
Planetary boundary layer
Lecture 3



Homework

3-1 – Diogo 

3-10 – Florian

3-14 – Jason 

3-17 – Maria 

3-20 – Mariana 

3-21 – Sara

3-23 – Cátia



Simplifying the equations



Navier-Stokes (newtonian fluid, uniform rotation, constant 
gravity)

𝜕𝑢𝑖
𝜕𝑡

= −𝑢𝑘
𝜕𝑢𝑖
𝜕𝑥𝑘

− 𝛼
𝜕𝑃

𝜕𝑥𝑖
+ 𝑔𝑖 − 𝜖𝑖𝑘𝑚𝑓𝑘𝑢𝑚 + 𝛼

𝜕

𝜕𝑥𝑘
2𝜇 𝑒𝑖𝑘 −

1

3
𝑒𝑚𝑚𝛿𝑖𝑘

Specific volume:

𝛼 =
1

𝜌

Deformation rate tensor:

𝑒𝑖𝑘 =
1

2

𝜕𝑢𝑖
𝜕𝑥𝑘

+
𝜕𝑢𝑘
𝜕𝑥𝑖



Continuity
𝑑𝛼

𝑑𝑡
=

𝜕𝛼

𝜕𝑡
+ 𝑢𝑖

𝜕𝛼

𝜕𝑥𝑖
= 𝛼

𝜕𝑢𝑖
𝜕𝑥𝑖

= 𝛼𝛻. Ԧ𝑣

Thermodynamics:
𝜕𝜃

𝜕𝑡
= −𝑢𝑖

𝜕𝜃

𝜕𝑥𝑖
+ 𝑆𝜃 +

𝜕

𝜕𝑥𝑖
𝜒
𝜕𝜃

𝜕𝑥𝑖

Thermal conductivity 𝜒, diabatic heating source 𝑆𝜃, potential temperature:

𝜃 = 𝑇
𝑃

𝑃00

−𝑅𝑑/𝑐𝑝

Reference pressure 𝑃00 = 105𝑃𝑎.



Scalar conservation (water vapor,…):
𝜕𝑞

𝜕𝑡
= −𝑢𝑖

𝜕𝑞

𝜕𝑥𝑖
+ 𝑆𝑞 +

𝜕

𝜕𝑥𝑖
𝜒𝑞

𝜕𝑞

𝜕𝑥𝑖

Equation of state:
𝑃𝛼 = 𝑅𝑑𝑇𝑣

Virtual temperature:
𝑇𝑣 = 𝑇(1 + 0.61 𝑞)



Simplifying…

Thermodynamic scaling:

𝛼 = 𝛼0 + 𝛼"

𝜃 = 𝜃0 + 𝜃"

𝜌 = 𝜌0 + 𝜌"

Reference state: hydrostatic, adiabatic, barotropic
𝜃0 = 𝑐𝑜𝑛𝑠𝑡, 𝛼0 𝑧 , 𝜌0(𝑧)

𝛼"

𝛼0
≪ 1, 𝑒𝑡𝑐.

Dynamical scaling

ො𝑢 =
𝑢

𝑈
; ො𝑣 =

𝑣

𝑉
; ෝ𝑤 =

𝑤

𝑊

ො𝑥 =
𝑥

𝐿𝑥
; ො𝑦 =

𝑦

𝐿𝑦
; Ƹ𝑧 =

𝑧

𝐿𝑧

Ƹ𝑡 =
𝑡

𝑡𝛼
; ො𝛼" =

𝛼"

𝐴"
; ො𝛼 =

𝛼0
𝐴0

Scales

𝐿𝑥 = 𝐿𝑦; 𝑈 = 𝑉

𝑡𝛼 =
𝐿𝑥
𝑈
;
𝑊

𝑈
=
𝐿𝑧
𝐿𝑥

Reference scale of height:

𝐻 =
1

𝛼0

𝜕𝛼0
𝜕𝑧

=
𝑅𝑑𝑇0
𝑔



Simplifying… 
𝜕𝛼

𝜕𝑡
+ 𝑢𝑖

𝜕𝛼

𝜕𝑥𝑖
= 𝛼

𝜕𝑢𝑖

𝜕𝑥𝑖

𝐴"

𝐿/𝑈

𝜕 ො𝛼"

𝜕 Ƹ𝑡

= −
𝑈𝐴"

𝐿𝑥
ො𝑢
𝜕 ො𝛼"

𝜕 ො𝑥
+ ො𝑣

𝜕 ො𝛼"

𝜕 ො𝑥
−
𝑊𝐴"

𝐿𝑧
ෝ𝑤
𝜕 ො𝛼"

𝜕 Ƹ𝑧
−
𝑊𝐴0
𝐿𝑧

ෝ𝑤
𝜕 ො𝛼0
𝜕 Ƹ𝑧

+
𝑈𝐴0
𝐿𝑥

ො𝛼0
𝜕ො𝑢

𝜕 ො𝑥
+
𝜕 ො𝑣

𝜕 ො𝑦
1 +

𝐴"

𝐴0

+
𝑊𝐴0
𝐿𝑧

ො𝛼0
𝜕ෝ𝑤

𝜕 Ƹ𝑧
1 +

𝐴"

𝐴0

Applying previous relations between scales:
𝐴"

𝐴0

𝜕 ො𝛼"

𝜕 Ƹ𝑡
= −

𝐴"

𝐴0
ො𝑢
𝜕 ො𝛼"

𝜕 ො𝑥
+ ො𝑣

𝜕 ො𝛼"

𝜕 ො𝑥
+ ෝ𝑤

𝜕 ො𝛼"

𝜕 Ƹ𝑧
−
𝐿𝑧
𝐻
ෝ𝑤 ො𝛼0 +

𝑈𝐴0
𝐿𝑥

ො𝛼0
𝜕ො𝑢

𝜕 ො𝑥
+
𝜕 ො𝑣

𝜕 ො𝑦
+
𝜕ෝ𝑤

𝜕 Ƹ𝑧
1 +

𝐴"

𝐴0

Imposing 
𝐴"

𝐴0
≪ 1:

−
𝐿𝑧
𝐻
ෝ𝑤 +

𝜕ො𝑢

𝜕 ො𝑥
+
𝜕 ො𝑣

𝜕 ො𝑦
+
𝜕ෝ𝑤

𝜕 Ƹ𝑧
= 0



Continuity 

−
𝐿𝑧
𝐻
ෝ𝑤 +

𝜕ො𝑢

𝜕 ො𝑥
+
𝜕 ො𝑣

𝜕 ො𝑦
+
𝜕ෝ𝑤

𝜕 Ƹ𝑧
= 0

Going back to dimensional variables:

−
𝑤

𝛼0

𝜕𝛼0
𝜕𝑧

+
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
⟹

𝜕

𝜕𝑥𝑖

𝑢𝑖
𝛼0

= 0

This is the anelastic approximation.

If we can accept 𝐿𝑧 ≪ 𝐻 (shallow convection approach), we have the solenoidal (or 
incompressible) approximation:

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0



3RD Navier-Stokes

Define

Ƹ𝑝 =
𝑝𝐴0
𝑓𝑈𝐿𝑥

+
𝑔𝑧

𝑓𝑈𝐿𝑥

where 𝑓 = 2Ω.

Then:

−𝛼
𝜕𝑝

𝜕𝑧
= −

𝛼

𝐴0

𝑓𝑈𝐿𝑥
𝐿𝑧

𝜕 Ƹ𝑝

𝜕 Ƹ𝑧
− 𝑔

𝛼

𝐴0
= −

𝑓𝑈𝐿𝑥
𝐿𝑧

ො𝛼0
𝜕 Ƹ𝑝

𝜕 Ƹ𝑧
− 𝑔 ො𝛼0

Replacing in Navier-Stokes for 𝑤 leads to
𝑈𝑊

𝐿𝑥

𝜕ෝ𝑤

𝜕 Ƹ𝑡
+ ො𝑢

𝜕ෝ𝑤

𝜕ො𝑥
+ ො𝑣

𝜕ෝ𝑤

𝜕 ො𝑦
+
𝑊2

𝐿𝑧
ෝ𝑤
𝜕ෝ𝑤

𝜕 Ƹ𝑧

= −
𝑓𝑈𝐿𝑥
𝐿𝑧

ො𝛼0
𝜕 Ƹ𝑝

𝜕 Ƹ𝑧
+ 𝑓𝑈 cos𝜙 ො𝑢 + 𝜈0

𝑊

𝐿𝑥
2

𝜕2ෝ𝑤

𝜕ො𝑥2
+
𝜕2ෝ𝑤

𝜕 ො𝑦2
+
𝑊

𝐿𝑧
2

𝜕2ෝ𝑤

𝜕 Ƹ𝑧2



𝑑𝑤

𝑑𝑡
After some changes:

𝑅𝑜𝛿
2
𝑑ෝ𝑤

𝑑 Ƹ𝑡
= − ො𝛼0

𝜕 Ƹ𝑝

𝜕 Ƹ𝑧
+ 𝛿 cos𝜙 ො𝑢 + 𝛿2𝐸𝐻

𝜕2ෝ𝑤

𝜕ො𝑥2
+
𝜕2ෝ𝑤

𝜕 ො𝑦2
+ 𝛿2

𝜕2ෝ𝑤

𝜕 Ƹ𝑧2

With the Rossby number:

𝑅𝑜 =
𝑈

𝑓𝐿𝑥
The horizontal Ekman number:

𝐸𝐻 =
𝜈0

𝑓𝐿𝑥
2 =

𝜈0
𝑈𝐿𝑥

𝑈

𝑓𝐿𝑥
=
𝑅𝑜
𝑅𝑒

the Reynolds number:

𝑅𝑒 =
𝑈𝐿𝑥
𝜈0

And the aspect ratio

𝛿 =
𝐿𝑧
𝑙𝑋



If 𝑅𝑜 ≪ 1, 𝐸𝐻 ≪ 1, 𝛿 ≪ 1

We get

ෞ𝛼0
𝜕 Ƹ𝑝

𝜕 Ƹ𝑧
= 0

Or 

𝛼
𝜕𝑝

𝜕𝑧
= −𝑔



When vertical acceleration is required

Linearize:

𝑔 − 𝛼
𝜕𝑝

𝜕𝑧
= −𝛼0

𝜕𝑝

𝜕𝑧
+
𝛼"

𝛼0
𝑔

Also for the state equation:

𝛼"

𝛼0
=
𝜃"

𝜃0
−
𝑝"

p0
≈
𝜃"

𝜃0

Leads to Boussinesq equations (𝛽 =
1

𝜃
is the isobaric thermal expansion coefficient)

𝜕𝑢𝑖
𝜕𝑡

= −𝑢𝑘
𝜕𝑢𝑖
𝜕𝑥𝑘

− 𝛼0
𝜕𝑃

𝜕𝑥𝑖
− 𝛽𝜃"𝑔𝑖 − 𝜖𝑖𝑘𝑚𝑓𝑘𝑢𝑚 + 𝛼

𝜕

𝜕𝑥𝑘

𝜕𝑢𝑖
𝜕𝑥𝑘



We still need to apply Reynolds decomposition…

𝑢𝑖 = 𝑈𝑖 + 𝑢𝑖
′…

Averaging, flux form

𝜕𝑈𝑖
𝜕𝑡

= −𝑈𝑘
𝜕𝑈𝑖
𝜕𝑥𝑘

− 𝛼0
𝜕𝑃

𝜕𝑥𝑖
− 𝛽𝜃"𝑔𝑖 − 𝜖𝑖𝑘𝑚𝑓𝑘𝑈𝑚 + 𝜈

𝜕

𝜕𝑥𝑘

𝜕𝑈𝑖
𝜕𝑥𝑘

−
𝜕

𝜕𝑥𝑘
(𝑢𝑖

′𝑢𝑘
′ )

If we take a “first order approximation”:

𝑤′𝑢′ = −𝐾𝑢
𝜕𝑈

𝜕𝑧

The turbulent term looks diffusive.

𝜕

𝜕𝑥𝑘
𝐾
𝜕𝑈𝑖
𝜕𝑥𝑘

But 𝐾 ≫ 𝜈


