Modelacao Numérica 2017
Aula 12, 28/Mar

 Método de Runge-Kutta 42 ordem (RK4)
e Adveccao 2D
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Aula passada

Diferencas finitas
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As diferencas centradas dao uma aproximacao mais exacta

A aproximacao é melhor quando Ax -> 0
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Equacao de adveccao (linear, 1D)
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Aula passada

0. FTCS — Forward-time, central space (método instavel)

oT oT ;
— = —U—, U = CONS
ot ox
Tn—l—l _Tn " TN T TN
k k k+1 k—1 n+1 n k+1 k—1
At Y k N oAz
Diferencas avancadas Diferencas centradas

no tempo NO eSpaco



import matplotlib.pyplot as plt
import numpy as np Aula passada

plt.rcParams['figure.figsize']l = 10, 6

nx=1000; dx=5.

nt=5000; dt=1.

u=2.
x=np.arange(0, nx*xdx, dx)

x@=dx*nx/2

L=100
Ti=np.exp(-((x=x0)/L)*x*2)
T=np.zeros(len(x))
Tp=np.zeros(len(x))
TL:1=Til:]

n n
n+1 n k+1 k—1
isp=1 Tk + — Tk - /U/At +
for it in range(1,nt): QACE'
for ix in range(1,nx-1):
Tplix] = Tlix] - uxdt/(2xdx)* (T[ix+1] - T[ix-1])

Tplnx-1] = Tlnx-1] — uxdt/(2*dx)* (T[@] - T[nx-2])
Tplo] = T[O] — uxdt/(2%xdx)x (T[1] - T[nx-1])
T[:1=Tpl:]
if (it+1)%250==0 and isp<=5: L0 = LN, TN+1 = L1

plt.subplot(5,1,isp)

plt.plot(x,Ti,'b', x,T,'r")

plt.xlabel('x")

plt.ylabel('T")

plt.title('t="+str(itxdt))

plt.grid()

isp +=1

if max(T) > 10:

print('it=" + str(it)+ ', T=" + str(T))
break

plt.tight_layout()



Aula passada

0. FTCS — Forward-time, central space (método instavel)
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Aula passada

0. FTCS — Forward-time, central space (método instavel)
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1. Aproximacao de Lax—Friedrichs

17 7
« Emvezde: T =T — uAt kHZA:c bl

n
Tk—l—l Tk 1

Aula passada

1
* Fazemos: T"Jr1 2(Tk 1+ Tk:+1) — uAt

2Ax

e Continua a ser um método com 1 nivel temporal e de primeira ordem

no tempo e segunda no espaco.




Aula passada

1. Comportamento do método Lax

Lax, t=249.0, u=4.0, dx=5.0, dt=1.0, courant=0.8
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Aula passada

1. Comportamento do método Lax (10 voltas)

» Estavel, difusivo:

Lax, t=1249.0, u=4.0, dx=5.0, dt=1.0, courant=0.8

A ]
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X
e Estavel (quase perfeito!):
Lax, t=1248.75, u=4.0, dx=5.0, dt=1.25, courant=1.0
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X
* |nstavel
§ 1e42 Lax, t=1123.5, u=4.0, dx=5.0, dt=1.5, courant=1.2
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e NUmero de Courant: ——
€T

uAt { <1, estavel

> 1, instavel




9T T Aula passad

je))

. . — = —Uu—, u=const
2. Upstream differencing ot O
T TN
. : +1 _ k+1 k—1 _
FTCS: T =T — uAt 2N Diferencas avancgadas no tempo
+1 Tl? B T,?’_l i
* Seu>0: Ty =T —ult A Diferencas retardadas no espago
X
+1 T£+1 B TI? :
* Seu<0: T =T} —uAt A Diferencas avancadas no espaco
X

Método de primeira ordem tanto no espaco como no tempo, explicito, de
1 nivel.




TEMPO

3. Leapfrog (22 ordem)
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Aula passad

je))

, U = const

computacional

desacoplados..

Problema: A malha
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T T Aula passada
— = —U——, U = const
Courant=1.0 ot Oz’
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T T Aula passada
— = —U—, U = const
Courant=0.8 ot Oz’
Lax, t=12496, u=4.0, dx=5.0, dt=1, courant=0.8
I Lax |7
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x
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X
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Aula passada

Impacto do espetro da perturbacao a ser advectada
(Courant=0.2, L=500)

=100 L=500
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Métodos de Runge-Kutta RK4 %—f _ —ug—z, u = const
(explicito, 4a ordem)
.0y L
= —= = f(t,y) Mid-point methods
dt y(x)
@
ki=1Ff (tna yn) Derr™ @ ©
At At
kQ - f (tn —|_ 77yn —|_ 7k1> xll xlz x|3 X
At At
kS — f (tn + —,Yn + —k2>
: : b RK4
1
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W2
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Métodos de Runge-Kutta RK4
(explicito, 4a ordem)

. Oy
= — = t
y=—=f{ty)
kl :f(tnayn)
At At
kQ — f (tn + 77?/77, + 7k1>
At At
kS — f (tn + 77yn + 7k2>

ky=f (tn + At, yp, + At kg)

At
Yn+1 = Yn + ?(lﬂ + 2ko + 2k3 + ]{?4)

o1 = tn + At

oT oT
= —U——, U = const

ot ox

e Solucdo em t"*! sé depende do
estado em t" (1 nivel).

e Explicito.

* 42 ordem resulta da utilizacao de
passos intermédios no tempo e
no espaco (é como se malha
fosse refinada na vizinhanca do

ponto).



T=np.zeros(len(x))
Tn=np.zeros(len(x)
Tp=np.zeros(len(x)
K1=np.zeros(len(x)
K2=np.zeros(len(x)
K3=np.zeros(len(x)
K4=np.zeros(len(x)
Tl:1=Til:]

for it in range(1,nt):
for ix in range(1,nx-1):

K1[ix] = - u/(2%dx)* (T[ix+1] - T[ix-1])
Kl1[nx-1] = - u/(2%dx)* (T[0] - T[nx-2])
K1[0] = = u/(2xdx)* (T[1] - Tlnx-11)

Tn=T+.5%dt*xK1
for ix in range(1,nx-1):

K2[ix] = = u/(2*%dx)* (Tn[ix+1] - Tn[ix-11)
K2[nx-1] = - u/(2%dx)*x (Tn[@] - Tn[nx-21)
K2[0] = — u/(2*dx)* (Tn[1] - Tnlnx-1])

Tn=T+.5*%dt*K2
for ix in range(1,nx-1):

K3[ix] = — u/(2*dx)* (Tn[ix+1] - Tn[ix-11)
K3[nx-1] = — u/(2%dx)* (Tn[@] - Tn[nx-2])
K3[0] = — u/(2*dx)* (Tn[1] - Tn[nx-1])
Tn=T+dt*K3
for ix in range(1,nx-1):

K4[ix] = = u/(2*kdx)* (Tn[ix+1] - Tn[ix-11)
K4[nx-1] = = u/(2%dx)* (Tn[@] - Tn[nx-21)
K4[0] = — u/(2xdx)* (Tn[1] - Tn[nx-11)

Tp = T+dt/6.x(K1+2.%K2+2.*K3+K4)
Tl:1=Tpl:]
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At At
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At
Yn+1 = Yn + F(kl + 2ko + 2ks + ky)
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oT oT
P : : — = —Uu—_—, u=const
Perturbacao muito localizada o~ "o
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Adveccao 2D

Oh oh
e T

oh Oh oh
200 G = g, T,




Adveccao 2D

Oh Oh
= —U—

Outra notacao:

2D: o __oh_ On

ot Ox oy




Adveccdo 2D or _ oT  OT

ot Ox oy
on__on_ on _[on_ oun ol
ot Ox oy ot Oz Oy
oh

5 = —V(uh), vh é o fluxo de h

Esta forma é usavel em duas condicgdes:

* u,V=constante (adveccao linear)

Ou + Ju _ 0 (fluido incompressivel)
or Oy



e oT orT orT
Adveccao 2D T =y —v—
ot Ox oy
oh oh oh N oh ouh  Ovh
ot Ox oy ot Ox Oy
Discretizacao no esquema de Lax:
hZ,?l — Ny _UZ+1,jhz+1,j —up_q jhg_q _ Vi i1 i1 — Vi1 PE i
At B 2Ax 2Ay
Diferenca Diferenca Diferenca

centrada no
espaco em X

avancada no
tempo

centrada no
espaco emy



Adveccdo 2D or _ _ or _ oT

ot Ox oy
oh oh oh oh ouh  Ovh
ot Ox oy ot Ox Oy
Discretizacao no esquema de Lax:
hZ,J;l —hE; _uerl,jthrl,j — U1k B kg1 P — Ve
At B 2Ax 2Ay



Adveccao 2D

Oh Oh

ot 0x

Discretizacao no esquema de Lax:

oh

= U — V=

Oy

—

or _
ot

oT oT
U — ==

Ox oy

oh _
ot

ouh  Ovh

n+l  1n n n I ) n n n P () n
g — Py R M P Ve P VR
At 2Ax 2Ay
n n n n n n n n
nil g U1, M1y — Uro1 M1y Vgt g1 — VE -1l -1
Y _ At
J ’ 2Ax 2Ay
n n n n n n n n
TR SRR Sa T Rl R o W RN S RSLL RS Rl U LU Y
J ’ 2Ax 2Ay
n n _on n n n _an n
L R ST S T Ap L1y~ 1M1 Yk P — VR P

J 4




Adveccao 2D oT oT  OT

= —U— — V=

ot Ox Oy

import matplotlib.pyplot as plt

import numpy as np

from mpl_toolkits.mplot3d import Axes3D
from matplotlib import cm

plt.rcParams['figure.figsize'] = 10, 6

nt=2000; nx=101; ny=101
passo=10;

dx=1000.; dy=1000.;

X = np.arange(0,nx)xdx
y = np.arange(0,ny)x*dy

xmin=min(x); xmax=max(x)
ymin=min(y); ymax=max(y)

xx=np.zeros([nx,ny])
yy=np.zeros([nx,ny])
for ix in range(nx):

for iy in range(ny):

xx[ix,iy] = x[ix]

yylix, iyl = yl[iy]
ixStation = nx-2
iyStation = ny/2

hStation = np.zeros(nt)



Adveccao 2D

import matplotlib.pyplot as plt

import numpy as np

from mpl_toolkits.mplot3d import Axes3D

from matplotlib import cm

plt.rcParams['figure.figsize'] = 10, 6

nt=2000; nx=101; ny=101
passo=10;

dx=1000.; dy=1000.;

X = np.arange(0,nx)*xdx
y = np.arange(0,ny)x*dy

xmin=min(x); xmax=max(x)
ymin=min(y); ymax=max(y)

xx=np.zeros([nx,ny])
yy=np.zeros([nx,ny])
for ix in range(nx):

for iy in range(ny):

xx[ix,iy] = x[ix]

yylix, iyl = yl[iy]
ixStation = nx-2
iyStation = ny/2

hStation = np.zeros(nt)

¥~ Sinal na estacio

Posicao y (m)

oT oT oT
= —U— — V=

ot Ox Oy

120000
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80000 |
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40000 |-

20000 |
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Posicao x (m)

10

Amplitude da perturbacao



Adveccao 2D oT oT  OT

= —U— — V=

ot Ox Oy

uspeed=10
vspeed=0
ws = np.sqrt(uspeedxx2 + vspeed**2)

dt = 0.68 *x dx / ws
dt2dx = dt/(2xdx)
dt2dy = dt/(2xdy)

- courant = wsxdt/dx

u = uspeed *x np.ones([nx,nyl)
uP = np.zeros([nx,nyl)
uP[:] = ul:]

v = vspeed x np.ones([nx,ny]l)
vP = np.zeros([nx,nyl)
vP[:] = vI[:]

"Fhk+1,’%th—l‘Fth+1)—Q§@ —Q§§

J J <§£§§> 2Ay

1
1 n
hZﬁ':: Z( k-1,



Adveccao 2D ) hoe_(my_(wf

hJUMP=10
xJUMP=(xmax+xmin) /2.
LxJUMP=10.*dx
yJUMP=(ymax+ymin) /2.
LyJUMP=2000. *dy

h =

hp =

hJUMPxnp.exp (—( (xx=xJUMP) /LxJUMP)**2 — ((yy-yJUMP)/LyJUMP)**2)
np.zeros([nx,nyl)

hStation[@] = h[ixStation, iyStation]

plt.
plt.

plt.
plt.

close()
rcParams['figure.figsize'] = 8, 6

pcolor(xx,yy,h)
clim(0,10)

cb=plt.colorbar()
cb.set_label(u'Amplitude da perturbacdo')

plt.
plt.
plt.
plt.

plt.

scatter(xx[ixStation, iyStation], yyl[ixStation, iyStation], c='w', edgecolors='w')
xlabel(u'Posicao x (m)")

ylabel(u'Posicao y (m)")

title(u'Perturbacao t=0 s')

savefig('fig/advection2d-lax-t0@.png")



Adveccao 2D v—20\2_(3-30

h = hoe_ La Ly

Lx=10, Ly=10 Lx=10, Ly=20

120000 120000 10
9
100000 }- 100000 |
8
80000 80000 | 1 |
47 ° 7 o
3 g
- ls € - 16 €
E 60000 g E 60000 | g
> a > a
| 45
8 >8 g 3
@ v G | i v
& 40000} 1, ¢ & 40000 1, %
S s
g -
20000 | < 20000 3
2
0 o} |
1
—-20000 - L 0 -20000 L L L N ) )
~20000 0 20000 40000 60000 80000 100000 120000 ~20000 0 20000 40000 60000 80000 100000 120000
Posicao x (m) Posicao x (m)
Lx=10, Ly=100 Lx=10, Ly=1000
120000 . . . ; . 10 120000 . . : 10
9 9
100000 . 100000 |- 1
8 8
80000 |- 17 . 80000 1 17
g "o
S s
- 46 5 16 2
E 60000 | . £ E 60000 | - £
> 8 > 2
o s o {s =
I 3 o 3
S S
2 40000 . ] 2 i 3
: 1. % & o000 l 14 3
a a
L] 3
20000 - 3 20000 | - 3 =
2 2
O 0
1 1
-20000 L L 0 20000 . . .
—20000 0 20000 40000 60000 80000 100000 120000 00000 0 20000 20000 60000 80000 100000 120000

Posicao x (m) Posicao x (m)



Adveccao 2D

fig = plt.figure()
ax = plt.axes(projection="3d")

surf=ax.plot_surface(xx,yy,h, rstride=2, cstride=10, cmap=cm.jet)
ax.set_zlim(0,10)
fig.colorbar(surf, shrink=0.5)

ax.set_xlabel(u'Posicao x (m)") Perturbagdo t=0s
ax.set_ylabel(u'Posicao y (m)")
ax.set_zlabel(u'Amplitude"')

ax.set_title(u'Perturbacdo t=0 s') Tlo
plt.savefig('fig3d/advection2d-lax-t0@.png") 8 9
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n n
,]+1hk:]+1 ,] 1h k,g—1

for it in ran
hu hxu
hv hxv

for ix in range(1,nx-1):
for iy in range(1l,ny-1):
hP[ix,iy] = (h[ix-1,iy] + h[ix+1,iy]l + h[ix,iy-1]1 + h[ix,iy+1])/4. \
- dt2dx % (hulix+1,iy] - hulix-1,iy]) \
- dt2dy *x (hv[ix,iy+1] - hv[ix, iy-1])



Adveccdo 2D or _ _ or _ oT

ot Ox oy
oh oh oh oh ouh  Ovh
ot Ox oy ot Ox Oy
Discretizacao no esquema de Lax:
hZ,J;l —hE; _uerl,jthrl,j — U1k B kg1 P — Ve
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for iy in range(1,ny-1):

ix=0

hP[ix,iy]l = (h[nx-1,1iy]l + h[ix+1,1iy] + h[ix,iy-1]1 + h[ix,iy+11)/4. \
- dt2dx * (hulix+1,iy] - hulnx-1,iyl) \
- dt2dy % (hv[ix,iy+1] - hv[ix, iy-1])

ix=nx-1

hP[ix,iy] = (h[ix-1,1iy] + h[0,iy] + h[ix,iy-1] + h[ix,iy+1])/4. \

(
- dt2dx * (hul@,iy] - hulix-1,iy]l) \
- dt2dy % (hv[ix,iy+1] - hv[ix,iy-1])

for ix in range(1,nx-1):
1y=0
hP[ix,iy] = (h[ix-1,iy] + h[ix+1,iy] + h[ix,ny-1] + h[ix,iy+1])/4. \
- dt2dx *x (hul[ix+1,iy] - hulix-1,iy]) \
- dt2dy * (hv[ix,iy+1] - hvI[ix,ny-1])

iy=ny-1

hP[ix,iy] = (h[ix-1,1iy] + h[ix+1,iy] + h[ix,iy-1]1 + h[ix,01)/4. \
- dt2dx *x (hul[ix+1,iy] - hulix-1,iy]) \
- dt2dy x (hv[ix, @] - hv[ix,iy-11)
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ix=0; ixm=nx-1; ixp=1

iy=0; iym=ny-1; iyp=1

hP[ix,iy] = 1./4. % (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix, iyp]l) \
- dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy x (hv[ix,iyp] - hv[ix,iym])

ix=nx-1; ixm=nx-2; 1ixp=0

iy=0; iym=ny-1; iyp=1

hP[ix,iy] = 1./4. * (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix, iyp]) \
- dt2dx x (hulixp,iy] - hulixm,iy]l) \
- dt2dy * (hv[ix,iyp] - hv[ix,iym])

ix=0; ixm=nx-1; ixp=1

iy=ny-1; iym=ny-2; 1iyp=0

hP[ix,iy] = 1./4. x (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix,iyp]) \
— dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy x (hv[ix,iyp] - hv[ix,iym])

ix=nx-1; ixm=nx-2; ixp=0

iy=ny-1; iym=ny-2; iyp=0

hP[ix,iy] = 1./4. x (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix,iypl) \
- dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy * (hv[ix,iyp] - hv[ix, iym])
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h[:1=hP[:]

if (it+1)%passo==0:

plt.close()
plt.rcParams|['figure.figsize'] = 8, 6

plt.pcolor(xx,yy,h)

plt.clim(0,10)

cb=plt.colorbar()

cb.set_label(u'Amplitude da perturbacéo')

plt.scatter(xx[ixStation, iyStation], yyl[ixStation, iyStation], c='w', edgecolors='w')

plt.xlabel(u'Posicdo x (m)")
plt.ylabel(u'Posicdo y (m)")
plt.title(u'Perturbacdo t='+ str(itxdt) +' s"')

plt.savefig('fig/advection2d-lax-t'+ str(it) +'.png")
hStation[it] = h[ixStation, iyStation]

close()
rcParams['figure.figsize'] = 8, 6
plot(np.arange(0,nt)*dt/60., hStation)

ylabel(u'Amplitude")

xlabel(u'Tempo (min)")

title(u'Estacao ix='+ str(ixStation) +', iy='+ str(iyStation) +
savefig('advection2d-lax-station-courant'+ str(courant) +'.png')

, courant="+ str(courant))
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for iy in range(1,ny-1):

ix=0

hP[ix,iy]l = (h[nx-1,1iy]l + h[ix+1,1iy] + h[ix,iy-1]1 + h[ix,iy+11)/4. \
- dt2dx * (hulix+1,iy] - hulnx-1,iyl) \
- dt2dy % (hv[ix,iy+1] - hv[ix, iy-1])

ix=nx-1

hP[ix,iy] = (h[ix-1,1iy] + h[0,iy] + h[ix,iy-1] + h[ix,iy+1])/4. \

(
- dt2dx * (hul@,iy] - hulix-1,iy]l) \
- dt2dy % (hv[ix,iy+1] - hv[ix,iy-1])

for ix in range(1,nx-1):
1y=0
hP[ix,iy] = (h[ix-1,iy] + h[ix+1,iy] + h[ix,ny-1] + h[ix,iy+1])/4. \
- dt2dx *x (hul[ix+1,iy] - hulix-1,iy]) \
- dt2dy * (hv[ix,iy+1] - hvI[ix,ny-1])

iy=ny-1

hP[ix,iy] = (h[ix-1,1iy] + h[ix+1,iy] + h[ix,iy-1]1 + h[ix,01)/4. \
- dt2dx *x (hul[ix+1,iy] - hulix-1,iy]) \
- dt2dy x (hv[ix, @] - hv[ix,iy-11)
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1
th':: Z( Z—L

ix=0; ixm=nx-1; ixp=1

iy=0; iym=ny-1; iyp=1

hP[ix,iy] = 1./4. % (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix, iyp]l) \
- dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy x (hv[ix,iyp] - hv[ix,iym])

ix=nx-1; ixm=nx-2; 1ixp=0

iy=0; iym=ny-1; iyp=1

hP[ix,iy] = 1./4. * (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix, iyp]) \
- dt2dx x (hulixp,iy] - hulixm,iy]l) \
- dt2dy * (hv[ix,iyp] - hv[ix,iym])

ix=0; ixm=nx-1; ixp=1

iy=ny-1; iym=ny-2; 1iyp=0

hP[ix,iy] = 1./4. x (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix,iyp]) \
— dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy x (hv[ix,iyp] - hv[ix,iym])

ix=nx-1; ixm=nx-2; ixp=0

iy=ny-1; iym=ny-2; iyp=0

hP[ix,iy] = 1./4. x (h[ixm,iy] + h[ixp,iy] + h[ix,iym] + h[ix,iypl) \
- dt2dx * (hulixp,iy] - hulixm,iy]) \
- dt2dy * (hv[ix,iyp] - hv[ix, iym])



