Decays

10.1 Kinematics

Let the Higgs boson of mass My and momentum ¢ decay into particles A and B of masses m; and
mgy and momenta p; and pe respectively: H(q) — A(p1) + B(p2). The decay rate summed over final
polarisations and colours is:

1 d*p1 d>pa

dT =
2M (27)32F, (27)32E;

@m0t (g —p1—p2) |T]” (10.1)

with |T|2 the invariant matrix element squared, summed over final colours and polarisations. Mo-
mentum conservation imposes p1.ps = (M% — m? —m3)/2 with p? = m? et p3 = m3. Thus ‘T|2
depends only on the external masses ‘T(m%,m%,M%)}z and the integral in eq. (10.1) can be done
independently of the decay channel. Using d®py/2 By = d*ps 0+ (p3 — m3) and carrying out the d*po

integration it comes out

1 ‘T‘z d’py
dT = *((g—p1)*> —m3). 10.2

Going to the rest frame of the Higgs boson, ¢ = (M, 0,0,0), one finds that the argument of the §+
function reduces to (M? — 2M E; + m? — m3) independent of the angles. Since all cases we consider

have mi = my the expressions will simplify. Using p; dpy = F1 dE; all integrations are easily done to

1 -2 4m2
'=——|T 1— — 10.
167TMH| | V M2’ (10.3)

with m the common mass of the decay products.

get:
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Decays and lifetime

49.4.1 Swurvival probability
If a particle of mass M has mean proper lifetime 7 (= 1/I') and has momentum (E, p), then
the probability that it lives for a time o or greater before decaying is given by

P(ty) = e o l/7 = =MW T/E (49.14)
and the probability that it travels a distance zg or greater is

P(zq) = e MzoL/lpl (49.15)

31st May, 2024
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Cross Sections

49.4.2 Two-body decays
In the rest frame of a particle of mass M, decaying into 2 particles labeled 1 and 2,

M? —m3 +m?

1
p1| = [po| = m\//\(Mz,m%,m%) : (49.17)
and
dl' = L ? 2 Py 1‘ dQ | (49.18)

327r2

where \(a, 8,7) = o? + 82 + 7% — 2a8 — 2ary — 2B is the Killén function and dQ = d¢d(cos ;)
is the solid angle of particle 1. The invariant mass M can be determined from the energies and
momenta using Eq. (49.2) with M = E,,.
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Cross Sections

The formula for calculating the scattering cross-section (o) for a two-to-two (2 — 2)

process in Quantum Field Theory (QFT) relates the scattering amplitude (.#) derived
from Feynman diagrams to an experimental probability.

The simplified, most common form used in the Center of Mass (CM) frame is:

do 1 Ip’fl
= —— — ||’
dQ  64r*s |p;l

Where the components are:

g—g : The differential cross-section (scattering probability per unit solid angle ).

A: The Lorentz-invariant scattering amplitude (calculated via Feynman rules).

s: Mandelstam variable, representing the square of the total center-of-mass energy
(s = E2).

|p;|: Magnitude of the momentum of the incoming particles in the CM frame.

|j)’f|: Magnitude of the momentum of the outgoing particles in the CM
frame. (@ MIT OpenCourseWare | Free Online Co... +4
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Cross Sections

IS “ (%] x

The two-body cross section may be written as

do 1 1
dt — 647Ss |Piem

2 |2 . (49.33)
In the center-of-mass frame
t= (Elcm - £D3cm)2 - (plcm - pi%cm)2 - 4plcm DP3cm Sin2 (ecm/z)
= 1o — 4P1cm P3em Sin2 (ecm/z) ) (4934)

where 0., is the angle between particle 1 and 3. The limiting values ¢ty (6 = 0) and t1 (fery = ™)
for 2 — 2 scattering are

2 2 2 2

2V/s

In the literature the notation ¢, (tmax) for g (¢1) is sometimes used, which should be discouraged
since ty > t1. The center-of-mass energies and momenta of the incoming particles are

to(t1) = — (Prem FP3em)? - (49.35)

s—|—m%—m§

N

For Escym and Egcm, change my to ms and mg to my. Then

m
Piem = \/ B2,y —m? and piom = % : (49.37)

Here the subscript lab refers to the frame where particle 2 is at rest. [For other relations see
Egs. (49.2)—-(49.4).]

s—l—m%—m%

E =
lcm 2\/5 )

EQCm =

(49.36)
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Infinities in QFT - renormalisation




Can an infinite quantity be made finite and measured?

fsoam ]

) STUPID
QUESTIONS

“Excuse me, s thas the Society for
Asking Stupid Questions?”

FOR ASKING [F

Infinities occur when integrals coming from the
computation of cross sections and decay widths, using
Feynman diagrams, give rise to terms that lead to
infinities in the high energy (short distance) or low
energy (long distance) limits.

Infinities from low energy physics are called infrared
divergences and occur when there are massless
particles.

Infinities from high energy physics are called
ultraviolet divergences and arise in the limit of high
energy.
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Can an infinite quantity be made finite and measured?

We start with the infinite integral

+00

f(0= [ X%y dy=[In(x+y] =

and now we regularise it in an obviously non-unique way

+00

- X

f(0=f(0-f(0)= [ dy=-Inx
| AX+Y) Renormalised (measured) quantity.
and we get the finite quantity High order contribution.
f (X)= 7(X) + f (0) > Tree-level value.

The infinity will be hidden in the experimental measured quantity, like mass.
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Regularisation - IR regulator and cut-off

We now start with the infinite integral
3 1]
0= [Loy- H -
{ﬁ Yl

When an infrared regulator x is intfroduced, the integral is now finite for a non-zero
regulator

1

d
i

f(x)=jS

When a cut-off is introduced the integral will depend on the cut-off
f(A)= Ly
A Y

And the cut-off can also be introduced to handle ultraviolet divergences
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Dimensional Regularisation

The simplest divergences for large momentum behave as |p|-2 or as |p|-4. The
momentum integrals are finite only for dimensions D < 2 and D < 4 respectively.

The idea is to calculate a Feynman integral for a continuous-valued number of
dimensions D for which convergence is assured. The simplest integral is

S °°d o1
'0)- f<z> o
where
2750/2 | ) % o
SD:F(D/z)’ F(z)_{dtt e

is the surface of a unit sphere in D dimensions.
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Dimensional Regularisation

By setting D=4-¢, the integral can be written as

(D)= [

and expanding in g,

d’p 1 nr (4n

Qn)° 7 - (4n) nf) tefz-l

e/2 2
(%‘) =1+§1n(%°)+o<82) (e /2-1)= =41(2)+0(e)

we obtain the result,

nt (2 47
I(D)= an ) {; +(2)+ ln(ﬁ)}

Note the wrong dimensions in the argument of the log. The introduction of a mass scale
related to coupling constant will solve this problem.
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Infrared divergences

Let us consider the integral that represents the electron self-energy (I will come back
to this later). It is clear that when k2 -> O the integral diverges

/ Electron propagator

To know where the infinities are we add a mass for the photon and when the calculation
is properly done, ferm proportional to this mass will cancel

fd“k . i(g-k+m) 1

(2m)* ! (g-Kk)’ -nT + Py @/’ IR regulator
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Infrared divergences

IR divergences arise from not considering all the factors in a cross-section. Although
both e*e--> p+p- and e*e--> p+p-(y) are IR divergent, their sum does not depend on the

photon mass.

When we consider the virtual corrections

2
o, = 92200{—4ln2nf+n—7}

8’ QG 3 2

together with the real emission contribution

2
Op= e 00{4ln2n12—n+5}

87t > Q@ 3

The measured cross section does not depend on the regulator.
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Renormalisable theories

If a theory is renormalisable all the infinities that arise in the calculation of physical
observables can be absorbed in the parameters of the theory.

All terms compatible with the symmetry of the Lagrangian must be included.

Terms with mass dimension above 4 should be discarded. Let us consider the Lagrangian
for a scalar field

_1 u 1 2 Cn n _ 4-n
L—EGMCI)G (I)—EmZCD —Eﬁcp = [C]=M

n=3

In particular the cubic coupling C; has dimension M, the C, term is dimensionless while
for n above 4, C, has a negative mass dimension.
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Renormalisable theories - Mass dimension in pictures

Feynman rules
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Still...

... theories with n > 4 may be used as approximate effective theories (without the
divergent loop graphs) for low-energy processes. The classic example is the Fermi theory
of weak interactions, with Lagrangian

G _ _
Liw=—= Y Wr (L =y, Wp, (L= rs),

\/5 l,]

where [6.] = M2 (6 = 1.17 x 10-5 GeV-2). This is a good effective theory for low-energy
interactions, but it cannot be used for energies above 1/(6¢)/2 # 300 GeV. In fact it only

works for and energy well below the W boson mass. At higher energies one should use the
proper electroweak theory. In QFTs which are valid for all energies, all coupling must
have zero or positive energy dimensions.
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Renormalisation and our favourite finite pieces

Again: renormalization is a procedure by which we make infinities of loops to disappear
by absorbing them into the parameters of the Lagrangian. The subtraction scheme is a
way to choose what part of the finite contribution we want to keep. Most typical are:

- Minimal Subtraction (MS): Only the divergence is removed.

- Modified MS: The divergence along with the some constant factors are removed. Of
course, this is only used with dimensional regularisation.

- On-shell subtraction: Finites parts are removed such that the renormalized
parameters are observables themselves.
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Renormalisation of the ¢* theory

We will now consider the simplest theory with all the necessary ingredients for renormalisation

A L4
—_[a ¢Oa ¢0 m() () Zﬁbo

The procedure is then the same for any theory: we redefine the parameters in such a way that
the delta quantity will absorb the infinity from the loop

Pio = Pi+ op; for the parameters.

57,

b= Z(ﬁj ¢~ |1+ ¢, for the fields.

Note the there is no need to renormalise the wave function. You just need to do it if you
want finite Green functions.
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Renormalisation of the ¢* theory

Starting with the bare Lagrangian

1 A
Z = 10,00 by m2d2] — 4—?¢5‘

and redefine the parameter as
bo=VZd:  mE=mP+m%  Ag= A+ 62
which after expanding Z leads to the renormalised Lagrangian at 1-loop
1 y| 57 om? S
Z = —[0,¢0'p — m*¢p*] — —p* + —0 o p — —p* — —*
10,00 — M) = ' + =-0,00') ———” ~ ¢

We now need to calculate the counterterms. We have only two independent infinities -
primitive divergences.
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Renormalisation of the ¢* theory

Power counting: we have discussed the renormalisability of the theory in terms of the
dimension of the coupling. The dimension of the coupling determines the dimension of
the integrand. Therefore,

Al >0 super-renormalizable,
Al =0 renormalizable,
Al <0 non-renormalizable.

Primitive divergences in ®4 theory
A d'k 9 A dAk A d'k .

In the case of a super-renormalisable theory there is some order above which
all diagrams are finite.
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Renormalisation of the ¢* theory

The Feynman rules for the renormalised Lagrangian are

l

p2 —m?

‘ss',' _l/l

RED LEEEY i(p*6Z — om?)
X —ish

The last two are the counterterm diagrams. Let us see now how to build the
primitive divergences.
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Renormalisation of the two point function

The diagrams contributing to the two point function are

and the amplitude

i i 1 dk i i
W Lo
M p2—m%+ie+p2—m23+ie [2( iAR) (27r)4k2—m2+ze]p2—m%2—l—ie
i , i
07 — O
N 2 2 -
i iMHAR | 2 Are  E 9 @
- —4+1+1 07 — O
p? —m% + ie ( 3272 [e+ og( m% +1 (07 = om) p? —m% + ie
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Renormalisation of the two point function

e MS: Only cancel out the finite part. Thus

m%)\ R

02 =0, om = 1672¢

In this scheme,

. - 2 —YE ,,2
iM= +szA23 ll—l—log (4”6 - )] (
p° — mp + i€ 32T mfg

e MS: Cancel out the inifinite part and the 4n’s and vg. Thus

2
mR/\R g —E
3272 [ +log (47re )‘

07 =0, om=

€

In this scheme

2
p2—m%,+z'e>

. . 2 2
. 7 IMRHAR 1L
_ 1 +1og [ 22
M p2—m‘1?2+z'e+ 3272 [ Tk (mQR)] (pz—

R. Santos, METFOG, 2026



Renormalisation of the two point function

e On-shell subtraction: In this scheme, we define é,, by giving a physical interpretation to the
parameter mp. The usual thing to do would be to say that the physical mass of the particle is given

by mp. This is the condition that

a2
—%— o m— V. ———— -+ terms that are regular at p =mp

with residue 7. This implies

2 g ,,2 :
B _ mRAR |2 dme  TE g i
02 =0 om = 3272 [€+1+log( m?% :>2M_p2—m2R+ie

Notice that now that we have a physical interpretation of the parameter mpg, all dependence on the
unphysical parameter has dropped out.

We have seen that in all subtraction schemes 07 = 0 at this order. This is not true when higher order

corrections are imposed.

R. Santos, METFOG, 2026 120



Renormalisation of the four point function

The diagrams contributing to the four point function are

o D<) 1 XX

and the amplitude is

d*k !
- —i\ A
iM = —1 R-I- —1AR) / o) k2 — m? _|_Z€(p1+p2+k)2—mR+ze
d*k ' '
+—(—i)\R)2 4 Z2 : z K )
9 (27) kz—mR+ze(p1—p3+k)2—mR+%€

i
\ _
(—iAg)? / 27r)4k2—m + i€ (p1 — pa + k)2 — mp, +ie
= —iAg + (— z/\R) [zV(s) + iV (t) + iV (u)] — idy

Are—E ,2)3
§+log< 5 (dme%40) )]—i5,\

¢ (m%, — x(1 — z)s|[m% — z(1 — z)t][m% — z(1 — z)u]

10

i, (!
M = —i) d
1M AR + 32#2/0 T
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Renormalisation of the four point function

e MS: Only cancel out the finite part. Thus

2 1 2
) AR / i = Sk
0

~ 3072 e 16m2e

In this scheme

7 = —1 i)‘%{ 1 x lo (47(8_715#2)3
M= —i\p+ 39,2 /0 dzlog <[m% —z(1— x)s][m% —z(1— x)t][mQR —x(1— m)u])

e MS: Cancel out the inifinite part and the 47’s and vg. Thus

_ Ak
3272

LT6 _ A (6 _
/ dzx |— 4+ 3log (47re 7’5) = - + 3log (47re 7E)
0

2 € 3272

In this scheme

-\ 2 1 2\3
iM = —idp + AR / dmlog( (,u) )
0

3272 (m%, — z(1 — z)s|[m% — z(1 — z)t][m% — z(1 — z)u]
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Renormalisation of the four point function

On-shell subtraction: In this scheme, we choose d, such that the renormalized parameters are them-
selves the observable quantities. To define the observable quantity, we must define a Renormalization
Condition. The usual thing to do i1s to perform an experiment at some scale s = sg, t = tg, u = ug,
and define the measure amplitude at that scale as the value of the coupling.

s=4m%,, t=u=0 .
> —IAR

We then get the equation

, _ iz, 1
_Z)\R:—Z)\R—*-?’Qﬂ-z‘/o dx

[
— 5,\:3271_2/) dx

mp[m% — 4x(1 — x)m3)]

6 dme=VE 2)°
— + log y (2 s ) 3
€ mp[my — 4z(1 — z)mp)]

Are—"E ,2)3
§+log( (me™7%40) )]—i5A
€

In this scheme,

iM=—irng+ 25 [ a0 mp[mp, — 42(1 — z)mp]
M = —idp + 3972 /0 dzlog ([m2R — z(1 — z)s][m% — z(1 — z)t][m% — z(1 — x)u])
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