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The equations in a continuum (10 eq, 10 unknows)

𝜕 Ԧ𝑣

𝜕𝑡
= − Ԧ𝑣. 𝛻 Ԧ𝑣 −

1

𝜌
𝛻𝑃 + Ԧ𝑔 − 2Ω × Ԧ𝑣 + 𝜈𝛻2 Ԧ𝑣

𝜕𝜃

𝜕𝑡
= − Ԧ𝑣. 𝛻𝜃 + ሶ𝑄𝑟𝑎𝑑 + ሶ𝑄𝑙𝑎𝑡 + 𝜅𝛻2𝜃

𝜕𝜌

𝜕𝑡
= −𝛻. 𝜌 Ԧ𝑣 = − Ԧ𝑣. 𝛻𝜌 − 𝜌𝛻. Ԧ𝑣

𝜕𝑞𝑣,𝑙,𝑠,…
𝜕𝑡

= −v. 𝛻𝑞𝑣,𝑙,𝑠,… + 𝐺𝑞𝑣,𝑙,𝑠,… + 𝜅𝐷𝛻
2𝑞𝑣,𝑙,𝑠,…

𝑝 = 𝑅𝑑𝜌𝑇 1 + 0.61 𝑞𝑣

𝜃 = 𝑇
𝑃

𝑃00

−
𝑅𝑑
𝑐𝑝

Navier-Stokes

Thermodynamics

Continuity

Water budget

State equation

Potential temperature



The Navier-Stokes equation is an application of 
Newton’s second law 

Ԧ𝐹 = 𝑚 Ԧ𝑎 ⟹ Ԧ𝑎 =
𝑑 Ԧ𝑣

𝑑𝑡
=

Ԧ𝐹

𝑚

it applies to a moving body of mass 𝑚. In a fluid we can not follow a set of fluid molecules. Euler proposed to 
look instead at fixed (not moving) elements of volume. The time evolution of a variable at a fixed position is its 
tendency, given by the partial derivative 𝜕/𝜕𝑡. Euler showed that:

𝑑 Ԧ𝑣

𝑑𝑡
=
𝜕 Ԧ𝑣

𝜕𝑡
+ 𝑢

𝜕 Ԧ𝑣

𝜕𝑡
+ v

𝜕 Ԧ𝑣

𝜕𝑦
+ w

𝜕 Ԧ𝑣

𝜕𝑧

Where Ԧ𝑣 ≡ (𝑢, 𝑣, 𝑤).

This leads to the Euler equation:

𝜕 Ԧ𝑣

𝜕𝑡
= −𝑢

𝜕 Ԧ𝑣

𝜕𝑡
− v

𝜕 Ԧ𝑣

𝜕𝑦
− w

𝜕 Ԧ𝑣

𝜕𝑧
+

Ԧ𝐹

𝑚

tendency advection

−Ԧ𝑣. 𝛻 Ԧ𝑣



𝜕 Ԧ𝑣

𝜕𝑡
= − Ԧ𝑣. 𝛻 Ԧ𝑣 −

1

𝜌
𝛻𝑃 + Ԧ𝑔 − 2Ω × Ԧ𝑣 + 𝜈𝛻2 Ԧ𝑣

Navier and Stokes introduced viscosity. Viscosity changes the order of the equation 
and allows the no-slip condition at the boundary.

Within the fluid, viscosity promotes diffusion: the transport of properties leading to 
homogeneization. It appears in different equations:

𝜈𝛻2 Ԧ𝑣; 𝜅𝛻2𝜃; 𝜅𝐷𝛻
2𝑞𝑣,𝑙,𝑠,…

If a given variable is spatially homogenous, ∇2𝜃 = 0 and this terms are zero.



The equations can only be solved numerically

The equations are non-linear. In the Navier-Stokes equation, non-linearity comes 
from 2 terms: 

𝜕 Ԧ𝑣

𝜕𝑡
= − Ԧ𝑣. 𝛻 Ԧ𝑣 −

1

𝜌
𝛻𝑃 + Ԧ𝑔 − 2Ω × Ԧ𝑣 + 𝜈𝛻2 Ԧ𝑣

To solve the equations (by analytical or numerical methods) we need initial and 
boundary conditions: we need observations of the initial state, and other equations 
for the Earth and Ocean surface.



We cannot observe the continuum

Reynolds noted that to relate the equations with real world states, one needs to 
apply spatial/time averaging: that is what sensors do.

Reynolds averaging



Equations

Approximations by scaling: compare the relevance of different terms

Perturbation methods: 𝑢 = 𝑈 + 𝑢′

Linearization: compute 
𝜕𝑢′

𝜕𝑡
(𝑤𝑖𝑡ℎ 𝑢′ ≪ 𝑈)

Turbulence: compute 
𝜕ഥ𝑢

𝜕𝑡


