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Lectures:  Tuesdays 11:00 – 12:00 in 8.2.04
Thursdays 11:00 - 12:00 in 8.2.02

Practical classes: Thursdays 12:00AM – 13:00PM in 8.2.02
Not obligatory, in a form of tutorials

Evaluation:  60% Test1 & Test2+ 40% Project&Presentation



Topics

• Review of Quantum Mechanics concepts and instruments

• Approximation methods

• Basics of quantum computing

• Elements of scattering theory

• Identical Particles

• Groups and Symmetries



1: Review of Quantum Mechanics concepts and instruments
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Timeline of the development of Quantum Mechanics





1.1: Postulates of Quantum Mechanics: Copenhagen interpretation







The phase of a wave function: examples

Now we discuss several experiments which demonstrate the role of the 

phase of the wave function. These emphasize that the fundamental quantity 

in quantum mechanics is the wave function Ψ and not its absolute value 

Ψ 2, i.e 

 Ψ 𝑥, 𝑡 = Ψ 𝑥, 𝑡 𝑒𝑖𝛿(𝑥,𝑡)



• A phenomenon in which an electrically charged particle is affected by an electromagnetic potential 
(𝜙, 𝑨), despite being confined to a region in which both the magnetic field 𝑯 and electric field 𝑬 are 
zero.
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Aharonov–Bohm effect (1949-59)

https://physics.stackexchange.com/questions/102312/what-are-the-limits-of-
validity-for-the-magnetic-field-of-a-solenoid

electron 
detector

electron 
source

x

Path 1 Path 2

field lines of 𝑨



• Wave function of a free particle Ψ(𝐫, 𝑡) = C exp −
𝑖

ħ
𝐸𝑡 +

𝑖

ħ
𝐩 ⋅ 𝐫  

•  In electrodynamics magnetic field can be included by the following replacement in 
the Hamiltonian (energy density):

𝐩 → Τ𝐩 − 𝑒𝑨 𝑐

• This changes the phase of the wave function as:

𝐩∙𝐫 

ħ
→

𝐩∙𝐫 

ħ
−

𝑒

ħ𝑐
∫ 𝑨 ∙ 𝑑𝐫 

• Such that the electron arriving at the detector gains an additional phase difference

Δ𝛿 = −
𝑒

ħ𝑐
න

1

𝑨 ∙ 𝑑𝐫 − −
𝑒

ħ𝑐
න

2

𝑨 ∙ 𝑑𝐫 =
𝑒

ħ𝑐
ර 𝑨 ∙ 𝑑𝐫



• Using Stokes theorem  Δ𝛿 = ׭ 𝛁 × 𝑨 𝑑𝑠 =
𝑒

ħ𝑐
Φ , where Φ is the magnetic flux 

trough the surface bounded by the contour composed of Path 1 + Path 2

• Therefore the interference patterns shifts 

𝐼 = 𝐼1 + 𝐼2 + 2 𝐼1𝐼2 cos(𝛿 + Τ𝑒Φ ħ𝑐)

• Conclusions: i) the phase of the phase function can be measured  ii) the vector 
potential A also has direct measurable consequences 
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• Two superconductors separated by a thin insulating layer can experience tunnelling of Cooper 
pairs of electrons  through the junction. In the stational Josephson effect, a current proportional to 
sin of the phase difference of the wavefunctions can flow in the junction in the absence of a voltage.
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Josephson effect (1962-63)

Stationary case, no voltage:     𝐽 = 𝐽0 sin(𝜙𝐿 − 𝜙𝑅)

You & Nori (2011), Nature 474, 589–597
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Josephson effect (1962-63)

You & Nori (2011), Nature 474, 589–597

Non-stationary case, with constant electric 
potential difference:     

In electrodynamics electrostatic potential can be included by replacement 𝐸 →
𝐸 − 𝑒φ,  therefore the wave function phase 

𝐸

ħ
𝑡 →

𝐸

ħ
𝑡 −

2𝑒

ħ
∫ φ𝑑𝑡 

𝐽 = 𝐽0 sin(𝜙𝐿 − 𝜙𝑅  −
2𝑒𝑉

ħ
𝑡)











𝑑 ෣𝐴(𝑡)

𝑑𝑡



Operators and expectation values











• 𝑃𝑜𝑠𝑡𝑢𝑙𝑎𝑡𝑒 5 𝑜𝑛𝑙𝑦 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 Â 𝑐𝑎𝑛 𝑏𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 in any measurement

• Possible outcomes will be 𝑎1, 𝑎2 … 𝑎𝑠

• Associate a probability with each measurement yielding an eigenvalue 𝑎𝑛:

• Satisfies: σ𝑛=1
𝑠 𝑝𝑛 = 1 

• Expectation (average value):

Measurement: Expectation value
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𝒑𝒏 =probability of obtaining 𝑎𝑛
(5)

𝑨 = ෍

𝒏

𝒔

𝒑𝒏𝒂𝒏, (6)

(weighted average of 𝑎𝑛)

On the other hand 𝐴 = ∫ Ψ∗ መ𝐴Ψ𝑑𝑉 = 𝑐1
2𝑎1 + 𝑐2

2𝑎2 + ⋯ + 𝑐𝑠
2𝑎𝑠  → 𝑝𝑛 ≡ 𝑐𝑛

∗ 𝑐𝑛



















Photon Diffraction and Uncertainty (1 of 2)
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• When a photon passes through a narrow 
slit, its momentum becomes uncertain, 
and the photon can deflect to either side. 

• A diffraction pattern is the result of many 
photons hitting the screen.

• We can’t predict the exact trajectory of an 
individual photon, we can only describe the 
probability that an individual photon will 
strike a given spot on the screen.

Young and Freedman, Pearson Education Ltd.

• This fundamental indeterminacy has no counterpart in Newtonian 
mechanics.



Probability and Uncertainty (2 of 2)
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• Assume that 𝜆 ≪ 𝑎. Fraunhofer's 
diffractions ⇒ sin 𝜃1 ≈ 𝜃1 = 𝜆/𝑎.

• 𝑝𝑦 = 𝑝𝑥 tan 𝜃1 ≈ 𝑝𝑥𝜃1 =
𝑝𝑥𝜆

𝑎
 .

• The photons that contribute to the central 
maximum, have 𝑦-component of the 
momentum, spread over a range from 
−

𝑝𝑥𝜆

𝑎
 to

𝑝𝑥𝜆

𝑎
⇒

• There will be an uncertainty Δ𝑝𝑦 in the 𝑦-
component of the momentum:

Δ𝑝𝑦 ≥
𝑝𝑥𝜆

𝑎
≈

𝑝𝑥ℎ

𝑝𝑥𝑎
=

ℎ

𝑎
⇒

Δ𝑝𝑦𝑎 ≥ ℎ .              

Young and Freedman, Pearson Education Ltd.

• The slit width 𝑎 represents an uncertainty in the 𝑦-
component of the position of a photon as it passes 
through the slit.



Consider case where Hamiltonian Ĥ is independent of time. 

Two cases

Case 1: If 𝜓𝑛 is an eigenstate of ෡𝐻: ෡𝐻𝜓𝑛 = 𝐸𝑛𝜓𝑛

• The time dependent wavefunction: 

where the term 𝑒−𝑖𝐸𝑛𝑡/ℏ gives the time dependence

  

6-Time evolution of a system

Postulate 6: Between measurements (when the system is not disturbed by 
any external influence), the time evolution of the system is described by time 
dependent Schrödinger equation:

෡𝑯𝜳(𝒓, 𝒕) = 𝒊ℏ
𝝏𝜳(𝒓, 𝒕)

𝝏𝒕

Ψ(𝑟, 𝑡) = 𝜓𝑛(𝑟) exp(
−𝑖𝐸𝑛𝑡

ℏ
)

Assume 3D



Case 2: If wavefunction is  a superposition of states (not an eigenstate of ෡𝐻) and 
can be expanded as:

Ψ(𝑟) = ෍

𝑛

𝑠

𝑐𝑛𝜓𝑛(𝑟)

• Take 𝑐𝑛 → 𝑐𝑛(𝑡 = 0)𝑒− Τ𝑖𝐸𝑛𝑡 ℏ ⇒

• The time evolution (dependence) given by: 

6-Time evolution of a system (ctd)

Ψ(𝑟, 𝑡) = ෍

𝑛

𝑠

𝜓𝑛(𝑟) 𝑐𝑛(0)𝑒− Τ𝑖𝐸𝑛𝑡 ℏ

𝑐𝑛(𝑡)

⇒ Ψ∗(𝑟, 𝑡) = ෍

𝑛

𝑠

𝜓𝑛
∗(𝑟)𝑐𝑛

∗𝑒𝑖𝐸𝑛𝑡/ℏ



Take another example of an SHO potential with wavefunction:

Ψ(𝑥) =
1

7
2𝜓0(𝑥) + 3𝜓1(𝑥)

• At any later time t we obtain:

Ψ(𝑥, 𝑡) =
1

7
2𝜓0(𝑥)𝑒− Τ𝑖𝐸0𝑡 ℏ + 3𝜓1(𝑥)𝑒− Τ𝑖𝐸1𝑡 ℏ

• Complex conjugate ∗(𝑥, 𝑡)

Ψ∗(𝑥, 𝑡) =
1

7
2𝜓0

∗(𝑥)𝑒 Τ𝑖𝐸0𝑡 ℏ + 3𝜓1
∗(𝑥)𝑒 Τ𝑖𝐸1𝑡 ℏ

• Exercise: Show that 

Time dependence of superposition state  

example
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Ψ 𝑥 2 = Ψ∗(𝑥, 𝑡) × Ψ∗(𝑥, 𝑡) =
1

7
4𝜓0

2(𝑥) + 3𝜓1
2(𝑥) + 4 3𝜓0(𝑥)𝜓1(𝑥) cos 𝐸1 − 𝐸0 𝑡/ℏ



• Wavefunction to represent state of system. 

• Hermitian operators to represent dynamic variables: ෡𝑨𝝍𝒏 = 𝒂𝒏𝝍𝒏

• Eigenvalues an are real: 𝒂𝒏 = 𝒂𝒏
∗

• Eigenfunctions n are orthonormal: 

• Superposition of wavefunctions. 𝜳(𝒓) = σ𝒏
𝒔 𝒄𝒏𝝍𝒏(𝒓)

• Normalisation: σ𝒏=𝟏
𝒔 𝒄𝒏

𝟐 = 𝟏

• Only allowed outcomes of measurements are eigenvalues of operator. 

• Several possible outcomes with associated probabilities.: 𝒑𝒏 = 𝒄𝒏
𝟐

• Probability pn of measurement yielding eigenvalue an

• Average value of  observable: 𝑨 = σ𝒏
𝒔 𝒄𝒏

𝟐 𝒂𝒏 = σ𝒏
𝒔 𝒑𝒏𝒂𝒏 

• Time dependence solution 

Summary

න𝝍𝒎
∗ 𝝍𝒏𝒅𝑽 = 𝟏 if 𝒏 = 𝒎

= 𝟎 if 𝒏 ≠ 𝒎

t

tr
itrH




=

),(
),(ˆ 



tiE
rtr

n
−= exp)(),(

 −=
s

n

n
nn

tiE
crtr


exp)(),(



1.2: The Dirac notation

2







ۧ(𝑎|𝜓 )† = 𝑎∗ۦ𝜓| 

ۧ|𝜓 † = :𝜓| braۦ





†











∗ 
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  Ψ


     | Ψ | 2


  Ψ  ( x , t ) =  | Ψ  ( x , t ) |  e  i 𝛿 ( x , t )


  ( 𝜙 , 𝑨 )


  𝑯


  𝑬


  𝑨


  Ψ ( 𝐫 , t ) = C   exp ⁡  ( −  i ħ E t +  i ħ 𝐩 ⋅ 𝐫 )


  𝐩 →   𝐩 − e 𝑨 / c


    𝐩 ∙ 𝐫   ħ →   𝐩 ∙ 𝐫   ħ −  e  ħ c ∫ 𝑨 ∙ d 𝐫


  Δ 𝛿 =  ( −  e  ħ c   ∫ 1  𝑨 ∙ d 𝐫 ) −  ( −  e  ħ c   ∫ 2  𝑨 ∙ d 𝐫 ) =  e  ħ c  ∮  𝑨 ∙ d 𝐫


  Δ 𝛿 =  ∬  𝛁 × 𝑨 d s =  e  ħ c Φ   ,


  Φ


  I =  I 1 +  I 2 + 2   I 1  I 2  cos ⁡  ( 𝛿 +   e Φ /  ħ c )


  J =  J 0  sin ⁡  (  𝜙 L −  𝜙 R )


  E → E − e φ


   E ħ t →  E ħ t −   2 e ħ ∫ φ d t


  J =  J 0  sin ⁡  (  𝜙 L −  𝜙 R   −   2 e V ħ t )


    d     A ( t ) ^  d t


  Â


   a 1 ,  a 2 …  a s


   a n :


    ∑  n = 1 s   p n = 1  


   𝒑 𝒏 =


   a n


   ⟨ 𝑨 ⟩ =   ∑ 𝒏 𝒔   𝒑 𝒏  𝒂 𝒏 ,


   a n


   ⟨ A ⟩ =  ∫   Ψ ∗  A ^ Ψ d V =    |  c 1 | 2  a 1 +    |  c 2 | 2  a 2 + ⋯ +    |  c s | 2  a s   →  p n ≡  c n ∗  c n


  𝜆 ≪ a .  


  ⇒  sin ⁡   𝜃 1 ≈  𝜃 1 = 𝜆 / a


   p y =  p x  tan ⁡   𝜃 1 ≈  p x  𝜃 1 =    p x 𝜆 a  


  y


  −    p x 𝜆 a   to      p x 𝜆 a ⇒


  Δ  p y


  y


  Δ  p y ≥


     p x 𝜆 a ≈    p x h   p x a =  h a ⇒


  Δ  p y a ≥ h


  a  


  y


   𝜓 n


   H ^


   H ^  𝜓 n =  E n  𝜓 n


   e  − i  E n t / ℏ


   𝑯 ^ 𝜳 ( 𝒓 , 𝒕 ) = 𝒊 ℏ   𝝏 𝜳 ( 𝒓 , 𝒕 )  𝝏 𝒕


  Ψ ( r , t ) =  𝜓 n ( r )  exp ⁡ (   − i  E n t ℏ )


   H ^


  Ψ ( r ) =   ∑ n s   c n  𝜓 n ( r )


   c n →  c n ( t = 0 )  e  −   i  E n t / ℏ ⇒


  Ψ ( r , t ) =   ∑ n s   𝜓 n ( r )      c n ( 0 )  e  −   i  E n t / ℏ ⏟   c n ( t )


  ⇒  Ψ ∗ ( r , t ) =   ∑ n s   𝜓 n ∗ ( r )  c n ∗  e  i  E n t / ℏ


  Ψ ( x ) =  1   7  ( 2  𝜓 0 ( x ) +  3  𝜓 1 ( x ) )


  Ψ ( x , t ) =  1   7  ( 2  𝜓 0 ( x )  e  −   i  E 0 t / ℏ +  3  𝜓 1 ( x )  e  −   i  E 1 t / ℏ )


    ∗ ( x , t )


   Ψ ∗ ( x , t ) =  1   7  ( 2  𝜓 0 ∗ ( x )  e    i  E 0 t / ℏ +  3  𝜓 1 ∗ ( x )  e    i  E 1 t / ℏ )


     | Ψ  ( x ) | 2 =  Ψ ∗ ( x , t ) ×  Ψ ∗ ( x , t ) =  1 7  ( 4  𝜓 0 2 ( x ) + 3  𝜓 1 2 ( x ) + 4  3  𝜓 0 ( x )  𝜓 1 ( x )  cos ⁡   (  (  E 1 −  E 0 ) t / ℏ ) )


   𝑨 ^  𝝍 𝒏 =  𝒂 𝒏  𝝍 𝒏


   𝒂 𝒏 =  𝒂 𝒏 ∗


  𝜳 ( 𝒓 ) =   ∑ 𝒏 𝒔   𝒄 𝒏  𝝍 𝒏 ( 𝒓 )


    ∑  𝒏 = 𝟏 𝒔     |  𝒄 𝒏 | 𝟐 = 𝟏


   𝒑 𝒏 =    |  𝒄 𝒏 | 𝟐


     ⟨ 𝑨 ⟩ =   ∑ 𝒏 𝒔     |  𝒄 𝒏 | 𝟐  𝒂 𝒏 =   ∑ 𝒏 𝒔   𝒑 𝒏  𝒂 𝒏  


   ∫   𝝍 𝒎 ∗  𝝍 𝒏 𝒅 𝑽 = 𝟏     if  𝒏 = 𝒎


            = 𝟎    if  𝒏 ≠ 𝒎


     ( a | 𝜓 ⟩ ) † =  a ∗  ⟨ 𝜓 |  


     | 𝜓 ⟩ † =  ⟨ 𝜓 |  


  †


  ∗    

