The Navier-Stokes equation

* To be mathematically solvable, the number of equations must equal
the number of unknowns, and thus we need six more equations.

* These equations are called constitutive equations, and they enable us
to write the components of the stress tensor in terms of the velocity
and pressure fields.

* The first thing we do is to separate the pressure stresses and the
viscous stresses.

e For a fluid at rest
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* For moving fluids,

Moving fluids:
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* where we have introduced a new tensor, 7;;, called the viscous stress
tensor or the deviatoric stress tensor.

* There are constitutive equations that express 7;;in terms of the
velocity field and measurable fluid properties such as the viscosity.

* The actual form of the constitutive relations depends on the type of
fluid.

* For incompressible fluids P is the mechanical pressure
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Newtonian and
non-Newtonian T
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* Newtonian fluids, defined as
fluids for which the shear
stress is linearly proportional
to the shear strain rate. Many
common fluids, such as air and
other gases, water, kerosene,
gasoline, and other oil-based
liquids, are Newtonian fluids.

gV

thinning
Mewtonian

Shear
thickening

* Fluids for which the shear
stress is not linearly related to
the shear strain rate are called
non-Newtonian fluids.
Examples include slurries and Shear strain rate
colloidal suspensions, polymer
solutions, blood, paste, and —_ V4
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Toothpaste: Bingham plastic Ketchup: shear thinning

https://www.youtube.com/watch?v=2mYHGn_Pd5M&t=143s

Cornstarch: shear thickening Honey: viscous Newtonian fluid




Olive Oil

Low viscosity High viscosity
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Viscosity of Newtonian fluids

Caracterizes the degree of internal ‘friction’
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This “friction’, viscous stress, is associated with the resistance offered by two
adjacent layers of the fluid to their relative motion.



Navier-Stokes equation for incompressible

and isothermal flow \Visco sihs Ao
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Viscous stress tensor for an incompressible Newtonian fluid with constant properties:

T
J
o L = 1 fums  Ju
where p is the shear viscosity. L ‘)”‘j 9

In cartesian coordinates, the deviatoric stress tensor becomes
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Stress tensor for Newtonian fluids

Té’ Mfa-gj
Substituting this into Cauchy’s equation we find, in the x direction:
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We note that as long as the velocity components are smooth functions of
X, Y, and z, the order of differentiation is irrelevant. For example, the first

part of the last term above can be rewritten as
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After some (clever) re-arrangements of the viscous terms we find
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Incompressible Navier—Stokes equation:
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Incompressible continuity equation:
du  dv dw
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x-component of the incompressible Navier-Stokes equation:
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v-component of the incompressible Navier-Stokes equation:
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z-component of the incompressible Navier—Stokes equation:
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Incompressible continuity equation: o + — Y o 0

r-component of the incompressible Navier—Stokes equation:
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B-component of the incompressible Navier—Stokes equation:

+ u

ity a"n_l_"aﬂ"a .-“n+ dity
at " ar r a8 r uzﬂz

1 aP 1o [ oug\ wy 1 0wy 20u &
=———+pgs+}.t.[——( )——+— + = r+a:

r a8 oot e el
z-component of the incompressible Navier-Stokes equation:
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Viscous stress tensor in cylindrical
coordinates




