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* Filtros de média movel

* Filtros de Fourier
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Espectro de amplitude e de fase
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Propriedades da TDF
© K
 Linearidade: - . -
G = F(g); H = F(h) _— |
i 000 o
‘Flag+bh) = aG + bH | | - }” l’i_
UL "
Foo e
-
| 2




Propriedades da TDF

* Translacao:

G(f) = F(g(t))

|
Fle(t-a)) = eG(f)
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Aula passada

Propriedades da TDF

e Escalamento:

G(f) = F(g(t))

!
Flg(at)) = 1/a G(f/a)
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Figure 3-2. Time scaling property.



FFT (iFFT): Fast Fourier Transform

import matplotlib.pyplot as plt
import numpy as np
from numpy import pi as pi

=>» import numpy.fft as fft

plt.rcParams['figure.figsize']l =5, 6

N=100.; T=10.; dt=1.
t=np.arange(0@.,N,dt)
f=3%np.cos(2xpi *x t/T)

= tf=fft.fft(f)

=>» fout=tf[:N/2]
fNyq=1/(2%dt); df=1/(Nxdt);

->» freq=np.arange(0, fNyq,df)

plt.close();
plt.subplot(2,1,1); plt.plot(t, f)
plt.title('Coseno (T=10)"'); plt.grid();

—>» plt.subplot(2,1,2); plt.plot(freq,np.abs(fout)/(N/2))
plt.title('Amplitude da FFT (np.abs(fout))'); plt.grid();
plt.xlabel('Freq (Hz)")

plt.tight_layout()

A FFT serd eficiente se N=2k,
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Convolucao e Correlacao

* Convolucao:

—+0o0

Aula passada

y(k) = x xh = conv(z,h) = Z r(n)h(k —n)

n=——oo

e Correlacao:
“+00

y(k) = corr(x, h) = Z r(n)h(n + k)

n=——oo




Convolucao e Correlacao
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Teorema da convolucao

Fxy) = F(x) * F(y)

F(x*y) = F(x) Fly)

Teorema da correlacao

‘Flcorr(x,x)) = F(x) F(x)*

Aula passada




Filtros — Input
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import matplotlib.pyplot as plt
import numpy as np

from numpy import pi as pi
import numpy.fft as fft

plt.rcParams|['figure.figsize'] = 10, 6

N=300; T=50.; dt=1.
t=np.arange(0.,N,dt)
fl=np.cos(2*pi *x t/T)

tfl=fft.fft(f1)
foutl=tf1[:N/2]
fNyq=1/(2%dt); df=1/(Nxdt);
freq=np.arange(0, fNyq, df)
N1=N

T=100.;
f2=np.cos(2*pi x t/T)

tf2=fft.fft(f2)
fout2=tf2[:N/2]

fs=f1l+f2

tfs=fft.fft(fs)
fouts=tfs[:N/2]
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close();

subplot(3,2,1);

plot(t, f1)

title('Inl, f=0.02 Hz'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,3);

plot(t, f2)

title('In2, f=0.01 Hz'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,5);

plot(t, fs)

title('Inl + In2'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,2);
semilogx(freq,np.abs(foutl)/(N/2))
title('Abs(FFT(In1))");

grid();

xlabel(u'Frequéncia')

subplot(3,2,4);
semilogx(freq,np.abs(fout2)/(N/2))
title('Abs(FFT(In2))");

grid();

xlabel(u'Frequéncia')

subplot(3,2,6);
semilogx(freq,np.abs(fouts)/(N/2))
title('Abs(FFT(In1+In2))"');
grid();

xlabel(u'Frequéncia')

tight_layout()



Filtro de média movel (dominio do tempo)
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NF=51;
h=np.ones (NF) /NF;

cl=np.convolve(fl, h, mode='same')
c2=np.convolve(f2, h, mode='same')
cs=np.convolve(fs, h, mode='same')



plt.close();

plt.subplot(3,2,1);

plt.plot(t, f1)

plt.title('Inl, f=0.02 Hz'); plt.grid();
plt.xlabel(u'Tempo (s)"')

plt.subplot(3,2,3);

plt.plot(t, f2)

plt.title('In2, f=0.01 Hz'); plt.grid();
plt.xlabel(u'Tempo (s)"')

plt.subplot(3,2,5);

plt.plot(t, fs)

plt.title('Inl + In2'); plt.grid();
plt.xlabel(u'Tempo (s)")

plt.subplot(3,2,2);
plt.plot(t,cl)
plt.title('Conv(Inil, h))"');
plt.grid(); plt.ylim([-1,1])
plt.xlabel(u'Frequéncia')
plt.subplot(3,2,4);
plt.plot(t,c2)
plt.title('Conv(In2, h))"');
plt.grid(); plt.ylim([-1,1])
plt.xlabel(u'Frequéncia')

plt.subplot(3,2,6);
plt.plot(t,cs)
plt.title('Conv(Ini+In2, h))"');
plt.grid(); plt.ylim([-1,1])
plt.xlabel(u'Frequéncia')

plt.tight_layout()



Filtro de média movel (dominio do tempo)
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Filtro de média movel (dominio do tempo)
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Filtro de média movel (dominio do tempo)
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Filtro de média movel (dominio do tempo)
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tfcl=fft.fft(cl)
foutcl=tfcl[:N/2]
Fcl=np.abs(foutcl)/(N/2)

tfc2=fft.fft(c2)
foutc2=tfc2[:N/2]
Fc2=np.abs(foutc2)/(N/2)

tfcs=fft.fft(cs)
foutcs=tfcs[:N/2]
Fcs=np.abs(foutcs)/(N/2)
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plt.
plt.
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plt.

close();

subplot(3,2,1);

plot(t, f1, t, cl1)

title('Inl, f=0.02 Hz'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,3);

plot(t, f2, t, c2)

title('In2, f=0.01 Hz'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,5);

plot(t, fs, t, cs)

title('Inl + In2'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,2);
semilogx(freq,np.abs(foutl)/(N/2), freq, Fcl)
title('Abs(FFT(In1l))");

grid();

xlabel(u'Frequéncia')

subplot(3,2,4);
semilogx(freq,np.abs(fout2)/(N/2), freq, Fc2)
title('Abs(FFT(In2))");

xlabel(u'Frequéncia')

subplot(3,2,6);
semilogx(freq,np.abs(fouts)/(N/2), freq, Fcs)
title('Abs(FFT(In1+In2))"');

grid();

xlabel(u'Frequéncia')

tight_layout()
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Filtro de média moével (dominio espectral)

Dominio do tempo Dominio espectral

Inl + In2 Abs(FFT(In1+In2))
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hh = np.append(h, np.zeros(len(fs)-len(h)))
tfh=fft.fft(hh)

fouth=tfh[:N/2]

Fh=np.abs(fouth)/(N/2)



Filtro de média moével (dominio espectral)

plt.close();

plt.subplot(3,2,1);

plt.plot(t, fs)

plt.title('Inl + In2'); plt.grid();
plt.xlabel(u'Tempo (s)")

plt.subplot(3,2,3);
plt.plot(t, hh)
plt.title('H"); plt.grid();
plt.xlabel(u'Tempo (s)')

plt.subplot(3,2,2);
plt.semilogx(freq,np.abs(fouts)/(N/2))
plt.title('Abs(FFT(In1+In2))");
plt.grid();

plt.xlabel(u'Frequéncia')

plt.subplot(3,2,4);
plt.semilogx(freq,np.abs(fouth)/(N/2))
plt.title('Abs(FFT(H))");

plt.grid();

plt.xlabel(u'Frequéncia')



Filtro de média

Dominio do tempo

Inl + In2
_15 | | 1 | |
0 50 100 150 200 250 300
Tempo (s)
0.020 H
0.015 | 8
0.010 | =
0.005 | R
0000 | | | |
0 50 100 150 200 250 300
Tempo (s)

movel (dominio espectral)

Dominio espectral
Abs(FFT(In1+In2))

<
[=)]
T 1 1T T 1

| 1 | | 1

1 l

0.007

107 10 10°
Frequéncia

Abs(FFT(H))

0.006
0.005
0.004
0.003
0.002
0.001

L L L L

Funcao de transferéncia

1 Ll L1 1

|

0.000
10°

10 10* 10°
Freguéncia

 Altas frequéncias quase eliminadas.

* Funcao de transferéncia com oscilacoes.

* Atenuacdo em todo o espectro.




Filtro de média moével (dominio espectral)

Dominio do tempo: convolugao Dominio espectral: multiplicacao
In1 + In2 Abs(FFT(In1+In2))
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Filtro de média moével (dominio espectral)

plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

subplot(3,2,5);

plot(t, cs)
title('Conv(Inl + In2, h)'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,6);

semilogx(freq, Fcs, freq, np.abs(foutsxfouth)/(N/2))
title('Abs(Conv(Inl + In2, h))');

grid();

xlabel(u'Frequéncia')

Dominio do tempo: convolugao
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Filtro de média movel (fun¢cao de transferéncia)

Dominio espectral: multiplicacao
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E com uma frequéncia mais alta? (T=30 s)

In1, f=0.0333 Hz
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import matplotlib.pyplot as plt
import numpy as np

from numpy import pi as pi
import numpy.fft as fft

N=300; T=30.; dt=1.
t=np.arange(0.,N,dt)
fl=np.cos(2xpi * t/T)

tfl=fft.fft(f1)
foutl=tf1[:N/2]
fNyg=1/(2xdt); df=1/(Nxdt);
freq=np.arange(0, fNyq, df)
N1=N

T=100. ;
f2=np.cos(2xpi *x t/T)

tf2=fft. FFt(f2)
fout2=tf2[:N/2]

fs=f1+f2

tfs=fft.fft(fs)
fouts=tfs[:N/2]

plt.

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt

rcParams|['figure.figsize']l = 10, 6

close();

subplot(3,2,1);

plot(t, f1)

title('Inl, f=0.02 Hz'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,3);

plot(t, f2)

title('In2, f=0.01 Hz'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,5);

plot(t, fs)

title('Inl + In2'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,2);
semilogx(freq,np.abs(foutl)/(N/2))
title('Abs(FFT(In1))");

grid();

xlabel(u'Frequéncia')

subplot(3,2,4);
semilogx(freq,np.abs(fout2)/(N/2))
title('Abs(FFT(In2))"');

grid();

xlabel(u'Frequéncia')

subplot(3,2,6);
semilogx(freq,np.abs(fouts)/(N/2))
title('Abs(FFT(In1+In2))");
grid();

xlabel(u'Frequéncia')

.tight_layout()



E com uma frequéncia mais alta? (T=30 s)
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E com uma frequéncia mais alta? (T=30 s)

NF=51;
h=np.ones (NF) /NF;

cl=np.convolve(fl, h, mode='same')
c2=np.convolve(f2, h, mode='same')
cs=np.convolve(fs, h, mode='same')

tfcl=fft.fft(cl)
foutcl=tfcl[:N/2]
Fcl=np.abs(foutcl)/(N/2)

tfc2=fft.fft(c2)
foutc2=tfc2[:N/2]
Fc2=np.abs(foutc2)/(N/2)

tfcs=fft.fft(cs)
foutcs=tfcs[:N/2]
Fcs=np.abs(foutcs)/(N/2)



plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

plt.

close();

subplot(3,2,1);

plot(t, f1, t, cl)

title('Inl, f=0.02 Hz'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,3);

plot(t, f2, t, c2)

title('In2, f=0.01 Hz'); plt.grid();
xlabel(u'Tempo (s)"')

subplot(3,2,5);

plot(t, fs, t, cs)

title('Inl + In2'); plt.grid();
xlabel(u'Tempo (s)")

subplot(3,2,2);
semilogx(freq,np.abs(foutl)/(N/2), freq, Fcl)
title('Abs(FFT(In1))");

grid();

xlabel(u'Frequéncia')

subplot(3,2,4);
semilogx(freq,np.abs(fout2)/(N/2), freq, Fc2)
title('Abs(FFT(In2))"');

grid();

xlabel(u'Frequéncia')

subplot(3,2,6);
semilogx(freq,np.abs(fouts)/(N/2), freq, Fcs)
title('Abs(FFT(In1+In2))");

grid();

xlabel(u'Frequéncia')

tight_layout()
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E com uma frequéncia mais alta? (T=30 s)
Convolucao no dominio do tempo

Abs(FFT(In1))
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E com uma frequéncia mais alta? (T=30 s)
Convolucao no dominio do tempo

Inl + In2 . Abs(FFT(In1+In2))
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E com uma frequéncia mais alta? (T=30 s)
Convolucao no dominio do tempo

P Abs(FFT(In1+In2))

A funcao de transferéncia: 10
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E melhor definir os filtros no dominio espectral

No caso discreto:
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2

E melhor definir os filtros no dominio espectral

for ifr in range(@,N/2):
if freqlifr]l<=1/100.:
ifreg=ifr+1
FFTfilt=np.zeros(N)

FFTfilt[:ifreql=1;
FFTfilt[-ifreq:]=1;

ffl=fft.ifft(FFTfiltxtf1)
ff2=fft.ifft(FFTfiltxtf2)
ffs=fft.ifft(FFTfiltxtfs)

Atencao!

A funcao de transferéncia
tem de estar definida em
todo o dominio espectral
(entre f=0 e f=2f ).

No caso discreto:
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E com uma frequéncia mais alta? (T=30 s) Input

Multiplicacao no dominio do espectro
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plt.close();

plt.subplot(3,2,1);

plt.plot(t, f1, t, c1, t, ff1l, '—-')
plt.title('Inl'); plt.grid();
plt.xlabel(u'Tempo (s)")

plt.subplot(3,2,3);

plt.plot(t, f2, t, c2, t, ff2, '—-"')
plt.title('In2'); plt.grid();
plt.xlabel(u'Tempo (s)")

plt.subplot(3,2,5);

plt.plot(t, fs, t, cs, t, ffs, '——"')
plt.title('Inl + In2'); plt.grid();
plt.xlabel(u'Tempo (s)")

plt.subplot(3,2,2);

plt.semilogx(freq,np.abs(tf1[:N/2]1)/(N/2), freq,np.abs(tfcl1[:N/2]1)/(N/2),
freq,np.abs((FFTfiltxtf1) [:N/2]1)/(N/2), '—-")

plt.title('Abs(FFT(In1))")

plt.grid();

plt.xlabel(u'Frequéncia')

plt.subplot(3,2,4);

plt.semilogx(freq,np.abs(tf2[:N/2])/(N/2), freq,np.abs(tfc2[:N/2]1)/(N/2),
freq,np.abs((FFTfiltxtf2) [:N/2]1)/(N/2), '—")

plt.title('Abs(FFT(In2))")

plt.grid();

plt.xlabel(u'Frequéncia')

plt.subplot(3,2,6);

plt.semilogx(freq, np.abs(tfs[:N/21)/(N/2), freq,np.abs(tfcs[:N/2]1)/(N/2),
freq,np.abs((FFTfiltxtfs) [:N/2])/(N/2), '—")

plt.title('Abs(H x FFT(Inl+In2))");

plt.grid();

plt.xlabel(u'Frequéncia')

plt.tight_layout()



Transformadas de Fourier de séries importantes

N=1000;

s=np.zeros(N)

t=np.arange(N)

dt=1.;

fNyq=1/(2xdt) ;

df=1/(dtxN);
freq=np.arange(-fNyq, fNyq, df);

s=np.zeros(N);

s[0]=10;

S=fft.fft(s);
SS=np.concatenate([S[N/2:], S[:N/2]1])

plt.rcParams['figure.figsize'] =5, 6
plt.close()

plt.subplot(4,1,1);
plt.plot(t,s); plt.grid()
plt.title(u's = Delta de Dirac');
plt.xlim([-100,1000])

plt.subplot(4,1,2);
plt.plot(freq,np.real(SS));
plt.title('Real(S)"'); plt.grid()
plt.xlim([-.5,.5]); plt.ylim([-1,11])

plt.subplot(4,1,3);
plt.plot(freq,np.imag(SS));
plt.title('Imag(S)'); plt.grid()
plt.xlim([-.5,.5]); plt.ylim([-1,11])

plt.subplot(4,1,4);
plt.plot(freq,np.abs(SS));
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Transformadas de Fourier de séries importantes

N=1000;

s=np.zeros(N)

t=np.arange(N)

dt=1.;

fNyq=1/ (2%dt) ;

df=1/(dt*N);
freg=np.arange(-fNyq, fNyq, df);

s[50]=10;
S=fft.fft(s);

SS=np.concatenate([S[N/2:]1, S[:N/2]])

plt.subplot(4,1,1);
plt.plot(t,s); plt.grid()

plt.title(u's = Delta de Dirac (50)"');

plt.subplot(4,1,2);
plt.plot(freq,np.real(SS));
plt.title('Real(S)"'); plt.grid()

plt.subplot(4,1,3);
plt.plot(freq,np.imag(SS));
plt.title('Imag(S)"'); plt.grid()

plt.subplot(4,1,4);
plt.plot(freq,np.abs(SS));
plt.title('Abs(S)"); plt.grid()

plt.tight_layout()

‘F(6., de Dirac) = constante

s = Delta de Dirac (50)

1

I L 1

200 400 600 800
Real(s)

1000

Imag(S)

0.6

-0.4 -0.2 0.0 0.2 04

0.6

10.6
10.4
10.2
10.0

9.6
94

| LI L L

Abs(S)

] ] ] ] 1

-0.6

-0.4 -0.2 0.0 0.2 04

0.6



Transformadas de Fourier de séries importantes

Pente de Dirac: F(§, de Dirac) =6,

N=1000;
s=np.zeros(N) Amostrar regularmente = multiplicar por pente
t=np.arange(N)
dt=1.; s = Delta de Dirac (k)
fNyq=1/(2xdt); 10
df=1/(dt#N); &1
freg=np.arange(-fNyq, fNyq, df); 2:
2 H
0
s[range(0,N,20)1=10; 0 200 400 600 800 1000
S=fft.fft(s); Real(s)
SS=np.concatenate([SIN/2:], S[:N/2]]) 238_
300 |-
plt.subplot(4,1,1); 200 |
plt.plot(t,s); plt.grid() 10%‘
plt.title(u's = Delta de Dirac (k)'); _100 L . i i i |
-06 -04 -02 0.0 0.2 0.4 0.6
plt.subplot(4,1,2); - Imag(S)
plt.plot(freq,np.real(SS)); gg}e 2 ' . ' '
plt.title('Real(S)"'); plt.grid() 02
-04 |
plt.subplot(4,1,3); el | |
plt.plot(freq,np.imag(SS)); -10 i . | 1 |
plt.title('Imag(S)'); plt.grid() -06 -04 02 0.0 0.2 0.4 0.6
Abs(S)
plt.subplot(4,1,4); 200
plt.plot(freq,np.abs(SS)); ggg:
plt.title('Abs(S)"'); plt.grid() 500 |
_ 100 |-
plt.tight_layout() 0
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Transformadas de Fourier de séries importantes

Janela rectangular

s = jJanela rectangular

10 ; .
s=np.zeros(N); Sl i
NJ=100 06 I 1
s[:NJ]=1; 04} - :
s[-NJ:]1=1; -
S=fft.fft(s); AT [
SS=np.concatenate([SIN/2:1, S[:N/211]) 0.0 - e 200 = == 000
plt.rcParams['figure.figsize'] =5, 6 s Real(S)
plt.close() ' '

150 |- 1
plt.subplot(3,1,1); 100 | .
plt.plot(t,s); plt.grid()
plt.title(u's = janela rectangular'); = 1

0,_ -

plt.subplot(3,1,2); _50 | | | |
plt.plot(freq,np.real(SS)); =06 04 02 00 0.2 04 5
plt.title('Real(S)"); plt.grid() Imag(S)

10 ‘ :

plt.subplot(3,1,3);
plt.plot(freq,np.imag(SS));
plt.title('Imag(S)'); plt.grid()
plt.ylim([-1,1])

plt.tight_layout()
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Transformadas de Fourier de séries importantes

Janela de Hann

s=np.zeros(N); 0.007 I s-ijanekaHgnn
alpha=0.5;beta=1-alpha; 0.006
NH=300;NH2=NH/2; 0.005
th=np.arange(NH); 0.004
hann=alpha-betaxnp.cos(2xpixth/(NH)) 0.003
hann=hann/np.sum(hann) 0.002
for i in range(NH2): 0.001
s[i]l=hann[NH2+i]; 0.000 - . ‘
s[-il=hann[NH2-i]; 0 200 b —
S=fft.fft(s); Real(S)
SS=np.concatenate([SIN/2:1, S[:N/211) 10 T T
08 [ 7
plt.subplot(3,1,1); 06| 1
plt.plot(t,s); plt.grid() 04} i
plt.title(u's = janela Hann'); 02l i
plt.subplot(3,1,2); gg" |
plt.plot(freq,np.real(SS)); -0.2 - Y ' ‘ )
plt.title('Real(S)"'); plt.grid() 06 04 02 00 02 o4 oe
- Imag(S)

plt.subplot(3,1,3); ' : : ‘ ‘ I
plt.plot(freq,np.imag(SS)); 05 | !
plt.title('Imag(S)'); plt.grid()
plt.ylim([-1,1]) 0.0 l
plt.tight_layout() 05T ]
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