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NN
Maxwell Equations

V-E=p
V x B

E (Gauss' law)
_9E_ J (Ampere—Maxwell law)
ot
V-B=0
B
V xE+ 98 =0
ot

(Faraday's law)
or «F = z wace



Four-Potential
Define the electromagnetic four-potential:
Al = (A% A) = (V, A)

Lowered index:

—.

A, = (Ag, —A)

e A? s the scalar potential
o A is the vector potential

The electromagnetic field tensor is defined as:
Fu = 0,A, — 0,A,
@ Antisymmetric tensor:
Fuw = —Fup

o Contains both £ and B
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Raising and Lowering Field Components

Using the metric: . '
E'=E, B' = B;
But: . _
E' = —E; (when appearing as F%)
Electric field example:

0A
F01 = 30/41 — 81A0 = ——0 — °ro = El
Magnetic field example:

Fo3 = 02A3 — 93A, = —B?

Rui Santos (FCUL & CFTC) Spin 1 2026

4/36



B
Fields from the Vector Potential

@ Definitions consistent with F,,,

@ Gauge invariant expressions

o = = E DA
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N
Field Tensor Matrix

0 E, E, E,
F. = _EX 0 —Bz By
v —-E, B, 0 -—By
-E, -B, B 0
The dual tensor is defined as:
Frv = S, =

0o -B! —-B?2 B3
Bl 0 E3 —F?
B2 —E3 0 El
B} E2 —E' 0

Frv =

@ Electric and magnetic fields exchange roles
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Lorentz Invariants

Two independent Lorentz scalars can be constructed:

Fu P =2 (E2 - B?)

F. F" = —4E - B

These combinations are invariant under Lorentz transformations.
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Deriving Maxwell's Equations from the Classical
Lagrangian

Step 1: Classical Lagrangian for Electromagnetism

1
L= FuF — A"

where the field strength tensor is

Fu = 0,A, — 0,A,

and A, = (¢, A) is the 4-vector potential, j, = (p,J) the 4-current.
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Step 2: Euler-Lagrange Equations for Fields

oL oL
O g0 Ay oA, " °
Compute derivatives:
oL oL
= _FW _ _w
9(0,,A) 9A, 7

Step 3: Euler-Lagrange gives Maxwell equations

OuF" = j"
This is the inhomogeneous Maxwell equations:
ov=0=V -E=p
° VziéVxB—%:J
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Step 4: Homogeneous Maxwell Equations from F,,

Definition of field strength tensor:
Fu = 0,A, — O,A,

- Antisymmetric: F,, = —F,, - Encodes E and B:

1
Ei=Foi, Bi= eiuFi

Step 4a: Bianchi identity (geometric identity)
a)\F,W + 8MFV)\ + 8,,/'_)\# =0
- Automatically satisfied for any F,, = 0,A, — 0,A, - Independent of

charges or currents
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Step 4b: Extract the homogeneous Maxwell equations
1. V.B=0
Take =i, v = j, A = k (spatial indices). Using B; = %e,-ijjk:

EUka,'ij =2V-B=0

Take p=0,v =i, A =:

80F,'j + 6,‘Fjo + 8jFo,' =0
Substitute Fo; = Ej, Fjj = —€jjx By:

B
8tBk+(V><E)k:O = VXE+881'_O

The homogeneous equations arise automatically from the geometric
structure of F,,, independent of the dynamics (no sources needed).
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Geometric Interpretation of the Bianchi Identity

Electromagnetic field as a curl of a potential:

Fuv = 0uA, — 9yA, <> F=dA

Bianchi Identity:

dF =0 orequivalently OxFuu + 9uF,x +0uFx, =0

Geometric meaning:
@ The electromagnetic field F is a “curl” in spacetime.
@ Magnetic field lines are continuous loops V - B = 0
@ Time-varying magnetic fields induce electric fields V x E + 9;B = 0
@ Locally: there are no monopoles or “holes” in the field because F is exact (F = dA)

- Magpnetic field lines form closed loops. - Induced electric field circulates around changing magnetic flux. - This is the physical
content of the Bianchi identity.
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Step 5: Summary

V-E=p
VxB-0E=1
V-B=0

VxE+0:B=0

All Maxwell equations derived from the classical Lagrangian.
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Including Sources

Adding interaction with a conserved current:

ﬁint = _J'uAu
Total Lagrangian:

1
L= _ZF,U«VFW —JIA,
Show that

=  O,F" =
applying the equations of motion.

o = = E DA
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Current Conservation

Taking the divergence:
000, FFH* = 0, J”

Antisymmetry
FHY = —F* = 0,0,F"* =0 }

= 0,J=0

@ Charge conservation emerges automatically
@ Compatibility condition for Maxwell equations
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Four-Current

The conserved four-current is:

=

J=(p,J)

@ Time component: charge density

@ Spatial components: current density
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Gauge Invariance

Consider the gauge transformation:
Al — AP+ OH9

@ ¢(x) is an arbitrary scalar function

@ Physical observables must be gauge invariant
Fu = 0,A, — 0, A,

F,U«V — (8#/41/ + 8uau¢) - (8VA“ + ayalLQS) e F/“/
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Physical Interpretation

Different potentials A* describe the same physics
Only gauge-invariant quantities are observable
Gauge symmetry is a redundancy of descriptio

Maxwell equations follow from a variational principle

Charge conservation is automatic

Gauge invariance underlies electromagnetism

@ This structure generalizes to non-Abelian gauge theories

This is the prototype of all gauge theories in particle physics.
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Connections and Curvature

In modern physics many interactions are described by a connection.

General Relativity
Spacetime derivative of a vector:

VWY =8,V T VP

Connection: Christoffel symbols ',

Curvature:
Rpa,ul/
Electromagnetism
Gauge-covariant derivative:
D, =0, + ieA,

Connection: electromagnetic potential A,
Field strength:
Fw
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Curvature from Commutators

Curvature appears when covariant derivatives do not commute.

Electromagnetism
[Dy, Do) = ieFu1p
Fu = 0,A, — O,A,
General Relativity

[V/lv V1/] Ve = Rpaul/ Ve

Both theories interpret physical fields as curvature of a connection.
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Bianchi ldentities

Curvature tensors satisfy geometric identities.

Electromagnetism

Oy Fuy = 0

This gives the homogeneous Maxwell equations:
V-B=0 VXE+0:B=0

General Relativity

VixRuvjpo =0
Contracting indices gives
V,.G" =0

which implies conservation of energy—momentum.
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Problems 1 and 2

Problem 1: Field Strength Tensor
The electromagnetic tensor is
Fuy = 0uAy — 0 A,

° Show that F,,, is antisymmetric.
e Write the matrix form of F,,, in terms of E and B.
e How many independent components does F;,,, have?

Problem 2: Maxwell Equations from Tensor Form
Starting from

o Show that v = 0 gives Gauss’s law:
V-E=p

e Show that v = i gives the Ampére—-Maxwell law:

9E

VXxB—-—=1
ot
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Problems 3 and 4

Problem 3: Homogeneous Maxwell Equations
Consider the identity

OxFuv + 0uFyx + 0uFy, =0

o Show that it follows from the definition of F,, .
e Show that it implies

e Show that it implies

Problem 4: Dual Field Tensor
Define

1
FIY = STy

o Express F*Y in terms of E and B.

e Show that the homogeneous Maxwell equations become

OuFt” =0
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Problems 5 and 6
Problem 5: Lorentz Invariants
Show that the following are Lorentz scalars:

Express them in terms of E and B.

FuuFHY, Fu PRV
Problem 6: Current Conservation
Starting from
O F' Y — v
e Show that
" =0
e Interpret this equation physically.

o =) = E DA
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Problems 7 and 8

Problem 7: Maxwell Equations from the Lagrangian
Consider

1
C= 7;F‘WF’“’ — ju AP

c Apply the Euler-Lagrange equations to A, .

e Show that the equations of motion are
O FHY =j¥

Problem 8: Gauge Transformations
Consider

Ay — Ay + 8

o Show that Fy,,, is invariant.
e Show that the Lagrangian changes by a total derivative.
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Problems 9 and 10

Problem 9: Plane Wave Solutions
In vacuum (j* = 0) consider

AP (x) = et ikex

o Insert into Maxwell equations and find the condition on k*.

e Show that
kue“ =

Problem 10: Energy-Momentum Tensor
The electromagnetic tensor is
v pary L v B
THY = FEYF, — Zg FagF

o Show that it is conserved in vacuum.

e Compute T and interpret the result.
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|
Solutions
Problem 1

Interchanging indices:

Fuv = 8uA, — OuA,
Thus Fy,, is antisymmetric.
Matrix form:

Fop = 0vAu — OuAy = —Fuy
0 —Ex —E —E;
E. = Ex 0 B, —By
= 1E, —B; 0 By
E, By —Bx 0
Since the tensor is antisymmetric in 4 dimensions:
44— 1
N = ( ) =6
2
independent components.

o =) = E DA
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Problem 2
Starting from
For v = 0:

8, FM = ¥
Using F0 = E':

Forv =i

B;F'U =p

E=p
Using FO = —E' and FU =

—eijkBk:

BFY + 8;F = 1

o =) = E DA
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Solutions
Problem 3
Using
compute

Fuy = 0uAy — O A,
Thus

OnFuv +0uFux +0uFxy
Substituting and using commutativity of derivatives (9,8, = 8,,9,,) all terms cancel.
From spatial components:

O\Fuv +0uFux +0uFx, =0
and from mixed components:

ot
o =) = E DA
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Problem 4
Dual tensor:
Components:

Pl = P,
'EOI _ gl
ﬁij = EijkEk
Then
reproduces
and

9 F* =0

B=0

V XE+0:B=0

o =) = E DA
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Solutions
Problem 5
First invariant:

Substituting components:

Second invariant:

Fuy F*Y

Fuu FHY = 2(B% — E?)
FuuFHY
which gives
Fu FMY = —4E.B
Both are Lorentz scalars.

o =) = E DA
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Problem 6

Take divergence of Maxwell equation:

Left side vanishes because

Oy (O F*Y) = 0uj”
(due to antisymmetry of FF*Y).
Thus

8,0, F' =0

A" =0

o =) = E DA
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Solutions
Problem 7 Lagrangian:
Euler-Lagrange equation:

Compute derivatives:

Thus

o ) - = DA
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Problem 8

Gauge transformation:

Then

Ay = A+ OuN

Fuv = 0u(Ay + 0uN) — Oy (A + 9uN)
Thus Fy,,, is gauge invariant.
The Lagrangian changes by

= Fuu
which is a total derivative.

SL = —ju oA

o =) = E DA
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NS
Solutions
Problem 9
Assume

Insert into vacuum equation:

AP = et ikex
giving

Gauge condition:

O F'" =0

=0
Thus electromagnetic waves travel at the speed of light

meaning the polarization is transverse.

k“e” =0

o ) - = DA
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Problem 10

Energy—-momentum tensor:

Using Maxwell equations one finds

THY _ pHpagpv

so energy—-momentum is conserved.
For v = 0:

*gNVFaBFaﬁ
HY

9, T =0

which is the electromagnetic energy density.

1
T — E(EZ +B%)

o =) = E DA
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