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Decays10 Exercises: Higgs boson decays

We consider in the following various two body decays of a Higgs boson.

10.1 Kinematics

Let the Higgs boson of mass MH and momentum q decay into particles A and B of masses m1 and

m2 and momenta p1 and p2 respectively: H(q) → A(p1) + B(p2). The decay rate summed over final

polarisations and colours is:

dΓ =
1

2M

d3p1
(2π)3 2E1

d3p2
(2π)3 2E2

(2π)4 ε4 (q − p1 − p2)
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2
, (10.1)

with
∣
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the invariant matrix element squared, summed over final colours and polarisations. Mo-

mentum conservation imposes p1.p2 = (M2
H − m2

1 − m2
2)/2 with p21 = m2

1 et p22 = m2
2. Thus
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depends only on the external masses
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and the integral in eq. (10.1) can be done

independently of the decay channel. Using d3p2/2E2 = d4p2 ε+(p22 −m2
2) and carrying out the d4p2

integration it comes out
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Going to the rest frame of the Higgs boson, q = (M, 0, 0, 0), one finds that the argument of the ε+

function reduces to (M2 − 2ME1 +m2
1 −m2

2) independent of the angles. Since all cases we consider

have m1 = m2 the expressions will simplify. Using p1 dp1 = E1 dE1 all integrations are easily done to

get:
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M2
, (10.3)

with m the common mass of the decay products.

10.2 Higgs decay into a fermion anti-fermion pair

This channel has only one diagram with the Higgs fermion-antifermion coupling, mf/v given in

eq. (8.29):

H(q)

f̄(p2)

f(p1)
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Decays and lifetime
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Infinities in QFT  - renormalisation



Infinities  occur when integrals coming from the 
computation of cross sections and decay widths, using 

Feynman diagrams, give rise to terms that lead to 
infinities in the high energy (short distance) or low 

energy (long distance) limits. 

Infinities from low energy physics are called infrared 
divergences and occur when there are massless 

particles. 

Infinities from high energy physics are called 
ultraviolet divergences and arise in the limit of high 

energy.
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Can an infinite quantity be made finite and measured?
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We start with the infinite integral       

f (x) = 1
x+ y

dy
1

+∞

∫ = ln(x+ y)[ ]1
+∞
=∞

f (x) = f (x)− f (0) = −x
y(x+ y)

dy
1

+∞

∫ = − ln x

and now we regularise it in an obviously non-unique way      

and we get the finite quantity        

f (x) = f (x)+ f (0)

The infinity will be hidden in the experimental measured quantity, like mass.

Renormalised (measured) quantity.

High order contribution.

Tree-level value.
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We now start with the infinite integral      

f (0) = 1
y2
dy

0

+∞

∫ = −
1
y

⎡

⎣
⎢

⎤

⎦
⎥
0

+∞

=∞

When an infrared regulator x is introduced, the integral is now finite for a non-zero 
regulator       

And the cut-off can also be introduced to handle ultraviolet divergences

f (x) = 1
y2 + x2

dy
0

+∞

∫

When a cut-off is introduced the integral will depend on the cut-off   

f (Λ) = 1
y2
dy

Λ

+∞

∫
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Regularisation – IR regulator and cut-off
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I (D) = dDp
(2π )D∫ 1

p2 +m2 =
SD
(2π )D

dppD−1
0

∞

∫ 1
p2 +m2

where   

SD =
2π D/2

Γ(D / 2)
;           Γ(z) = dttz−1e−t

0

∞

∫

The simplest divergences for large momentum behave as |p|−2 or as |p|−4. The 
momentum integrals are finite only for dimensions D < 2 and D < 4 respectively.  

The idea is to calculate a Feynman integral for a continuous-valued number of 
dimensions D for which convergence is assured. The simplest integral is

is the surface of a unit sphere in D dimensions.

106

Dimensional Regularisation

R. Santos, METFOG, 2026



I (D) = dDp
(2π )D∫ 1

p2 +m2 =
m2

(4π )2
4π
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and expanding in ε,  

By setting D=4-ε, the integral can be written as 
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we obtain the result,  

Note the wrong dimensions in the argument of the log. The introduction of a mass scale 
related to coupling constant will solve this problem.
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Let us consider the integral that represents the electron self-energy (I will come back 
to this later). It is clear that when k2 -> 0 the integral diverges       

d4k
(2π )4

γ µ
i( /q− /k+m)

(q− k)2 −m2 + iε∫ γµ
1
k2

Electron propagator

Photon propagator

To know where the infinities are we add a mass for the photon and when the calculation 
is properly done, term proportional to this mass will cancel   

d4k
(2π )4

γ µ
i( /q− /k+m)

(q− k)2 −m2 + iε∫ γµ
1

k2 −mγ
2 IR regulator
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IR divergences arise from not considering all the factors in a cross-section. Although 
both e+e--> μ+μ- and e+e--> μ+μ-(γ) are IR divergent, their sum does not depend on the 
photon mass. 

σ R =
e2

8π 2
σ 0 4 ln

2 mγ
2
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π 2

3
+ 5

⎧
⎨
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When we consider the virtual corrections

together with the real emission contribution

The measured cross section does not depend on the regulator.
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If a theory is renormalisable all the infinities that arise in the calculation of physical 
observables can be absorbed in the parameters of the theory. 

All terms compatible with the symmetry of the Lagrangian must be included. 

Terms with mass dimension above 4 should be discarded. Let us consider the Lagrangian 
for a scalar field       

L = 1
2
∂µΦ∂

µΦ−
1
2
m2Φ2 −

Cn

n!
Φn

n≥3
∑    ⇒    [Cn]=M 4−n

In particular the cubic coupling C3 has dimension M, the C4 term is dimensionless while 
for n above 4, Cn has a negative mass dimension.
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Feynman rules

∞

Stop at ϕ4
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Renormalisable theories - Mass dimension in pictures

Primitive divergences

Higher order terms
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... theories with  n > 4 may be used as approximate effective theories (without the 
divergent loop graphs) for low-energy processes. The classic example is the Fermi theory 
of weak interactions, with Lagrangian

where [GF] = M-2 (GF = 1.17 × 10-5 GeV-2 ). This is a good effective theory for low-energy 
interactions, but it cannot be used for energies above 1/(GF)1/2 ≈ 300 GeV. In fact  it only 
works for and energy well below the W boson mass. At higher energies one should use the 
proper electroweak theory. In QFTs which are valid for all energies, all coupling must 
have zero or positive energy dimensions.  
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Still…

ℒint =
GF

2 ∑
i, j

ψ̄iγμ(1 − γ5)ψi ψ̄iγμ(1 − γ5)ψi
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Again: renormalization is a procedure by which we make infinities of loops to disappear 
by absorbing them into the parameters of the Lagrangian. The subtraction scheme is a 
way to choose what part of the finite contribution we want to keep. Most typical are: 

– Minimal Subtraction (MS): Only the divergence is removed. 

– Modified MS: The divergence along with the some constant factors are removed. Of 
course, this is only used with dimensional regularisation. 

– On-shell subtraction: Finites parts are removed such that the renormalized 
parameters are observables themselves.
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We will now consider the simplest theory with all the necessary ingredients for renormalisation

The procedure is then the same for any theory: we redefine the parameters in such a way that 
the delta quantity will absorb the infinity from the loop

for the parameters.

for the fields.

Note the there is no need to renormalise the wave function. You just need to do it if you 
want finite Green functions.
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Renormalisation of the  theoryϕ4

ℒ =
1
2

[∂μϕ0∂μϕ0 − m2
0ϕ2

0] −
λ0

4!
ϕ4

0

ρi,0 = ρi + δρi

ϕj,0 = Zϕj
ϕj ≈ (1 +

δZϕj

2 ) ϕj
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Starting with the bare Lagrangian

We now need to calculate the counterterms. We have only two independent infinities – 
primitive divergences.

and redefine the parameter as

which after expanding Z leads to the renormalised Lagrangian at 1-loop
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Renormalisation of the  theoryϕ4

ℒ =
1
2

[∂μϕ0∂μϕ0 − m2
0ϕ2

0] −
λ0

4!
ϕ4

0

ℒ =
1
2

[∂μϕ∂μϕ − m2ϕ2] −
λ
4!

ϕ4 +
δZ
2

∂μϕ∂μϕ −
δm2

2
ϕ2 −

δλ
4!

ϕ4

ϕ0 = Zϕ; m2
0 = m2 + δm2; λ0 = λ + δλ
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Power counting: we have discussed the renormalisability of the theory in terms of the 
dimension of the coupling. The dimension of the coupling determines the dimension of 
the integrand. Therefore,

In the case of a super-renormalisable theory there is some order above which 
all diagrams are finite.

Primitive divergences in Φ4 theory
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Renormalisation of the  theoryϕ4
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The last two are the counterterm diagrams. Let us see now how to build the 
primitive divergences.

The Feynman rules for the renormalised Lagrangian are
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Renormalisation of the  theoryϕ4

i
p2 − m2

X

X

i(p2δZ − δm2)

−iλ

−iδλ
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The diagrams contributing to the two point function are

and the amplitude
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Renormalisation of the two point function
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Renormalisation of the two point function
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Renormalisation of the two point function
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The diagrams contributing to the four point function are

and the amplitude is
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Renormalisation of the four point function
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Renormalisation of the four point function
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Renormalisation of the four point function
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