Aula 14

O péndulo gravitivo com Runge-Kutta 42 ordem.
Algebra complexa.
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Péndulo gravitico

d2 gsin@
0 g . dt L
W——Zsme =X 40

O acoplamento resulta do facto de a taxa de variacao de cada
variavel depender da outra.
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dw g do

- 4 = =L qj " — =
Runge-Kutta — Lsm@, =W
dw a0
— = f(9) o = f(w)
my = At f(6™) ki = At f(w™)
my = At f (07 +72) ky = At f (0" +72)
m, = At f(O™ + k3) k, = At f(w™ + m3)

k k k k k k k k
gntl —gn . XL 2 %8 4 o+l — yno 21 2y B3 T4
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RK4 para o péndulo gravitico

def domegadt (theta) :
g=9.8065;L=1. d_w — —2 sino
dfdt=-g/L*np.sin (theta) dt L
return dfdt

def dthetadt (omega) : do ox X
dfdt=omega — =W - = f (u)
return dfdt dt dt

def rk4dS(x,u,dxdt,dudt,dt) :

k1=dxdt (u) *dt ki =At f(u™ ")
ml=dudt (x) *dt

k2=dxdt (u+ml/2) *dt k2 = At f <u” + &; )

Il
@

m2=dudt (x+k1/2) *dt 2
k3=dxdt (u+m2/2.) *dt m,
m3=dudt (x+k2/2.) *dt ks =At flu™+—,
k4=dxdt (u+m3) *dt 2
m4=dudt (x+k3) *dt k4 = At f(un + mg, )
xP=x+1./6.* (k1+2*k2+2*k3+k4)
uP=u+l./6.* (ml+2*m2+2*m3+m4) K K K K
return xP,uP 1 2 3 4
xMl=x"+—4+=+—+
6 3 3 6
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Péndulo

dt=0.1 #passo de tempo
theta0=-175./180.*np.pi #amplitude em radianos
omegal0=0. #velocidade angular inicial
T=2*np.pi*np.sqrt(L/Qg)
t=np.arange(0.,10*T,dt) #vetor de tempos (10T)
n=len(t)
theta=np.zeros (t.shape);, omega=np.copy (theta)
theta[0]=thetal; omega[0]=omegal
for kt in range(l,n):
omegal[kt], theta[kt]=\
rk4S (omega[kt-1],theta[kt-1],\
domegadt,dthetadt,dt)
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At = 0.1s

Periodo teodrico

'y
v

— pM1
100 4 —— RKk4
@ 0-
~100 A
T T T T
0.00 5.77 11.55 17.32
0.00 - N\
W —0.05 1
0104 — pm1
—— RK4
T T T T
0.00 5.77 11.55 17.32
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At = 0.01s

— PM1
100 4+ —— RK4

—100 4

T T
0.00 577 11.55 17.32

— PM1
0.0001 4 — RK4

AEJE

0.0000

—0.0001

T T T T
0.00 5.77 11.55 17.32

Como esperado converge quando At — 0, mas RK4 mantém-se melhor (energia)
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Algebra complexa
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Formula de Euler

No dominio dos numeros complexos, definindo unidade
imaginariai = v—1
E um ndimero complexo comoc =a + ib,(a,b € R)

Sex € R:
e = cos(x) + isin(x)

e um numero complexo pode ser escrito na forma POLAR
(A (amplitude), 8(fase) € R):

c = Ae'? = A(cos 8 + isin9)
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Circulo unitario no plano complexo

i=complex(0,1.)
x=np.exp (np.pi/3*1i)
plt.polar([0,np.angle(x)],[0,np.abs (x)] ,marker="'0")
#==plt.polar([0,np.pi/3],[0,1])
=10 -
Lt/ 3
elm/

180°

270"
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Circuito RLC (corrente alterna)

Indutor
V=V,+V,+Vz =V, cos(wt) L
( Vg = RI Leid Ohm Condensador
1 Fonte ;) — C
V- =—= | Idt
¢ f
dl YYYY

V, = L— R

. dt Resisténcia

A corrente € a mesma em todos
0S componentes
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sinais a 50 Hz, + amplitude, +# fase

10.04 4 — 10cos(wt)

— Scos(wt+m/2)
—— Beos(wit—m/2) = 8sinlwt)

7.5

5.0

2.5 1

W (V)

0.0

_2.5 -

—=5.0 -

—7.5 4

Periodo

P »
<« »

—10.0 ~

T T T T T T
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t(s)
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Indutor

Sel = [, cos(wt):

d T
V, = LE (Iy cos(wt)) = —LI,w sin(wt) =V, cos (a)t + E)

Mesma frequéncia angular w (componente linear)
Amplitude V/y = Lljw

~ T
Desfasamento entre tensao V' e corrente I: p = — 5
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Em geral

A derivacao ou integracao de uma funcao sinusoidal da uma
funcao sinusoidal com a mesma frequéncia, com certas

amplitude e fase.
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Usando notacao complexa...

V=V, +V;+ Vg =V, cos(wt) = Re(Vye'??)

e podemos usar as propriedades da fungao exp(). Atengao:
vamos omitir a funcdo Re( ), mas ela é usada!

Vamos definir a impedancia (complexa) dos diferentes
componentes:

ZR=R
P [
T wC
ZL:l(L)L
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com Z; = iwlL, o indutor satisfaz uma lei de
Ohm complexa

V -l;d1<::I/ =71
L= Ly L= 4L

—LI,w sin(wt)
V. = (iwL)Ihe't = Llyw(ie'?)
ie'@t = i(cos(wt) + i sin(wt)) =i cos(wt) — sin(wt)
Logo:
Re(ie'!) = —sin(wt)
e portanto
V, = Llyw(ie'!) = —LI,w sin(wt) = Re(Z,I)
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Exercicio

Verificar que no caso do condensador, com

l
Lr = ——
¢ wC
Se tem igualmente

VC — ZCI

Logo, com a definicao das impedancias complexas todos os
componentes (lineares) satisfazem a Lei de Ohm.
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Circuito RLC

Leis de Kirchoff:
SO existe uma malha: R

logo a corrente € a mesma em todos os componentes
A tensao no gerador é imposta:

V =Vye'®t

| = Ioeiwt+¢
Lei das malhas:

V=V +V:+Vy
Lei de Ohm:
V — ZLI +ch +ZRI = (ZL +ZC +ZR)I
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Lei de Ohm complexa

V — (ZL +ZC +ZR)I

[
wC

A frequéncia angular w vai ter impacto na amplitude (/,) e na
fase (¢) da corrente.

A tensao em cada componente vai ter diferentes amplitudes e
fase.

Voe'®t = [R + iwl — — | It
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Viel®t — |R + jwl — —| [.ei(@t+®)
0 L (UC_ 0

Eliminando o termo comum e!®t

numeros complexos:

e usando representacao polar dos

l 1 tan_l(w—L—L>
R +iwl ——= = ae’ = |R? + w2C7? + w?L?|%e R RaC

Podemos calcular a amplitude e fase da corrente

rIO _ A 1

< [R? + w™%C~?% + w?L?]2
_ 4| 1 wL

| ¢ =tan [Ra)C_R]
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Sabendo I

Podemos calcular
VR — RI

i
Ve=Zc1=——1
C C wC

VL =ZLI = [wL I

Como o numpy sabe aritmética complexa, estas operacoes sao
triviais...
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Circuito RLC (1)

#Circuito RLC
#Calculo da relacgdo Tensdo-Corrente (amplitude e fase)

import numpy as np

import matplotlib.pyplot as plt
R=1000. # Resistencia

L=1.0e-3 # Impedancia da Bobine
C=1.0e-6 # Capacidade do condensador
v0=1.0 # Fonte de tensao
i=complex(0.,1.) #unidade imaginaria

pi=np.pi
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(2) Tudo depende de w A solucao é so isto
P

omega=np.arange (2*pi,2e6*pi,l) #define vector de frequéncias
\\\\F=R+omega*i*L—i/(omega*C) #Impeddncia em funcdo da frequéncia

I=V0/Z #Corrente

phi=np.angle(I) #Diferenca de fase

#Graficos:

plt.close('all')

plt.subplot(2,1,1)

plt.semilogx (omega,np.real (I))

plt.title('Circuito RLC')

plt.ylabel (r'S$SAmplitude (I _0)$')

plt.subplot(2,1,2)

plt.semilogx (omega,phi/pi)

plt.xlabel ('Frequéncia Angular (\omega)')

plt.ylabel (r'$Fase \phi/\pi$')%Circuito RILC
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Funcao de transferéncia do RLC

Circuito RLC

0.0010 +
0.0008 A
0.000&

0.0004 +

Amphitude(ly)

0.0002 4

0.0000 { ——re— =
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0.0 4

Fased/n
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—G.4 -

LU | T T T T T T T T T LR | T LR | T LAY |
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FrequénciaAngular(iw)
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Um circuito com varias malhas
Ry = 1kQ Ry = 1kQ

L=10"°H§g

L
V = V,cos(wt) @

2 malhas, 1 n6

(V = (iwl + R)I; + R,1,

l
<R212_<R3_R>13 =0

\11_12_13=O
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Sistema de equacoes complexas

(iwL +R)) R, 0 lr.1 v
[
_ _ I =
o —(r-)| |z
1 -1 —1 13
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SO 1 frequéncia 3
- - L=10"%H
solucoes em funcao do tempo

import numpy as np; V = Vycos(wt)

import matplotlib.pyplot as plt
i=complex(0.,1.)
V0=10;R1=100;R2=10,R3=10;C=le-3;L=1e-3;
freq=100;omega=2*np.pi*freq
t=np.linspace(0,3./freq,301)
V=VO0*np.exp (i*omega*t)

M=np.array ([ [i*omega*L+R1,R2,0],[0,R2,-(R3-i/ (omega*C))],[1,-1,-111)
b=np.array([V0,0,0])

I=np.linalg.solve(M,b) #M é& complexo

VC=-i/ (omega*C) *I[2] *np.exp (i*omega*t)
V3i=i*omega*L*I[0] *np.exp (i*omega*t)

VR2=R2*I[1l] *np.exp (i*omega*t)

plt.plot(t,np.real (VC) ,h label=r'SV _C$')
plt.plot(t,np.real (VL) ,label=r'SV_LS$"')

plt.plot(t,np.real (VR2),6label=r'$V_{R2}$"')

plt.legend()

plt.ylabel ('V (Volt)') ;plt.xlabel('tempo (s)')
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SO 1 frequéncia 100Hz

W (Volt)

V = V,cos(wt)

0.4

0.2 4

0.0

_Dz .

_G.4 ]

— Vr
— VL
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T T T T
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T
0.020

T
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T
0.030

Isto seria 0 que veriamos
no osciloscopio aos
terminais de cada
componente
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W (Volt)

—

0.4 — W

SO 1 frequéncia= 50Hz

— Va2
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