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Thermal Freeze-Out

Thermal dark matter

Thermal dark matter assumes that the dark matter particle x was once in thermal and
chemical equilibrium with the Standard Model plasma.

At early times,

XX < SM SM

keeps the number density close to its equilibrium value n, ~ n, oq. As the Universe expands
and cools, the annihilation rate becomes inefficient:

My = n(ov) S H.

Then the comoving abundance freezes out:

n
Y. = =X ~ constant.
s
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Thermal Freeze-Out

Expansion versus interactions

The relevant competition is between the interaction rate

My = ny(ov)

and the Hubble expansion rate

a
H=-
a
If
My >H,
interactions are rapid and
Ny >~ Ny eq-
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If
interactions are inefficient and

r, < H,

Freeze-out occurs approximately when

nya” =~ constant.

M (T¢) ~ H(Ty)

= & = E DA
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Boltzmann Equation

Dilution from cosmic expansion

The Hubble parameter is H(t) = % If particle number is conserved inside a comoving

volume,

% [n()a*()] = o.
Expanding,

a®n+3a%an=0.
Dividing by a°,

n+3Hn=0|

The term 3Hn describes dilution due to the expansion of the Universe.
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Boltzmann Equation

Boltzmann equation with annihilation

Including annihilation and inverse production processes,

ny +3Hn, = —(ov) (nf< — ni,eq) .

Here:
@ n, is the dark matter number density;
@ Ny eq is the equilibrium number density;

@ (ov) is the thermally averaged annihilation cross section.

If ny > ny cq, annihilation dominates.
If ny < nyeq, inverse production dominates.
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Boltzmann Equation

Thermal average and dimensions

Schematically,
[ BPprdBp e (BHE)T gy
{ov) = [ d3p1 d3py e BAE/T

For non-relativistic dark matter,
OViel = @+ bv2 4+ -+ .
The leading term a is the s-wave contribution.
In natural units, A = c = kg = 1. Thus
[0] = GeV 2, [Veel] = 1, [n] = GeV>.

Therefore,

[(ov)n] = GeV ~ time ™!,

as required for a reaction rate.
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Entropy density and yield

The entropy density is

272
T)=— *S T T3
S(T) = S g(T)
Entropy conservation gives
d 3
e (sa’) =0,
so s + 3Hs = 0. Define the yield:
y="
s

Using the Boltzmann equation,

Y = —(ov)s (Y2 - Yezq) .

The yield removes the trivial dilution due to cosmic expansion.
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Changing variables to x = m, /T
Define

m

x X

T
During radiation domination, for slowly varying gi and g.s, T o a—!. Therefore,

7
— =—H.
T
Since x = my /T,
x = Hx.
Thus,
d
— = Hxi.
dt dx
The yield equation becomes
dy s(ov) , o s
—_— == Y° -,
dx Hx ( eq)

= & = E DA
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Yield Equation

Radiation domination

The radiation energy density is

The Friedmann equation is

8 G
H? = 3 p
Using G = Vlz— one obtains
Pl
T2
H(T)=1.66g"%——|
(T) &

Here

Mp, = 1.22 x 10*° GeV

is the usual Planck mass.
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Final yield equation
Using
27T2 3
S=——8s 1
45 &
and
g* MPI’
we find ,
s _ 58T
Hx 12 12 -
X 166g* M_PIX
=} =2 = E A



Since m
_ My
T= VR
X
this gives

i . 8xs ﬂ
T 0.264 *1/2M 2
Therefore,
o= e (YY)
with

8xs

A= 0.264WMP1mX<O'V> .
8+
o F = = DA




Equilibrium Abundance

Equilibrium number density

For non-relativistic dark matter obeying Maxwell-Boltzmann statistics,

7\ 3/2
neq = gX <mX ) e_mX/T.

21
Using
m m

=7 T=50

we obtain
3/2
_(m .
M0 = B | oo
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Therefore,

This has the correct dimension:

3
— X -3/2 ,—x
Neq = gxwx [%e
[Neq] = GeV>.

= & = E DA
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Equilibrium yield
The entropy density is
272
S =
Thus,

on2  m’
3 T3 _ ; X
45 & 45 873
n
Yoq = "3,
Substituting,

& —i X
X(271—)3/2
qu =

—3/2 e X
3 .
2n2 , Mx
45 8xs 53
=] F = = DAy
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Therefore,

For a real scalar dark matter particle,

Yeq(x) = 0.145 8% x3/2¢=x
Bxs
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Freeze-Out Solution

Freeze-out condition

The interaction rate per particle is [(T) = neq(T)(ov). Freeze-out occurs approximately

when

F(T¢) ~ H(Ty) |

Using the non-relativistic equilibrium density gives

Xf=|n

0.038 8x Mp1 my <O’V>

1/2 1/2
g2

his equation is implicit because xs appears on both sides. It is solved iteratively, for example

with

Typical WIMP values are
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Post-freeze-out solution

After freeze-out, Y > Y. The yield equation simplifies to

dY y?
~ —A—.
dx x2
Separating variables,
dy dx
vz = A e

Integrating from x¢ to oo,

Y°°Y
f, =]
Yr
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This gives
Usually,

1 1 n A
Yoo N Yf Xf
1.2
Yr Xf
Therefore,
Xf
Yoo &~ —
TN

= = = E nae
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Relic abundance scaling
Using
1/2 (ov),
8
we get
Yoo =
If gvs >~ g,

0.264

Xf
1/2 Mlex (ov)
Xf
Yoo = 72 .
0.264 g, “Mpymy (ov)
o =3 = E DAl




The main scaling is
Therefore,
=} =2 = E A




Relic density today

The present dark matter energy density is p, 0 = m,ny 0. Since the yield is conserved after
freeze-out,

Ny, 0= 50 Yoo.
Therefore,

Px,0 = MySo Yoo~
The density parameter is o
X

Q= ?

The standard relation is

Q= 2.742 x 108 (%) Yoo |
(S

The observed value is approximately

Qpuh? ~ 0.120 4 0.001 |.
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Relic Density

Approximate relic-density formula

Using the freeze-out result

Xf

Yoo =
0.264 g2/% Mpy (ov)

and

Q h? = 2.742 x 108 ( Y ) Y.,

GeV
the dark matter mass cancels and we obtain

1.04 x 10%xr 1

Q h? ~ )
* g*1/2 Mgy (ov) GeV
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Relic Density

Using

Mp, = 1.22 x 10*° GeV,

the final approximate expression becomes

Qh* ~85x107H

Xf

g% (ov)

with (ov) in GeV~2.
For electroweak-scale WIMPs:

is usually an excellent approximation.
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Relic Density

Thermal target cross section

For a standard thermal relic, the observed abundance corresponds roughly to

(ov) ~2.6 x107° GeV 2|

Equivalently,

(ov) ~3x 1072 cm3s71 |

The important relation is

Qxh2 o

(ov) |

Thus:
o larger (ov) gives smaller relic density;

e smaller (ov) gives larger relic density.
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The model

Add a real scalar singlet S to the Standard Model and impose
ZQ : S — -S.
The Lagrangian is
1 1 A A
L= Lsni+ 50,50"S ~ 5;@52 - 7554 - $52HTH.

After electroweak symmetry breaking,

with

v = 246 GeV.
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Real Singlet Scalar Higgs Portal

Mass and interactions

We have ( 2 ) )
(TR Ul sl) n
H'H > 5 + vh+ 5
Therefore, \ \ \ \
HS c2 4ty HS 22 HS 2 HS |2 <2
——S5HH=——"= — ——vh§° — —=h"5".
5 S 2V S 5 v S 2 S
The physical scalar mass is

A
m% = ,u% + %sz .
The relevant vertices are
‘ hSS : —i)\Hsv‘
and
|hhSS :  —idps |
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Real Singlet Scalar Higgs Portal

Annihilation channels

The Higgs portal allows annihilation through an intermediate Higgs:
SS — h* — SM SM.

For light dark matter, an important final state is SS — bb, because the Higgs coupling to
fermions is proportional to the fermion mass.

For heavier dark matter, additional channels become important:

SS > wtw-, SS— 77,

SS — hh, SS — tt.

Near the Higgs resonance,

annihilation can be strongly enhanced.
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Matrix element for SS — bb
The Higgs-bottom interaction is
m —
LD ——Lhbb.
%
Thus,
hbb : .
%
The portal vertex is
hSS : —IiAHsV.
For
SS — h* — bb,
=} =2 = E A



i

the amplitude is
iM=(—iAnsv)
s
Therefore,

— m,27 + impl g

(—i%) d(k1)v(ke)

M = )\Hsmbs ﬁ(k1)v(k2)

— m,2, + impl g

= & = E DA
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Annihilation Cross Section

Spin and color summed amplitude

The spin-summed bilinear is

Z |a(k)v(ka)[? = Tr [(Ky + mp) (Ko — mp)] -

spins
This gives

> (kv = 2(s — 4m?).

spins

Including color, N. = 3. Therefore,

2(5 —4m?)
—mp)? + mpl |

There is no initial spin average because S is a scalar.
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Cross section

Annihilation Cross Section

The general two-body cross section is

1 |prl
= TS M 2
167s | pi M
Define
4m? 4m?
Bs=1- "5 g=yf1- e
S S
Then
ol _
il Bs
=] F = = £ Haw
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Annihilation Cross Section
Thus,

o(SS

P T
Y[

Bs (s — mp)? + mil3

= = = E nae
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Non-relativistic limit
For non-relativistic identical scalar dark matter,
Using s ~ 4m%, we obtain

Viel > 2f3s.

2 9o
O Veel & NeAgsmy,

47

/83
b
2 2\ 2r2 |
(4m5 m; )2 + mTs
o =3 = E DAl




Annihilation Cross Section
Since

we get

N2, cm?
HS"'b
O Vyel =~ an

3/2
(1 B ms)

(4m§

mh)2 + m2r2
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Annihilation Cross Section

Caveat near the Higgs resonance
The approximation

5~ 4m§
is not reliable near the Higgs resonance:

Mmp
mg >~ ——.

2
In that region, the thermal distribution samples values of s near

s~ m3.

Therefore, an exact thermal average over the Breit-Wigner propagator is required.

Close to ms ~ 62.5 GeV, the simple non-relativistic expression can give an inaccurate
relic-density estimate.
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Freeze-out values
The freeze-out equation is
Xf = In
Take

0.038 g, Mp; ms (ov)
8x = 1,

1/2 1/2
g*/Xf/

g. = 106.75, (ov) =2.6 x 107° GeV 2.
=] = - = A



For
mg = 50 GeV,
iterating gives
x~210]
For
iterating gives

ms = 200 GeV,
Thus the standard estimate

is justified.

xf ~22.3|
xf ~ 20— 30
=} =2 = E A



Relic-density target

The observed relic abundance is

QDMh2 ~ 0.12.

For a standard thermal relic this corresponds approximately to

(ov) ~2.6 x107° GeV 2|

We use this value as a target for the annihilation cross section.

Input parameters:

mp = 4.18 GeV, mp = 125 GeV, ', =4.1 MeV.
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Since
we have

[, =4.1x10"3 GeV,
mal? ~ 0.26 GeV*.

Away from the Higgs resonance, this is usually negligible compared with

(4m — mp)?.

= & = E DA
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Example: ms = 50 GeV
For
ms = 50 GeV,
we have
Therefore,
Thus,

4m% — mi = 4(50)% — 125°.

4m% — m} = 10000 — 15625 = —5625 GeV?.
(4m% — m3)? ~3.16 x 107 GeV*.
=} =2 = E DA



Using the bb approximation,
Imposing

OViel = 1.3 x 1077 )03,g GeV 2.
Vil ~ 2.6 x 1072 GeV ™2,
gives

(s =034)

= & = E DA
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Invisible Higgs decay

For
Mmp
mg < 5
the decay h — SS is kinematically allowed. The partial width is
F(h > S5) — Js"” 4ms
32T my m,21

For ms = 50 GeV and Ays ~ 0.14, this width is much larger than the Standard Model
Higgs width,

M~ 4.1 MeV.

Thus this region is strongly constrained by invisible Higgs decay limits. The coupling is
perturbative, but this point is not automatically phenomenologically viable.
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Example: ms = 200 GeV

For

we obtain

Thus,

Hence,

Rui Santos (FCUL)

ms = 200 GeV,

4m% — mj = 4(200)% — 1252,

4m% — m? = 160000 — 15625 = 144375 GeV?.

(4m% — m3)? ~2.08 x 10'° GeV*.
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Portal Coupling Estimates

Using only the bb approximation gives roughly

s =35)

However, this is not a realistic relic-density estimate, because other channels are open and
usually dominate.
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Portal Coupling Estimates

Breakdown of the bb approximation

For ms = 200 GeV, the following channels are open or important:
SS—» Wtw-, 55— 77,
5SS — hh, SS — tt.

These channels generally dominate over SS — bb. Therefore, the bb-only result is useful
pedagogically, but not sufficient for a realistic calculation.
A realistic computation must include:

all kinematically allowed final states;
exact thermal averages;

thresholds;

the Higgs resonance region;

collider constraints;

direct-detection constraints.
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Phenomenological Constraints

Direct detection

The Higgs portal induces elastic scattering on nuclei:
SN — SN.
This process is mediated by Higgs exchange:
SN — h* — SN.
The spin-independent cross section scales approximately as
MasTiriy

4 )
my

os1 X

where:
@ fy parametrizes the Higgs-nucleon matrix element;
@ u is the reduced mass of the S-nucleon system;
@ my, is the Higgs mass.

Thus large portal couplings are strongly constrained by direct-detection experiments.
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Phenomenological Constraints

Important parameter regions

The real singlet Higgs-portal model has several characteristic regions.
@ Low-mass region:

mp
ms < 7
The decay h — SS is open.
o Higgs funnel:
msg =~ 7
Annihilation is resonantly enhanced.
@ Intermediate and high masses:
ms > myy.

Annihilation into WT W™, ZZ, hh, and eventually tf becomes important.
o Large coupling region:

Ags > 1.
Perturbation theory may become unreliable.
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Summary of freeze-out

@ The Boltzmann equation is

ny +3Hn, = —(ov) (nf< — ni’eq) .

@ The yield removes dilution from expansion:

n
Y = —.
s
@ Freeze-out occurs when
My ~H.
@ The asymptotic yield is approximately
Xf
Yoo >~ —.
TN
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@ The relic abundance scales as

1
QXh2 x
@ The observed abundance corresponds roughly to

{ov)’

(ov) ~2.6 x 1072 GeV 2

= & = E DA
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Final message

Thermal freeze-out provides a simple and predictive mechanism for producing the observed
dark matter abundance.

The central result is

1
(ov) |
In the real singlet scalar Higgs-portal model, the same coupling controls:

55 — SM SM,
h— S§S,

Qxh2 %

and
SN — SN.

Therefore, relic density, invisible Higgs decays, and direct detection are tightly connected.
A realistic study must include all annihilation channels, exact thermal averaging, collider

constraints, and direct-detection bounds.
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