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Overview

* Refs.: chap. 4 of Acheson, chap, 10 of Cengel, Faber.

 For irrotational flow, V X V = 0, which implies that V=
+ Vo.

* ¢ is a scalar field called the potential flow function.

* If the fluid is incompressible, then the continuity equation
impliesthat V-V = 0.
* In this case the potential flow function satisfies the Laplace
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* We can obtain many velocity fields using the techniques
used to solve Laplace’s equation.




Flow potential

Consider dqﬂfv‘ = H|dx1 + szxz + H3dx3.
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@ is a single valued function if — = P , and two similar equations by
0X10X2 X20X 1 exchanging 1 or 2 by 3.
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which is equivalent to

that is, the flow is irrotational (zero vorticity).

For irrotational flow, the velocity field is the gradient of a scalar flow potential ¢:

u{x,t} = Vop{x,t},



Velocity field

Given the flow potential, the velocity field is obtained from its gradient:

Cartesian coordinates,

and in cylindrical coordinates,
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Cartesian Coordinates (x, v, z)
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Cvlindrical Coordinates (r, 6, )
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Spherical Coordinates (r, 6, ¢ )
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Example (schematic)




Examples (solutions of Laplace’s equation)

Cylinder in free stream

Airfoil in free stream



Examples

Re=10000
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Back to Laplace’s equation

For irrotational regions of flow:

In cartesian coordinates
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In cylindrical coordinates
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Spherical and mixed coordinates may also be useful.
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* The beauty of this is that we have combined three unknown velocity
components (e.g., u, v, and w) into one unknown scalar field ¢,
eliminating two of the equations required for a solution.

* Once we obtain a solution, we can calculate all three components of
the velocity field.

* The Laplace equation is well known since it shows up in several fields
of physics, applied mathematics, and engineering. Various solution
techniques, both analytical and numerical, are available in the
literature.

 Solutions of the Laplace equation are dominated by the geometry
(i.e., boundary conditions).

* The solution is valid for any incompressible fluid, regardless of its
density or its viscosity, in regions of the flow in which the irrotational
approximation is appropriate



Pressure

Of course we still need a dynamical equation to calculate the pressure field.
This will be given by the Euler equation.

If gravity is the only body force, then
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For irrotational regions of flow: p[— + (V-V)¥ ‘ =—VP + pg

Or in its integrated form, the Bernoulli equation
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Steady, incompressible flow: —+t T gy = —_— 1t 185
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Since the flow is irrotational, we can apply Bernoulli to ANY two points in the
flow domain.
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Stream function

* For irrotational flows in 2D, the stream function obeys the Laplace
equation:
Viy = 0.

* In potential 2D flow, both the flow potential and the stream function
are solutions of the Laplace equation.

* Lines of constant flow potential are perpendicular to the streamlines
(check).

* In axisymmetric flows the stream function obeys a linear equation
but that is no longer Laplace’s equation.



Stream function

For incompressible 2D flows:
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Important property:  is constant along a streamline.
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Complex potential

The complex potential is also a solution of the Laplace equation
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