
A kinetic view of
Statistical Physics



Emergence over 
the length scales 



Emergence of the 
Physical laws



Many particle systems

Many-particle systems often admit an (analytical) 
statistical description when their number becomes 
large.

In that sense they are simpler than few-particle 
systems. This feature has several diferent names –
the law of large numbers, ergodicity, etc. – and it is 
one of the reasons for the spectacular successes of 
statistical physics.



Non-equilibrium 
Statistical Physics

• there are no basic equations (like
Maxwell equations in 
electrodynamics or Navier–Stokes 
equations in hydrodynamics) from
which the rest follows;
• it is intermediate between
fundamental and applied physics;
• common underlying techniques and
concepts exist in spite of the wide
diversity of the field;
• it naturally leads to the creation of
methods that are useful in 
applications outside of physics (for 
example the Monte Carlo method
and simulated annealing).



Diffusion

For the symmetric diffusion on a line, the probability density, the Prob [particle ∈ (x, x + dx)] ≡ P(x, t) dx
satisfies the diffusion equation:

As we discuss soon, this equation describes the continuum limit of an unbiased random walk. The diffusion
equation must be supplemented by an initial condition that we take to be P(x, 0) = δ(x), corresponding to a walk
that starts at the origin.



• The confidence intervals can be obtained
from the following result. 

• Let sn be the position of the walk at step n. 
• The probability that sn is greater than 𝑥 𝑛

approaches, as n approaches infinity, the
probability that the standard normal variable
is greater than 𝑥; see [1], p. 76.

• [1] W. Feller, An Introduction to Probability
and Its Applications, vol. 1, 3rd ed., revised
printing, New York: Wiley, 1968.

• [2] H. Ruskeepää, Mathematica Navigator: 
Mathematics, Statistics, and Graphics, 3rd ed., 
San Diego, CA: Elsevier Academic Press, 2009.



Dimensional analysis

What is the mean displacement x? There is no bias, so clearly



Scaling

Let’s now apply dimensional analysis to the probability density P(x,t|D); Since [P] 
= L−1, √Dt P(x, t|D) is dimensionless, so it must depend on dimensionless
quantities only. From variables x, t, D we can form a single dimensionless quantity
x/√Dt

For the diffusion equation, substituting in the scaling ansatz reduces this PDE to 
the ODE



Asymptotic scaling

For the diffusion equation with an initial condition on a finite domain rather
than a point, scaling holds only in the limit x, t → ∞, with the scaling
variable ξ kept finite.



Renormalization

The strategy of the renormalization group method is to understand the behavior on large
“scales” – here meaning long times – by iterating the properties of random walks on smaller
time scales. For the diffusion equation, we start with the identity

Mathematically, the probability distribution after time 2t is given by the convolution of
probability distributions to reach the intermediate time t and the probability distribution to 
propagate from time t to 2t.



Renormalization



Master equation

The symmetric random walk on a 1d lattice has a probability that evolves as

The first two terms on the right account for the increase in Pn because of a hop
from n − 1 to n or because of a hop from n + 1 to n, respectively. Similarly, the
last term accounts for the decrease of Pn because of hopping from n to n +/- 1.



Program

2 Diffusion/Reaction
3 Aggregation
4 Fragmentation
5 Adsorption (definition only)
6 Spin Dynamics 
7 Coarsening



2 Diffusion



Random walk



Brownian Motion 



1d Probability: discrete step & time RW

At each step, the walker moves a unit distance to the right with probability p or a unit distance to
the left with probability q = 1 − p. The probability PN (x) that the walk is at x at the Nth step obeys

Notice that the probability ΠN(r) that the walk takes r steps to the right and N − r to the left has the
binomial form

If the random walk starts at the origin, the total displacement will be x = 2r−N.
Using Stirling’s approximation for large N to simplify the binomial distribution we find (check
errata 2 -> 8)



Continuous space n -> x. Taylor expanding the
Master equation, we find the diffusion eq.

Solve using FT

Master equation

Continuous time RW



The Langevin approach 



The Langevin approach 



The Langevin 
approach 



The Langevin 
equation
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Fokker-Planck 



Surface 
growth
https://www.youtube.com/wat
ch?v=sQQyvIdW2sc

https://www.youtube.com/watch?v=sQQyvIdW2sc


Surface 
growth
https://www.youtube.com/wat
ch?v=xZfFwZYZOJ0

https://www.youtube.com/watch?v=xZfFwZYZOJ0








Generalizations 

We want to understand how the behavior of a deterministic system changes when it interacts with its
environment. We cannot describe the environment in a precise manner and instead we mimic its
influence on the system as a stochastic force.

Generally Langevin equations are constructed by the following standard procedure:
1. Start with a deterministic equation. Usually it is an ordinary differential equation, but other choices (e.g. 
a difference equation) are also possible.
2. Add a noise term. In the simplest scenario, the noise is assumed to be independent of the underlying
variable, temporarily uncorrelated, and Gaussian.

An ambitious generalization of the Langevin program is to start with a deterministic partial
differential equation. The most important linear partial differential equation is the diffusion equation. 
The most prominent nonlinear generalization to the diffusion equation is the Burgers equation.



Surface growth: Edwards-Wilkinson 

The Edwards–Wilkinson (EW) equation is the diffusion equation with noise:

This Langevin equation has been proposed as a model of surface growth where atoms from an
external source are deposited onto a surface and adsorbed atoms can evaporate.
Depending on the nature of the incident flux, the mobility of the adatoms, and relaxation mechanisms,  
a wide variety of surface morphologies can arise.

A surface is characterized by its height, H(r, t), as a function of transverse coordinates r and time t. It
is more conveniente to consider deviations of the surface from its average height, h(r, t) = H(r, t) − 
<H>. 
A basic goal is to understand the properties of the height function h and its correlation function
<h(r, t)h(r’, t’)> .



Edwards-Wilkinson 



Edwards-Wilkinson 

Viewed as a surface evolution model, the Laplacian is positive near local surface minima (positive 
curvature) and negative near local maxima (negative curvature).
Thus the Laplacian tends to smooth a surface and mimics the influence of the surface tension.
The noise is assumed to be Gaussian with zero mean, independent of h, and spatially and
temporarily uncorrelated. That is,

The competition between the effect of the noise and the Laplacian smoothing leads to a
non-trivial surface morphology.



Edwards-Wilkinson 



Edwards-Wilkinson 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (any d) 



Edwards-
Wilkinson (d=1) 

Interfacial 
fluctuations

𝑤 ~𝑡!/#



Edwards-Wilkinson ( 1d) 



Sir Sam Edwards 



Kardar-Parisi-Zhang 



Kardar-Parisi-
Zhang 



Kardar-Parisi-Zhang



Kardar-Parisi-Zhang

























Kardar and Parisi





Reaction 



Simplest reaction:
Single species annihilation/coalescence

Particles diffuse freely and annihilate instantaneously upon contact, and single-species
coalescence, where the reactants merge upon contact.

The density n(t) of A particles for both reactions obviously decays with time. The question is: 
how?



Single species annihilation/coalescence

Hydrodynamic description

Dimensional analysis

Heuristic arguments (later)

Exact solution (later)

𝜌



Single species annihilation/coalescence: 
Hydrodynamics

In the hydrodynamic approach, one assumes that the 
reactants are perfectly mixed at all times. This means 
that the density at every site is the same and that every 
particle has the same probability to react at the next 
instant. In this well-mixed limit, and also assuming the 
continuum limit, the particle density ρ in the 
coalescence reaction decays with time according to the 
rate equation

Here K is the reaction rate that describes the propensity 
for two diffusing particles to interact; the computation 
of this rate requires a detailed microscopic treatment.



Single species annihilation/coalescence: 
Simulation

Exact results are more interesting:



Single species annihilation/coalescence: Many 
body problem



Single species annihilation/coalescence: Exact 
solution in 1d



Single species annihilation/coalescence: Exact 
solution in 1d

d



Reaction rate theory 

What is the rate at which diffusing molecules hit an absorbing object? The answer to this question sheds
light on diffusion-controlled reactions, In such processes, a reaction occurs as soon as two reactants
approach to within an interaction radius – effectively, the reactants “meet.” The evolution of the reaction is
therefore limited by the rate at which diffusion brings reactants in proximity. The goal of reaction rate 
theory is to calculate this rate.

For a uniform beam of particles that is incident on an absorbing object, the reaction rate is clearly
proportional to its cross-sectional area. In stark contrast, when the “beam” consists of diffusing particles, 
the reaction rate grows more slowly than the cross-sectional area and also has a non-trivial shape
dependence.
We first study the reaction rate of an arbitrarily shaped absorbing object in three dimensions (d = 3). The
object is surrounded by a gas of non-interacting molecules, each of which is absorbed whenever it hits the
surface of the object. The reaction rate is defined as the steady-state diffusive flux to the object. To find this
flux, we need to solve the diffusion equation for the concentration c(r, t) exterior to the object B, with
absorption on its boundary ∂B. 



Reaction rate theory 

An important simplifying feature for d = 3 is that the concentration approaches a steady state. Intuitively, 
this steady state arises because of the transience of diffusion, so that the loss of molecules by absorption
is balanced by replenishment from afar.



Reaction rate theory 



Reaction rate theory 



Reaction rate theory 



Reaction rate theory 



Reaction rate theory 



Reaction rate theory (d < 3) 

What about the reaction rate in low-dimensional systems with d ≤ 2? Because diffusion is recurrent, 
a continuously growing depletion zone develops around the absorber. As a result, the absorbed flux 
monotonically decreases to zero as t→∞. While the reaction rate defined by Eq. (2.85) approaches
zero as t →∞, it is useful to think of a time-dependente reaction rate. 

To obtain this reaction rate, we now should solve the full time-dependente diffusion equation and
then compute the flux to the absorber. While this calculation is tractable (problem 2.23), we can 
avoid most technical details by performing an approximate quasi-static calculation that we illustrate
for an absorbing sphere. This approach is a powerful, yet simple method for solving the diffusion
equation in the presence of slowly moving boundaries.



Reaction rate theory (d < 3) 

The basis of this quasi-static approximation is that the region exterior to the absorbing sphere
naturally divides, for d ≤ 2, into a “near” zone that extends a distance √Dt from the surface, and the
complementary “far” zone. The near zone is the region in which diffusing particles are affected by the
absorbing boundary. Nevertheless, diffusing particles still have ample time to explore this near zone 
thoroughly before being absorbed.

Consequently, the concentration is nearly time independent. Conversely, in the far zone the
probability of a particle being adsorbed is negligible because particles are unlikely to diffuse a 
distance greater that √Dt during a time t. Thus the far-zone concentration remains close to its initial
value, c(r) ~ 1 for r > √Dt.



Reaction rate theory (d < 3) 



Reaction rate theory (d < 3) 



3 Aggregation



Accretion, clotting and curdling



• In aggregation, reactive clusters join irreversibly whenever two of them meet. Aggregation is ubiquitous in 
Nature: it underlies milk curdling (gel), blood coagulation (clot), and star formation by gravitational accretion. 

• Aggregation also beautifully illustrates some paradigmatic features of non-equilibrium phenomena, such as 
scaling, phase transitions, and non-trivial steady states.

• Aggregation is manifestly irreversible, as the number of clusters decreases with time and eventually all
clusters merge into a single cluster.

• The goal of this chapter is to determine the time evolution of the concentration of clusters of mass k, ck (t), 
and to understand which features of the underlying reaction rate, or kernel, Kij , determine this distribution.



Mass of the aggregate = #monomers 



Master equation

The starting point for treating aggregation is an infinite set of master equations that describe how
the cluster mass distribution ck(t) evolves. These equations are:

Kij = Kji



Gain & loss terms



Hypothesis



Mass conservation



Aggregation rate Kij



Constant kernel: Exact solutions



Moments



Explicit solutions: ck(0)=𝛿!,#and Mn(0)=1, n≥ 0





Recursive approach



Properties



Cluster concentrations



Generationg 
function







Gelation





Product Kernel

The product kernel arises when 
monomers consist of f -
functional reactive endgroups. 
When two such monomers 
merge, the resulting dimer has 
2f − 2 reactive endgroups, a 
trimer has 3f − 4 endgroups, 
and a k-mer has kf − 2(k − 1) = (f 
− 2)k + 2 endgroups.



If all endgroups are equally reactive, the reaction rate between two clusters equals the product of
the number of endgroups:

Kij = [(f − 2)i + 2] [(f − 2)j + 2] = (f − 2)2ij + 2(f − 2)(i + j) + 4.

The case f = 2 corresponds to linear polymers, for which Kij is constant, while the product kernel
arises for f →∞. 

For finite f > 2, the kernel is a linear combination of the constant, product, and sum kernels.





Moments











Generating function (see textbook)







4 Fragmentation
The continuous breakup of clusters, either by
external driving or by mutual collisions, is
known as fragmentation. 

At geological scales, fragmentation is
responsible for sand grains on beaches and for 
boulder fields. 

Collision-driven fragmentation is responsible for 
“space junk,” a potential long-term hazard for 
near-Earth satellites. 

At the molecular level, chemical bond breaking
underlies polymer degradation and combustion. 

Moreover, simultaneous aggregation and
fragmentation are responsible for interstellar
dust clouds, planetary rings, and other heavenly
structures; numerous biochemical reactions in 
cells provide more earthly examples. 



Our scale







Planetary & interstellar scale







Molecular scale







Binary 
fragmentation







Random scission

Perhaps the simplest example of fragmentation is random scission, in which objects break at a rate 
that is proportional to their size. This interpretation is appropriate for polymer degradation, where
fragments are polymer chains and each polymer bond can break at the same fixed rate. In this case, 
we may define the total breaking rate to be R(x) = x.











Reversible
polymerization















5 Adsorption





Jammed states



RSA in 1d



Jammed configuration



Empty interval method











Voids







Irreversible car parking













6 Spin 
dynamics



Phenomenology 
of coarsening











Dynamical scaling 
hypothesis

Coarsening



Voter model



Voter model



Probability density





Correlation functions



While the magnetization of a specific system does change in a single 
update event, the average over all sites and over all trajectories of the
dynamics is conserved.







Continuum 
approach
Spatially homogeneous system 
the two point correlation 
function is isotropic: 

S(x,y)=G(x-y) 



Absorbing sphere (radius a) at the origin



Voter model 
Works for US 
elections



Ising Glauber 
model
Non-conserved magnetizatiom



Glauber dynamics







Kawasaki 
dynamics



Transition
rates



Detailed balance



Road block



7 Coarsening



Landau free-
energy: order
parameter

a  <<  l  <<  L



Non-conservative
dynamics



Time Dependent Ginzburg Landau Theory



Conservative Dynamics
Cahn-Hilliard Theory



Goal



Free evolution

V(m) = 0



Correlation functions



TDGL



Correlations

• Spatial decay quick 
(Gaussian)

• Temporal decay slow (power 
law) 



Cahn-Hilliard



Correlations

• Mean square magnetization



Correlations

• Auto-correlation



Correlations

• Two-point correlation 
function



Correlations

• Temporaly normalized 
correlation function

• Note that it depends on a 
single scaling variable (not 
generic)



Domain structure

• Active model B (conserved)



TDGL: Straight 
domain wall



Mechanical
analogy



Mechanical
analogy



Kink profile

• tanh profile for m(x)

• surface tension



Stability

• Stability of kink-antikink 
solution



Three equal minima



Stability of
domain walls
and ground
states



Perturbation



Stability of the
kink solution



Schroedinger
equation



Shrinking of a 
droplet



Time taken for 
the droplet to 
disappear



Effective
interfacial
dynamics



Allen-Cahn
equation



Allen-Cahn
equation



Topological
defects



Virial Theorem



Vector order
parameter



Free energy and defects



Physical
constraint



Non-linear 
PDE



Solution of
PDE in 2D



Mappings and
homotopy
groups



Stationary
solutions of the
Heisenberg 
model



First trick



Second trick



Vortices



Free energy of
vortices



Vortices



Significance



Conservative dynamics



Conservative dynamics



Evolution of a 
single droplet







Lifshitz–Slyozov–Wagner coarsening





Exponent 1/3



For the z dependence of the 
scaling function, the governing 
equation (9.80) becomes, after 
some rearrangement,



Scaling function



Scaling
function


