏 ≠ 𝒎


     ( a | 𝜓 ⟩ ) † =  a ∗  ⟨ 𝜓 |  


     | 𝜓 ⟩ † =  ⟨ 𝜓 |  


  †


  ∗    

