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Cosmological probes

Supernova surveys



There are different types of supernovae. Type Ia is the most luminous one. 

Their observations allow us to estimate a cosmological function: the 
luminosity distance. 

This is the most explored probe of geometry (zeroth order)

Supernovae of type Ia



SNe Ia explosion formed 
by accretion onto a 
1.4 MSun white dwarf 
(Chandrasekhar limit : the 
critical mass for
a stable white dwarf )

WD no longer sustained
by electron degeneracy
pressure.



Becoming unstable, the white dwarf can either collapse further à forming a 
neutron star or a black hole

or it can explode à material in the star starts nuclear fusion producing
metals, in particular a large amount of 56Ni that decays through 56Co to 56Fe, 
producing a very luminous explosion à M ~ -19.

Other SNe types have different origins and do not require a binary system:

Sne Ib/Ic: collapse of stars with initial
masses 8 - 30 M_Sun

Sne II: collapse of stars with initial
masses > 30 M_Sun

Each type has a characteristic
light curve



The distance modulus

Flux is traditionally expressed in magnitudes, m.

Hipparcos separated the magnitude of visible stars in 6 qualitative classes. 
Since the eye sensitivity is roughly logarithmic à it turns out that 
apparently equal intervals are in reality equal ratios.

Stars of magnitude 5 have ~ 1% of the flux of stars of magnitude 1.
This led to the modern (XIX century) definition of magnitude:

à

The luminosity distance can be measured through the flux-luminosity relation. This 
relation is usually written as a difference of magnitudes, known as the distance 
modulus.



The apparent magnitude depends on the distance, since F ~ L / D2

(Notice that for large distances on an expanding spacetime this distance is the 
luminosity distance, since it needs to take into account the ‘dilution of luminosity’).

This leads to the definition of a distance-independent magnitude: the absolute 
magnitude, M:  the apparent magnitude an object would have if placed at a distance 
of 10 parsec. 

SNIa have M ~ -19 à they are very bright. 

We can compare their magnitudes with the apparent magnitudes of the full 
moon (m = -12) or of the Sun (m = -26.7) à knowing the distance to the Sun, we find 
that LSN = 3x109 LSun

This is a relative scale. To define an absolute scale, the star Vega was chosen as 
reference à the flux of Vega corresponds to magnitude m=0:

m = -2.5 log10 (F / FVega)    apparent magnitude



This implies that a SN Ia would appear as bright as the Sun if it was placed at a 
distance of DL =31.6 pc ~ 100 lyr (this is the distance to some of the well-known 
night-sky stars in the Milky Way).

Luckily for us SN Ia are rare events - only 5 records in our galaxy in the past 1000 
years à 1006, 1054, 1181, 1572, 1604

If the SN occurs in a nearby galaxy from 
the local group (DL ~15 Mpc) à its 
apparent magnitude is m = 12
(this was the case of SN1987, a SN II 
that appeared in the LMC in 1987).

If the SN occurs at a distant galaxy 
(z = 1) à DL ~ 6.7 Gpc (concordance 
model) à 450 x DL (local galaxy) à its 
apparent magnitude is m = 25

In both cases, the apparent magnitude 
of the SN Ia is similar to the apparent 
magnitude of the whole galaxy



The difference between apparent and absolute magnitudes is a L/F ratio and it is 
thus a direct measure of luminosity distance. 
This difference is known as the distance modulus:

μ = m - M = -2.5 log10 (F/FVega) + 2.5 log10 (F10/FVega) 

= -2.5 log10 (F/F10)

= -2.5 log10 [ (L / DL
2) / (L/102)] 

= -5 log10 (10/DL)

= 5log10 (DL) +25    (for DL in Mpc, i.e.,we used 10 pc = 10-5 Mpc) 

The goal of SN Ia cosmological surveys is to measure  μ from the data, and 
then fit the cosmological predictions of μ (i.e. DL) to the measured μ. 

For this, we need to define an estimator of μ from the observed 
quantities. An optimal estimator is one that gets an accurate (i.e, without 
bias) and precise (i.e. with high signal-to-noise ratio) measurement of μ. 



Building a survey to find SN Ia candidates  

In nearby galaxies 

SNe surveys



In distant galaxies



Identifying the SNe of type Ia and measuring their redshifts

• Determine the SN type from its spectrum

(this is challenging for distant SNe since they have faint magnitudes ~24)

To distinguish SNe Ia from SNe
Ib or Ic, need to check for the 
presence of Silicon lines 
(at ~6500 Angstroms rest-
frame) à need spectroscopy
in near-IR

• Use the spectrum also to 
measure the redshift

• Check if the colors of the 
source are consistent with 
being a SN Ia

• Check if the light-curve is 
consistent with being a SN Ia



Follow the SN event to get its peak amplitude and also get as much points in the 
light-curve as possible.

Since all SN Ia are formed in the same way, they are in first approximation 
assumed to be standard candles, i.e., all SN Ia would have the same light-curve: 
same absolute magnitude at the peak and same duration in time.

The distance modulus estimator



In this assumption, measuring the flux at the peak gives directly the distance, since 
the absolute magnitude can be determined in advance :  

The universal absolute magnitude is computed in advance from observations of SNe
in galaxies at known distances (from a distance ladder method à it is a model-
independent calibration procedure).  

It relies on:

Anchor galaxies: key nearby systems with precise geometric determination of 
distances: Milky Way (Gaia parallaxes), Large Magellanic Cloud [LMC] (eclipsing 
binaries), SMC, NGC 4258 (water maser – a microwave laser - ). 

Anchor galaxies need to have: the possibility to measure their distances; 
and contain a distance calibrator (e.g. a Cepheid)

Host galaxies: galaxies that have simultaneously a SN and a calibrator

There are only 42 such SNe known (found with the SHoES project, Riess
et al 2022), increased from a previous sample of 19 à these calibrate the 
luminosity of all SNe Ia observed.

The distance ladder accuracy is a key aspect to solve the Hubble tension.





For the host galaxies, measuring the SN peak flux and knowing the distance à
obtain the universal absolute magnitude (that would remain a fixed quantity for all 
subsequent observations of SN in galaxies with unknown distances, if M is universal). 

à with this information, the distance modulus of a given galaxy can be accurately 
computed from its definition:  μi = mi - M

where the magnitude m is the measurement made from the flux of the galaxy 
obtained in this survey (with a certain uncertainty) and the magnitude M is a constant 
value known a priori from a distance ladder calibration previously made (also with an 
uncertainty). 

So this expression ^μi^ = mi - M seems a good choice to be the estimator of the 
distance modulus of a galaxy from the data. 



In general, there are additional astrophysical effects that also contribute to the 
cosmological estimator. For example, there may be other effects contributing to the 
magnitude such that m-M is not just the cosmological contribution.

In SN surveys, an important effect to consider is the fact that in reality the SNe are 
not standard candles, i.e., the approximation of universal luminosity is not very 
accurate. 

Each SN has its own light curve.

They are not universal after all à the
value of M obtained for the calibrator 
SN is not valid for all à each SN may 
have its own value of M. 

Building an unbiased estimator



Fortunately, the SNe are not completely 
different. There is a correlation in the 
behaviour of their light-curves: 

There seems to be a shape- luminosity 
relation in the light-curves à the 
luminosities are indeed different but the 
peak amplitude depends on the decay 
time à the brighter ones are 
systematically slower. 

In this way, if we apply the estimator ^μi^ = mi - M, we will get a wrong value for 
the distance modulus of the galaxy - a biased value, i.e., there will be a 
systematic error on all estimated distance modulus. 

A more accurate (unbiased) estimator would be: 

^μi^=mi - Mi

Does this mean that we need to find the absolute magnitude of each SN?
This is not possible. We only have very few SNe where M can be measured (the 
calibrators). 



The existence of this (empirical) relation means that 

the SNe are standardizable à their M values can be related with the 
standard “universal” M value. 

So, if we apply a stretch factor to a light-curve, its peak will go up and 
reach the “universal light-curve” à the one that corresponds to the (standard) 
universal luminosity. 

The question now is: if we would stretch the observed light-curve of a SN 
by a certain factor, this would correspond to change the luminosity by how 
much? 

We do not know this! But the important point is that the impact of the stretching of 
the light-curve on the luminosity is the same for all SNe. 

So we can model this effect with an arbitrary function of an arbitrary 
amplitude, and apply the model consistently to all SNe. 



The response of magnitude to stretch is usually taken to be linear, i.e., 

𝜟Mi = M - Mi =  𝛼 (si - 1) 

So, a galaxy that requires a stretch s for its light-curve to become identical to the 
standard one, has an absolute magnitude that differs 𝜟Mi from the 
universal value.
(s = 1 means no stretch, it is a SN already standard) 

This means that the estimator of the distance modulus of a galaxy is not: 

^μi^ = mi - M à this gives a biased result;

it is also not: 

^μi^ = mi - Mi à this gives an unbiased result, but it is impossible to measure, 
so it cannot be an estimator; 

but it is:

^μi^ = mi - M + 𝛼 (si-1) à this gives an unbiased result. 



Notice that this method introduces one unknown parameter in the analysis: 

the stretch response parameter α 

Its value is unknown. How can we find out its value? 

option 1: 

If the luminosities (i.e., the absolute magnitudes) of some of the 
stretched SNe were known, that information could be used to calibrate the 
relation (i.e., to find the value of α). 

However, this is not the case. 

option 2: 

An alternative would be to predict the absolute magnitudes of SNe from 
astrophysical theory. 

However this cannot be done with enough precision, and it depends on 
many assumptions and astrophysical modelling (which would introduce additional 
astrophysical parameters, and would just move the problem to another place). 



option 3: 

The usual approach is to leave α as an additional free parameter of the 
model (introduced to model an extra effect), to be treated in the same way as the 
cosmological parameters. 

This type of parameter is known as a nuisance parameter. 

Despite the name, nuisance parameters are very important à without them the 
cosmological analysis would be biased à they model (and correct) a systematic 
effect. 



In addition to the shape-luminosity 
relation, the light-curves also show a 
color-luminosity relation, 

i.e., two SNe of different colours, if 
stretched by the same amount will not 
reach the same peak amplitude.

The bluer ones (the ones with higher 
amplitudes on the blue filters compared 
to redder filters) have larger 
luminosities.

So, for each measured SN, after 
stretching the light curve by a factor 
s, the amplitude needs to be further 
increased for it to match the 
standard light curve. 



Moreover, by comparing the fluxes of one SN on different filters, sometimes it is 
found that the flux ratios are too different from the standard case to be explained 
just by this intrinsic color variation à differences also arise because of dust 
extinction in the galaxy host, which does not affect equally all bands. 

So the amplitude of the light-curve is increased by a color factor, c, (that 
accounts both for color and for dust) in order to match the standard 
amplitude. 

Once again, we need to find out what is the impact of this shift in the 
absolute magnitude. 

This introduces another nuisance parameter : the response factor 𝛽, 
that models a linear response:

𝜟Mi =𝛽ci



The estimator of the distance modulus then becomes: 

^μi^=mi - M+ α (si -1) - β ci

The estimator involves 3 measured quantities for each SN:

mi : observed magnitude of each SN à i.e. the measured flux

si, ci : stretch and color factors of each SN à measured from the light curves



Notice that the absolute magnitude of a galaxy with no stretch (s=1) and no color 
correction (c=0) is the reference value M, while the absolute magnitude of a galaxy
with a corrected light curve is M - α (si-1) + β ci

The estimator also involves 3 (global) model parameters:

M : reference absolute magnitude, known from the calibrators with an 
uncertainty à it may treated as a free parameter with a prior

α : response of magnitude to stretch à a free parameter 

β: response of magnitude to color and dust à a free parameter

The nuisance parameters are not necessarily universal across the whole sample 
of SN Ia.  They may be different for SNe at different redshifts - evolution - or for 
SNe in different host galaxies - environment -

In this case, the analysis needs to be done with the SN separated in various sub-
samples, with different parameter values in each. 



The observational procedures in general introduce additional biases. In high-z 
measurements, the use of an observing filter bias the flux-luminosity relation.

Remember that the flux-luminosity relation, relates observed flux (in the observer’s 
frame o) with the corresponding luminosity. But that luminosity is not the equal to the 
intrinsic luminosity (in the source rest-frame e), due to the expansion of the Universe 
(causing energy dilution and time dilation).

This led to the additional factor of (1+z)2

that was absorbed in the distance, leading 
to the definition of luminosity distance.

K-correction



However, this reasoning is only valid when we consider the total luminosity emitted 
by the source (and the total measured flux), the so-called bolometric quantities.

In practice, the fluxes are measured within a filter à only a part of the energy is 
detected by the observer, i.e., an integral over the field spectral domain of a flux 
density per frequency bin (F(ν0) dν0).

This flux corresponds to an emission of a different frequency in the galaxy’s rest-
frame (L(νe) dνe) due to the expansion redshift.

The flux on a detected 
frequency corresponds 
to an emission from a 
higher frequency

The filter broadens at the 
observer’s frame à the 
“unit” dν0 shrinks  

dνe = (1+z) dν0 



The detected flux is an integration of the flux density and thus of the spectral 
energy distribution (SED) on a portion of the spectrum (i.e. within a filter, that 
provides a weighting function: the filter throughput),

This implies that the luminosity distance needs to be redefined, i.e., the (1+z)2

factor valid for the bolometric case needs to be removed and replaced by a 
frequency-dependent function.

In practice, what is done is to keep the same luminosity distance and apply instead 
a correction to the flux-luminosity relation, i.e. to unbias the luminosity distance. 
This effectively introduces an extra term in the definition of the distance modulus, 
named the K-correction.

The K-correction is thus the difference between the observed magnitude for a 
source at redshift z (for a specific filter and a specific source SED) and the 
magnitude that would be observed if there was no expansion.

How can we compute the K-correction for a given SED and filter?



Let us consider the flux measured in a filter centered in ν0, per unit frequency 
dν0  (i.e., the flux density)

It was emitted in the rest-frame of the source as frequencies centered on a 
redshift νe , per unit frequency dνe.

The standard bolometric flux-luminosity relation (already including the (1+z)2 factor in 
the definition of luminosity distance) is:

F

We now want to write the rest-frame luminosity in terms of the observed-frame 
luminosity. For this, we need to introduce the two effects:  frequency shift and 
filter broadening:

F



The flux observed is the integral of this flux density, within the filter (or band).

F

If the luminosity density (the SED) is constant within the filter (e.g. in the case of a 
narrow filter), then the numerator just contains a (1+z)2 factor that cancels out the 
one implicit in DL

2 and we recover the standard relations

Using the flux-luminosity relation this is:

F



In the more relevant case of a broad filter, we can multiply and divide the 
expression for the observed flux by the integral of Lo and write:

F

The result is then: the correction due to the use of a filter is a factor (1+z), 
times the ratio fν between the integrated luminosities on the emission and 
observed bands, where



This means that when we only measure part of the flux (using a filter) the 
correct flux-luminosity relation is no longer 

F = L / (4𝝅 DL
2) (the bolometric relation)

but

We can also write the flux-magnitude relation in terms of magnitude difference:

We start with the definition:

where now

For D = 10pc there is no correction (very low redshift) à z=0  and fν = 1



The correction in the distance modulus is thus a constant shift in magnitude: 

Kν(z) = 2.5 log10 ( fν (1+z) ) 



We conclude that a better estimator of the distance modulus is:

^μ^ = m - M +  α (s - 1) - β c - Kν(z) 

K-correction (in magnitude) for various 
filters and  types of objects (spectra) as
function of redshift.

The correction can be large, but it 
does not introduce modeling of an 
effect with a new free parameter.

It can be computed and directly 
applied. It depends on the observing 
filter, the redshift of the source, and 
the shape of the spectrum (SED). 



Besides stretch, color and K-correction, there are many other possible sources of 
bias (also known as systematic effects) that impact the SN measurements: 

- Peculiar velocities for low-z SN à the measured redshift are not only due to 
expansion à need to be corrected

- Contamination by core collapse SN for high-z SN à SN of other types mixed in 
the analysis

- Evolution of color-luminosity relation with redshift à the modeling of this bias 
should be done with  β (z) c, and so β is no longer a single parameter

- Evolution of SNe with z à light-curves should not be matched to a single 
universal template

- Gravitational magnification à lensing effect changing the flux of the SNe

Other systematics



- Malmquist bias à a SN sample is biased towards the brightest objects, needs to 
correct the distance modulus by adding a magnitude of 1.38 σ2

M

Assume we have a flux-limited sample of SNe and they have a distribution of 
absolute magnitudes M0± σM.

Then for high-z SNe the ones at the tail of the distribution may be outside of the 
limit à we observe a biased sample, not representative of the full distribution 
à we lose systematically the faint objects, the sample is incomplete but not 
in a random way à introducing a bias

We will think that those high-z SNe are brighter than they really are à we need to 
correct by adding a magnitude value that increases with the width of the 
distribution (the correction is computed from first principles, by integrating the 
SNe ‘magnitude function’).

(Note that if we lose objects in a random way - for example because of not observing the full 
sky - then there is no bias)



- Dependence on mass of the host galaxy à SNe appear systematically
brighter when they are in massive galaxies by ~0.1 mag

There are about 200 systematic effects identified in SNe analyses!



The dominant source of bias is the calibration of the universal absolute magnitude 
M (which depends on the distance ladder determinations and on the light-curves 
template-fitting).



We finally found an estimator that should be better than the naïve one ^μi^= mi - M 

This estimator is:

^μi^ = mi - M +  α (si - 1) - β ci + γ Hi - Kν(z) + other biases

It takes into account the fact that 

measured m = true  m + Kν(z)
and

universal M = true M +  α (s - 1) - β c + γ H + other biases

This estimator should give the true value of the distance modulus, i.e., if we average 
the measurements of N SNe Ia (at the same redshift), we should get the true μ :

(averaging over large N) à <^μ^> = true μ

an estimator with this property is called an unbiased estimator.



On the contrary, for the original estimator  ^μ^= m - M,  

(averaging over large N) à <^μ^> ≠ true μ 

In that case the estimator is called a biased estimator.

Notice that the reason for averaging over many observations, is because the 
estimator has an uncertainty (error bars).  

An optimal estimator should be unbiased (i.e., an estimator that provides 
accurate measurements) 

and at the same time it should be measured with a high signal-to-noise ratio (i.e. 
an estimator that provides precise measurements).



The values of the unbiased estimator averaged over the sample give the 
estimate for the quantity of interest (in our case μ(z) ).

But this is not enough to fully describe the measurement. We also need to 
quantify the uncertainty of the estimator. 

This can be addressed in two different ways:

The estimator uncertainty



Measuring the variance of the sample

Consider a set of Nz SN Ia at the same redshift

All of these SNe should have the same value of μz. 

However, the measured μzi for each SN will not be the same because the 
measurement process (including emission and correction factors) is a random 
process.

So, if we measure Nz SNe at the same redshift, they will constitute Nz independent 
measurements of the same quantity, where ^μz^  is a random variable and each 
of the measured values μzi, is a realization of the probability distribution of the 
random variable ^μz^.

If the distribution is Gaussian (which is always the case if Nz is large due to the 
Central Limit Theorem), the distribution is described by only two parameters (the 
lower order moments of a distribution). These are the mean, α, (i.e. the true value 
of μ), and the variance, σ2



The larger the variance of a distribution, the most likely to observe a value μzi far 
from the true value α. 

The σ of the distribution (i.e., the square root of the variance σ2, also called the 
dispersion or the root-mean-square rms) is the error bar of the single 
observation μzi

This is the average error of each μzi measurement, but we are interested in the error 
of the ^μz^ estimate. 

^μz^ is estimated from the individual measurements μzi. It is known that the maximum 
likelihood estimator of the mean of a Gaussian distribution is the average of the 
realizations:

So, the uncertainty we are looking for is the error on the estimation of the mean.



The variance of an estimator of a mean is a well known result, and is given by:

Basically this is the variance of the random variable μzi divided by Nz

This makes sense, since the estimated value of the mean will be closer to the true 
mean if we have a better sampling of the distribution (i.e., larger Nz). 

The square root of this variance is the uncertainty associated with the estimator ^μz^ 
à the error bar.

This error is usually called the statistical error or also the noise.

The uncertainty introduced by the bias corrections, is in general not included in the 
variance of the random variable and needs to be taken into account separately as an 
extra contribution to the total error: the systematic error.



We just saw that the uncertainty of ^μz^ decreases with the square root of the 
number of SNe observed at that z.

If the variance of the random variable is large, then many measurements are 
needed  (a large Nz) in order to obtain a small error on the mean, i.e, for the 
estimated value ^μz^ to be close to the true value μz. 

In this case, we say that the estimator is noisy à it has a low signal-to-noise 
ratio (S/N).

Note that a biased estimator is not necessarily noisy. On the contrary it can 
have a low statistical error if its measurements have little dispersion (but around a 
wrong value, since it is biased). The fact that the value is wrong means there is a 
large systematic error (it is biased).

à it is possible to have a high precision measurement with low accuracy.



Consider now a set of N SNe Ia at various redshifts

For each one of the redshift bins (let us assume there are Nb bins), there is a 
different random variable μzb.

We measure Nzb SN for each of the bins zb, obtaining the various measurements
μzbi.

We have then a vector of random variables, that is described by a multi-
dimensional Gaussian (of dimension Nb).

The mean of a multi-dimensional Gaussian is a vector, that we want to estimate:  
^(μz1, μz2, .... μznb)^

The variance of a multi-dimensional Gaussian is a matrix, that consists of the 
variances of each random variable (which are the diagonal terms of the matrix), 
and the correlations between the various random variables (which are the off-
diagonal terms of the matrix, also called the covariances) à this defines the 
covariance matrix.



The covariance matrix of a mean vector is computed like in the case of a single 
random variable, but considering all correlations:

This defines a Nb x Nb covariance matrix:

The error bars for the measured function ^μ(z)^ are defined as the square root of 
the diagonal of the covariance matrix.

However the error bars do not quantify all the uncertainty of the measurement, for 
that we need the full covariance matrix.



In principle, the measurements of SNe at different redshifts should be 
uncorrelated à off-diagonal of the covariance matrix is zero and the diagonal 
contains all the information on the uncertainty of the estimator.

However some of the bias corrections introduce a correlation between redshift 
bins (for example the evolution effects). For that reason, the covariance matrix is 
in general not diagonal.



We just saw that we can compute the covariance matrix by computing the 
dispersion of the measurements. 

However, this method does not give reliable results when the sample is small and is 
not a good representation of a complete sample à the results will suffer from 
sample variance. 

In those cases it is better to measure the uncertainty of the estimator from 
simulations:

Simulate a random distribution of SN at various redshifts, with a 
distribution of fluxes and luminosities. From here we can build different realizations 
of SN samples, including noise, and measure the corresponding ^μ(z)^ for each 
realization. The samples may be generated with bootstrapping methods. This will 
result in a set of mock data, that contains all the noise properties of the true data.

The uncertainty is then the covariance matrix of the mock ^μ(z)^ data. 

Measuring the uncertainty with mock data



Computing the variance of the estimator

Instead of measuring the variance directly on the sample (or on mock data), the 
variance of the estimator can be analytically computed from its definition: 

This is the most consistent way to find the variance, since it is the formal 
definition and allows to consider not only the statistical error of the measurement 
(as in the first method) but also the uncertainty of all terms contributing to 
the estimator, such as:

- the uncertainty of the bias correction factors (the systematic errors)

- the intrinsic uncertainty of the true value. This is an important contribution for 
cosmological structure formation probes (not for the SN method), since the 
parameter values of the Universe are considered to be realizations of an 
unknown true value. So even the mean of a distribution has an intrinsic error 
(beyond the standard statistical error that decreases with the size of the sample).
This contribution is called the cosmic variance.



The various contributions to the estimator uncertainty form the error budget.

Taylor expanding the formula of the variance of the estimator, we can write a linear 
expression for the variance, showing the explicit contributions of the error budget. 
This is the well-known error propagation formula. Assuming that all the terms are 
independent effects, the uncertainty of the estimator ^μz^  (for a given z) may be 
written as:  (only a few terms are shown)

Note that this method allows us to compute the error of the estimator from the 
various statistical and systematic error contributions, but does not tell us how to 
compute those.

Each of the error contributions for the budget need to be computed according to the 
physical process associated to that contribution.



For example, let us consider the statistical error associated with the 
measurement of μz, which propagates from the statistical error of the 
measurements of flux (magnitude), denoted in the error propagation formula by σm.

To compute it we need to realize that the measured signal is determined by the 
number of SN photons detected per pixel: it is a Poisson process.

The noise in a Poisson process is the square-root of the number of detections. 
So, if signal is N_photons_per_pixel

à noise is sqrt (N_photons_per_pixel) 

à signal-to-noise ratio (S/N) is also sqrt (N_photons_per_pixel) 

à the dimensionless relative error is noise/signal, i.e., the inverse of the S/N, i.e., 

σm = 1/sqrt (N_photons_per_pixel)

or, in percentage, the relative error is 

σm = 100/sqrt (N_photons_per_pixel)  (%)



We see that, for example, a S/N of 5 (also called a 5-sigma detection) means a 
relative error of 20%

We also see that the error decreases with the number of detected photons.
So in astronomical observations, we can decrease the error by increasing the 
exposure time.

When applying for telescope time, it is very important to compute in advance what 
is the needed exposure time. This is determined by the S/N that we want to 
achieve, but also depends on the specific filter and telescope used. 

“Exposure time calculators”  (ETC) are codes that compute this for different 
observational configurations.

An ETC example 

Assume we want to prepare the observation of one SN at redshift z=0.8 using the 
William Herschel 4m telescope at the Observatorio del Roque de los Muchachos 
(Canary islands).

The observation will be made in the B band and we want to obtain a S/N = 10 at the 
tail of the light curve



What is the exposure time that we need?

• The signal is determined by the number of SN photons detected per pixel. 

Pointing to the host galaxy, we will detect N photons per pixel, approximately half of 
which come from the SN à signal is N/2

The noise depends on all the photons detected à noise is sqrt(N)

à S/N = sqrt(N) / 2

We want S/N = 10 à N = 400 photons per pixel

• Now, consider the luminosity at the peak:

MSN ~ -19 à LSN = 4 x 109 L_Sun = 1.5 x 1036 W= 1.5 x 1043 erg/s

We want a S/N of 10 at the end of the light-curve (~1 month after the peak) in order to 
have a good detection of the full light-curve. At the end of the light-curve, the 
luminosity is around 2 magnitudes fainter than at the peak à a factor of 6 in 
luminosity à L_tail = 2.5 x 1042 erg/s



• Consider now the distance to the SN

z = 0.8 à DL = 5 Gpc (assuming the concordance model)

So the expected flux from the tail of the light-curve is:

F = L / (4 π DL
2) = 8.7 x 10-16 erg/s/cm2

This is the flux we will get in a square centimeter of the telescope

• Consider now the size of the telescope (diameter of 4 meters)

In 1 second, the telescope receives an energy of 
8.7 x 10-16 x (400)2 = 1.4 x 10-10 erg  from the SN

However, the telescope optics and the CCD do not have 100% efficiency.
Assuming the combined efficiency is only 30% 

à the energy detected from the SN in 1 second is 4.2 x 10-11 erg



• Consider now that we observe using the B filter, 

The mean wavelength of the filter is 442 nm à frequency of 6.78 x 1014 Hz 

This means that the mean energy of a photon detected in this filter is
E = h ν (where h is Planck’s constant) = 4.5 x 10-12 erg

à the telescope detects 
4.2 x 10-11 / 4.5 x 10-10 = 9.3 SN photons per second

• Consider now that the size of the SN in the image is 4 pixels

à in 1 second, we get 9.3 / 4 = 2.3 SN photons per pixel  

Conclusion: knowing that we need 400 SN photons per second and per pixel, 
we need an exposure time of 400/2.3 = 170 s ~3 minutes

An exposure of 3 minutes in a 4m telescope, with these characteristics and in the B 
band, forms the image of a z=0.8 SN with a quality of S/N =10 at the tail of the light-
curve



We have finally obtained the data vector, i.e.,
the distance modulus vector and its 
covariance matrix/error bars 

JLA
0.01 0.1 1

1998: Original sample  N ~ 40
2006: SNLS DR1 N ~ 100
2014: JLA compilation N ~ 500
2018: Pantheon compilation  N ~ 1000 
2025: Union3 compilation N ~ 2000

The data vector



What do we do with the data vector?

We compare it with the theoretical computation, “the theory vector”:

μ(z) =  5 log10 [DL (z; H0, Ω, w)] + 25 

and estimate the model free parameters in a statistical inference analysis, 
involving the computation of likelihoods.

Hopefully the data vector is measured with an optimal estimator (accurate and 
precise)



As we saw, in order to find an unbiased estimator of the distance modulus we 
needed to make a careful consideration of all sources of systematics.

We saw that in general the systematic effects can be treated in different 
ways:

a) directly computed (with perfect knowledge) and their values subtracted to the 
measurements

(e.g. the K-correction)

b) modeled with a function (perfectly known) that introduces additional 
nuisance parameters with unknown values

(e.g. the nuisance parameters)

The nuisance parameters can be estimated in the statistical inference analysis 
together with the cosmological parameters. 



This makes it difficult to estimate simultaneously the nuisance and cosmological 
parameters with great precision.

- marginalized: usually there is 
no interested in finding the 
values of the nuisance 
parameters. 
We only want to estimate the 
cosmological parameters, but 
need to consider all the 
possible range of values of the 
nuisance parameters.

Depending on the value of α, the data points will 
be higher or lower in the μ(z) plot. à the best-fit 
cosmological model will depend on the value of α à
there is a degeneracy between α and the 
cosmological parameters. 



This implies that the estimate obtained for the cosmological parameters will have a 
larger uncertainty than if there were no nuisance parameters à unbiasing the 
estimator results in decreasing the precision of the result à but it increases 
its accuracy and the result is more reliable. 

The presence of nuisance parameters worsens the constraints on the 
cosmological parameters. 

In terms of Figure-of-Merit (FOM)  - area of the confidence contours in the 
cosmological parameters space, where small area means strong constraints -
this means that without the bias correction, the FoM will increase (is better) à
but it is a wrong result, too optimistic.



c) known unknowns: systematic error 

In reality, the computation of the corrections is not perfect, there is an uncertainty.

Also the astrophysical modeling may have uncertainties.

It may also happen that we are able to identify some systematics but are not able to 
compute them directly or to model them. 

In these cases we are using a more or less biased estimator. To be able to make a 
meaningful analysis, in the presence of these known unknowns, we need to 
include additional uncertainties in the error bars: systematic errors σsys à the bias 
is replaced by an increase in the error bars.

Notice that contrary to the statistical error (noise), systematic errors do not average 
out to zero with large N.



d) unknown unknowns: do nothing

In the case we are not aware that there are still additional effects and just use the 
biased estimator (without realising) without doing any correction or modelling, and 
do not even include systematic uncertainties, 

then we can find precise results (if the estimator has a high signal-to-noise 
ratio) but they will be inaccurate.

Notice also that if we underestimate the systematic uncertainty that should be 
allocated, we may end up with the wrong result



0.01 0.1 1
z

SNLS: SN Legacy Survey
SDSS: Sloan Digital Sky Survey
PS1: Pan-STARRS 1

The Pantheon compilation

Precision: 
The large number of data points  (N increased by a 
factor of 25) à leads to a factor of 5 improvement in 
precision.

Accuracy: 
Systematic errors from bias corrections decreased because of better corrections, 
but did not decrease with N à a systematics floor may eventually be reached in 
future large surveys.



The cosmological information of the measured distance modulus is contained in 
the luminosity distance: 

μ(z) =  5 log10 (DL (z; H0, Ω, w)  ) + 25 

with DL = (1+z) DC (for a flat Universe)

Let us investigate what is the cosmological information that the distance-modulus 
contains:

First, the comoving distance from the observer at t0 to the source at t is computed 
from the metric as

which depends on H0 and the density parameters (that define the cosmological model). 

Cosmological constraints: the cosmographic approach



Alternatively, in order to access the cosmological information in a more fundamental 
model-independent way, let us consider first the cosmographic approach, 
where a(t) is expanded as:

From here, we can also write an expansion for z(t), since a-1 = - z/(z+1):



Inserting the z(t) expansion in the comoving distance, we find, to second order:

(to second order we just need to consider order t in 
the integrand, because the integral will be order t2)

At this point it would be useful to invert the expansion z(t), to be able to find an 
expression for Dc (z) instead of  Dc (t)



Now,



We arrive then at the expression for the luminosity distance that we were looking for: 

We see that, up to second-order, the luminosity distance:

- at low-z measures the (constant) velocity of the Universe (with (c)z/H0 being 
the Doppler velocity)

- at high-z measures the (constant) acceleration of the Universe (q0)



So, in order to detect an acceleration of the Universe we need to observe SNe at high 
redshifts.

SNe at low redshifts measure H0 , i.e., the slope of the DL (z) straight line

To determine the value of the acceleration, both high and low redshift 
measurements are needed, to break the degeneracy between H0 (the Hubble law 
slope, important at lower z) and the acceleration (important at higher z) 

Note that the evidence for acceleration is based only on the shape of the
function. 
Even if the absolute values determined for the distances were not precise (i.e., if H0
was estimated with a large uncertain) we could still find evidence for acceleration 
using only high-z SNe.



The introduction of higher orders shows that the acceleration is not necessarily 
constant, i.e., the quadratic term depends also on j0, i.e., there is a non-zero dq/dz.

This result is only an approximation. If we consider higher-orders, we find

The data seem to 
prefer a model with
varying q0, such 
that

q0 > 0 at high-z 

and 

q0 < 0 at low-z.



This plot shows the dynamic behaviour of the Universe
(independently of the values of the density parameters) à clear evidence 
for a model with acceleration for z < 1 and deceleration for z > 1 à proof 
of late-time acceleration of the universe

Now, the cosmographic analysis was very useful
to get an insight of the dynamic behaviour of the Universe, but in order to 
estimate cosmological parameters this analysis is not needed.

What we need is just to compute the observable cosmological function 
(i.e. the luminosity distance) from vectors of cosmological parameter 
values and compare the various theoretical DL obtained with the 
observed one through the computation of likelihoods in the parameter 
space. 



The dependence of the luminosity distance on the cosmological parameters can be 
most easily seen by writing the distance as an integral over redshift:

In general,  DL (z) = (1+z) DM ,

considering the case of flat Universe, we have

DL (z) = (1+z) DC (z) = (1+z)  (1+z) 

and the Hubble function is found in terms of the parameters of the cosmological fluid 
(densities of the various sources) through Friedmann’s equation: 

(here including a 
cosmological constant)

Cosmological constraints: parameter estimation



From this, the luminosity distance can be computed for any values of the 
vector of cosmological parameters, and for the redshifts of the various SN.  

Then all terms of the distance-modulus estimator are added (introducing a large 
number of nuisance parameters) 

and finally the theoretical distance-modulus μ(z) is found.

Its likelihood can then be computed by comparing with the distance-modulus data.

In a sampling method, the procedure is then repeated for millions of points in the 
parameter space. The cosmological parameters estimates are finally found by 
marginalizing over the nuisance parameters.

It is important to realize that the results depend on the cosmology assumed
(it is a working hypothesis).  



Constraints in the ΛCDM scenario

flat ΛCDM à 2 independent background cosmological parameters: H0 , Ωm, since 
Ωr and ΩK are fixed and ΩΛ = 1 - Ωm. If curvature is not fixed a priori then there are 3 
free parameters: H0 , Ωm, ΩΛ, and this is historically called oCDM (open CDM, even 
though the fit is free to have any curvature - flat, open or closed )

Constraints in the (Ωm, ΩΛ) plane: after marginalizing over the nuisance parameters 
and H0, the constraints on the two density 
parameters are given as confidence contours in 
the 2D parameter space. 

Some notes:

• The large contours are from the first SN 
results of 1998. They show quite large 1σ 
and 2σ probability contours, since the data 
has large error bars.  

• The smaller contours (also showing 1σ and 
2σ contours) are for the recent Pantheon 
results.



• Notice also the impact of considering or not the contribution of the systematic 
effects for the data error bars:

Grey contours - analysis done using Pantheon data with error bars including only 
the errors (statistical uncertainties)

Red contours - analysis done using Pantheon data with error bars including 
statistical +  systematic uncertainties)

So, with larger error bars, a larger region of the parameter space has a 
“good likelihood” and is included inside the confidence contours (red larger 
than grey). 

• If H0 was known (fixed in the analysis instead of marginalized), the (Ωm , ΩΛ) 
contours would be smaller (tighter constraints)

• Models such that  ΩΛ = 1 - Ωm (i.e., ΩK = 0), lie on the straight line marked 
“flat”

• There is also a line dividing accelerating and decelerating models.



Notice the contours are all aligned on a preferred direction. Why is this?

To answer this question, let us remember that to first approximation, we are 
measuring the acceleration of the Universe, i.e., as we saw, DL depends directly on q0

From Raychadhuri’s equation,
we can write the acceleration 
parameter in terms of the source 
parameters: 

(for a general dark energy fluid)
For the case of a cosmological constant:



and so 

(note that q0 is independent of H0, which is consistent, since they are directly different orders 
of the Taylor expansion à acceleration is independent of velocity)

So, models with the same acceleration (same q0) all lie in a line 

y = ax + b

where y =  ΩΛ , x = Ωm , a = 1/2 , b = -q0  (which is >0 for an accelerated model) 

This line defines the direction of the contour (with some width due to the 
uncertainty on the measured acceleration)



Consider a model 1. Now, if a model 2 has a higher ΩΛ  with respect to model 1, 
then by also increasing its Ωm value the acceleration produced by model 2 will be 
the same as for model 1 à they are correlated (positively correlated) à
contours from bottom-left to top-right.

If to keep the acceleration constant when one of the parameters increase, the other 
would need to decrease, then they would be à anti-correlated (negatively 
correlated) à contours from top-left to bottom-right

It is then impossible to distinguish 
those 2 models (or any model along 
the degeneracy direction) with SN 
measurements (or any other DL
based method).

This shows that Ωm and ΩΛ are correlated in the acceleration they produce. 
The two parameters define a straight line along which all models have exactly the 
same acceleration and will have exactly the same likelihood values à a degeneracy 
direction



In general, cosmological probes are very good in constraining degeneracy 
directions (i.e. combinations of cosmological parameters) but not so good in 
constraining individual parameters.

In our case, SN measurements are good in constraining the orthogonal direction to 
the degeneracy direction i.e., the deviation from the acceleration line (or the width 
of the contours).

Note that a parameter defined along the width of the contours would be highly constrained -
this parameter corresponds to the last principal components in a PCA analysis of the 
parameter space covariance matrix.

Notice that  (0.5 Ωm - ΩΛ = constant) is a perfect degeneracy. Why then do the 
contours close and do not extend infinitely along the degeneracy direction?

This is because the linear dependence of DL on q0 is only a good approximation at 
second-order of the a (t) expansion. In reality, there are other terms and 
degeneracy is not perfect à the contours close and show a preference for Ωm
< 1 (and ΩΛ > 0)



Could we get better estimates for individual parameters?

The Pantheon results are:

Notice the constraints are looser (worse) if:

- systematics are included in the error budget

- curvature is left free (one more free parameter to add to the general 
degeneracies)

Notice also that in the (flat) ΛCDM case, the result for ΩΛ is just 1-Ωm



We can improve the constraints by combining various cosmological probes in 
order to break the degeneracy.

For example, consider an observable that would depend directly on the 
curvature of the Universe. In the (Ωm, ΩΛ) plane we see that lines of constant 
curvature are more or less orthogonal (i.e. complementary) to lines of constant 
acceleration.

The joint likelihood analysis of those two datasets would produce contours in the
intersection of the two directions à i.e. potentially small round contours à
constraining simultaneously the two parameters Ωm and ΩΛ.



The evidence from the data is for acceleration (based on the shape of the DL (z) 
function).

The “evidence for dark energy” is a model-dependent conclusion (i.e. based 
on the assumption of an underlying cosmology) and therefore less robust than 
the evidence for acceleration.

Do the SN data prove the existence of dark energy?



where dark energy has a constant equation of state, but not necessarily equal to -1 
(which would be ΛCDM).

wCDM à there are 4 independent background cosmological parameters: H0 , Ωm, 
ΩDE, w (or alternatively H0 , Ωm, ΩK, w), or only 3: H0 , Ωm, w, if flatness is also 
assumed (ΩK = 0 and ΩDE = 1 - Ωm )

Constraints on the (Ωm, w) plane
(after marginalizing over the other parameters)

Constraints in the wCDM scenario

• The SN-Pantheon contours (red) are in 
a very different direction than the 
contours in the (Ωm, ΩΛ) plane that we 
saw previously.

Some notes:



i.e., Ωm and w add, instead of subtracting (contrary to the relation between Ωm and 
ΩΛ), and so they are anti-correlated. (Note that this is just an effect of w being negative)

This is because that (as before) they are determined by the acceleration parameter 
q0 , which now (from Raychaudhuri’s eq.) is,

• The contour is no longer an ellipse (it is curved).  

This is because the line of constant luminosity distance (which in our O(z2) 
approximation is the line of constant acceleration) is no longer a straight line in the 
(Ωm, w) plane. 

When we move along a straight line in this plane, a change on Ωm induces a change 
on ΩDE à the dependence of q0 on the parameters is no longer linear.

Indeed, if we replace ΩΛ = 1 - Ωm in the expression for q0, we get

i.e., y = a (1-x)-1 , where y = w, x = Ωm , a = 2/3 (q0 -1/2) à corresponding to the 
red curved contour



• Contours from CMB-Planck measurements are orthogonal to the SN ones (they do 
not measure the luminosity distance or acceleration but different observables, like the 
angular size of the sound horizon at recombination) à they are complementary probes, 
and the joint contours are much reduced.

• Baryonic Acoustic Oscillations (BAO) measurements are similar to the SN ones 
(they measure the angular diameter distance) and also complementary to CMB.

We recover the result that only in the case the cosmological function (in this 
case, distance modulus, luminosity distance, acceleration)  depends linearly on 
the parameters, is the posterior distribution in the parameters space a 
Gaussian (leading to elliptical contours).



w(z)CDM à there are now 5 independent cosmological parameters: H0 , Ωm, ΩDE, 
w0, wa (or only 4 if flatness is assumed) 

The evolution of the dark energy equation of state is parameterized as w(z) = wa
which is a first-order Taylor expansion in the scale factor: w0 + wa (1 - a)

Constraints in the (w0, wa) plane 
(after marginalizaing over the other parameters)

where dark energy has an evolving equation of state

Some notes:

• The effect of wa on the geometric 
observables is very weak à probes of 
structure are more useful, since the 
evolution of dark energy affects 
structure formation

• Due to the weak constraints, the figure 
only shows combined contours: 
SN+CMB, BAO+CMB, 
SN+CMB+BAO+H0_prior

Constraints in the w(z)CDM scenario



The dark energy figure-of-merit (FOM) is defined as the inverse of the area of 
the 1-sigma contour - or more precisely, it is the area of an ellipse that fits the 
countour.

The larger the FoM à the smaller the contour à the stronger the constraint. 

The most powerful combination in the table is SN+CMB+BAO.

• ΛCDM is a point in this plane (w0 = -1, wa =0), and is inside all the contours



Cosmological parameters

constraints are worse if the 
full (stat+sys) errors are used 
(more realistic) 

Nuisance parameters
(notice the uncertainties are much 
larger if only low-z SN are used)

Model selection (Goodness-of-fit)

The estimation of the cosmological parameter contours (also called credible intervals
- mean values and uncertainties - ) is not the last step of the cosmological data 
analysis process. 

Using the SN - Pantheon example, let us look at its results:



From the table, it is clear that the results depend on the scenario assumed:

• ΛCDM (Ωm) - with few free parameters, the constraints are tighter
• oCDM (Ωm ΩΛ) - not only parameter uncertainties are larger, but the central 

values can change a lot (central values for ΛCDM are not even contained in the 
oCDM 1σ confidence intervals)

• wCDM (Ωm w ΩK) - constraints closer to the oCDM ones

So, what is the final result? What is our finding, is it Ωm 0.30 or 0.32? 

This is a question of goodness-of-fit. Among the various best-fits which one is 
the best? 

We turn to Bayesian inference to answer this question by performing model
comparison tests.

There are different ways to evaluate the goodness-of-fit. The classic way is to look
at the chi-square, while the most rigorous way is to use the evidence.



Chi-square

Criteria based on the chi-square values are standard in determining the best model in
all branches of physics.

The most usual quantity is the reduced chi-square of the best-fit, i.e., the chi-square
normalised by the number of degrees-of-freedom, 

Ndof = Nd - Np (where Nd is the number of datapoints - for example the
number of redshift bins in the SN data - and Np is the number of parameters in the
model )

In this criterium, the best model (i.e., the favoured one) is the one where the best-
fit has the lowest reduced chi-square,

χ2red = χ2 / Ndof



Evidence

is the integral of the likelihood on the parameters space of a given cosmological
model à it indicates the ‘average likelihood of a model“.

It may happen that a certain set of parameter values are a very good fit to the data 
(high likelihood values in that region of the parameter space),  but overall this model
can have a worse evidence than another one (for example because of having a 
larger number of parameters, or a large region of small likelihood values).

The evidence is thus a global way to characterize the goodness-of-fit of a model, 
beyond the simple assessment of finding which model has the “best best-fit”.

The evidence is a good number to show the balance between best-fit vs. model
complexity. 

In this approach, the best model is the one with the highest Bayes factor, 
computed from the evidences of the 2 models under comparison:

B = (Evidence_1 * Prior_1) / (Evidence_2 * Prior_2)



The Jeffrey’s scale classifies the degree of preference for a model over another, 
based on the values of lnB:

<1 à inconclusive
1 - 2.5 à substantial evidence for one of the models
2.5 - 5 à strong evidence
> 5 à decisive evidence

The evidence is difficult to compute in practice with high precision, since it is a 
multi-dimensional integral of a possibly complex posterior distribution function. 

Moreover, by sampling the posterior with a grid or a Markov chain Monte Carlo  
(MCMC) method, we only know a rough sample of it, which may be good enough to 
find the parameter constraints, but not precise enough to compute the total integral.

By design, MCMC algorithms only sample with high resolution the region near
the maximum of likelihood. The tails of the distribution are usually badly sampled
because they are not needed for parameter inference.  

So the sample obtained with MCMC is not complete enough to compute the
evidence. We need other Monte Carlo sampling methods to solve the multi-
dimensional integral. 



This means: find iso-regions of likelihood. If they are
‘nested’ the integrand is monotonic à the integral 
reduces to 1-dimension.

For each layer à

The total evidence is à

A popular algorithm for this is the Nested Sampling:



Information criteria

Besides the evidence, there are alternative approximate methods, much simpler to 
compute, that can also be used for model selection and quantify the balance of best-
fit vs. model complexity. Some popular information criteria are:

Akaike information criterion:  AIC = -2 ln L_bestfit + 2 np = χ2_bestfit + 2np
(this formula is the result of a minimisation of entropy criterium)

Bayesian information criterion: BIC = -2 ln L_bestfit + np ln(nd)
(based on an approximation of the evidence) 
BIC penalizes more the complexity than AIC does.

Deviance information criterion: DIC = 2 χ2_mean - χ2_bestfit
(it is like an effective χ2 , sensitive to the difference between the best-fit and the full
distribution).

For all information criteria, the best model is the one with the lowest value.



Model selection results: an example

In this example, SN data was used to test two very different scenarios: ΛCDM and 
UDM (model where DM and DE are one single fluid. 

This model has one density parameter less, but two new additional parameters -
so one parameter more than ΛCDM in total). 

Two different UDM models were tested and (like ΛCDM) both are able to produce 
DL (z) functions that allow for good fits to the SN data for certain values of their 
parameters.

The question is, is there enough evidence to select UDM over ΛCDM? 
Various model selection criteria were computed:



• The first UDM model is the one with the smallest best-fit χ2 , i.e., it contains a vector 
of parameter values that produced the closest fit to the data.

However, since this model has more cosmological parameters than ΛCDM it is 
penalized, and the lowest reduced chi-square turns out to be the one of ΛCDM.
The complexity of the model (having more free parameters) is always penalized in 
these criteria. This is because increasing the number of parameters naturally helps in 
finding a closer fit (in a potentially artificial way).

• UDM_ph is the model with largest evidence. Indeed, the Bayes factor of the 
second UDM model with respect to ΛCDM is positive, although smaller than one à
the analysis shows a very slight inconclusive preference for this model UDM_ph

• BIC shows a reasonable preference for ΛCDM.

• DIC shows a slight preference for ΛCDM.

The analysis does not show a conclusive preference for any of the models
(but given the close results, it shows that it is useful to compute all the criteria).


