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5.1 INTRODUCTION

The Earth’s surface environment is an active and complex place, at the interface of the
lithosphere, the hydrosphere, the atmosphere, and the biosphere (Phillips, 1999). An earth
surface system is a set of interconnected components of the earth surface environment that
function together as a complex whole. Earth’s surface modeling is generally defined as a
spatially explicitly digital description of an earth surface system or a component of the earth
surface environment (Yue, 2011).

Surface modeling began to be used in the 1960s, with the general availability of computers
(Lo and Yeung, 2002), but because it requires powerful software and a large amount of spatially
explicit data, its development was limited before the 1990s. The major advances that enabled
the use of surface modeling included trend surface analysis (Ahlberg et al., 1967; Schroeder
and Sjoquist, 1976; Legendre and Legendre, 1983), the digital terrain model (Stott, 1977),
surface approximation (Long, 1980), spatial simulation of wetland habitats (Sklar et al.,
1985), spatial pattern matching (Costanza, 1989), spatial prediction (Turner et al., 1989), and
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modeling costal landscape dynamics (Costanza et al., 1990). Surface modeling has greatly pro-
gressed since the early 1990s, with rapid development of remote sensing (RS) and a geograph-
ical information system (GIS), as well as the accumulation of spatially explicit data.

It was learnt that slope and curvature are significant variables of Earth’s surface analysis in
the early 1980s (Evans, 1980). In fact, a plane curve is uniquely determined by its curvature
and a space curve is uniquely determined by its curvature and torsion if a translation
followed by a rotation is allowed in terms of curve theorems in the plane and in the space
(Spivak, 1979). Following this consideration, two equivalent indexes (EQIs) of curves were
developed respectively for plane curves and space curves to simulate surfaces (Yue and
Ai, 1990) and detect surface changes (Yue et al., 2002) by fitting section lines of a surface
and combining them together.

In the early 2000s, it was found that Earth’s surface systems are controlled by a combination
of global factors and local factors, which cannot be understoodwithout accounting for both the
local and global components. The system dynamic cannot be recovered from the global or local
controls alone (Phillips, 2002). In fact, in terms of the fundamental theorem of surfaces (FTS), a
surface is uniquely defined by the first and the second fundamental coefficients (Somasun-
daram, 2005). The first fundamental coefficients express the information about the details of
the surface, which are observed when we stay on the surface. The second fundamental coef-
ficients express the change of the surface observed from outside the surface (Yue et al., 2015a).

To significantly reduce uncertainty of simulating Earth’s surfaces, we suggest an alterna-
tive method, high accuracy surfacemodeling (HASM), which takes global approximate infor-
mation (e.g., RS images or model simulation results) as its driving field and local accurate
information (e.g., ground observation data and/or sampling data) as its optimum control
constraints (Yue et al., 2007). HASM completes its operation when its output satisfies the iter-
ation stopping criterion which is determined by application requirement for accuracy (Zhao
and Yue, 2014a). A fundamental theorem of earth surface modeling (FTESM) is abstracted on
the basis of applying HASM to simulating surfaces of elevation, soil properties, changes of
ecosystem services, and driving forces of ecosystem changes onmultiscales for about 20 years
(Yue et al., 2016).

5.2 EQUIVALENT INDEXES

For curves in space, the EQI of curves can be formulated as follows in terms of curve
theorem if a translation and a rotation are not allowed (Yue and Ai, 1990):

Eq ¼ 1

S� S0

Z S

S0

�
ðl1ðS0Þ � l2ðS0ÞÞ2 þ ðs1ðsÞ � s2ðsÞÞ2 þ ðk1ðsÞ � k2ðsÞÞ2 þ j n!1ðsÞ � n!2ðsÞj2

�1
2
ds

(5.1)

where ki(s), si(s), and n!iðsÞ are respectively curvature, torsion, direction of curve li (i ¼ 1,2); s
is arc length; li(S0) is the initial of curve li; L ¼ S � S0.

If a Euclideanmotion of a translation and a rotation is allowed, the EQI can be simplified as,

Eq ¼ 1

L

Z S

S0

�
ðk1ðsÞ � k2ðsÞÞ2 þ ðs1ðsÞ � s2ðsÞÞ2

�1
2
ds (5.2)
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For curves in plane, if the Euclidean motion is not allowed, Eq. (5.1) can be expressed as,

Eq ¼ 1

S� S0

Z S

S0

�
ðl1ðS0Þ � l2ðS0ÞÞ2 þ ða1ðsÞ � a2ðsÞÞ2 þ ðk1ðsÞ � k2ðsÞÞ2

�1
2
ds (5.3)

where ki(s) and ai(s) are, respectively, the slope and curvature of curve li (i ¼ 1,2) at an arc
length of s; li(S0) is the initial value.

If the Euclidean motion is allowed, Eq. (5.3) can be simplified as,

Eq ¼ 1

L

Z S

S0

jk1ðsÞ � k2ðsÞjds (5.4)

It can be proven (Yue et al., 1999; Yue and Zhou 1999) that Eq(L1,L2) has the following three
properties: (a) Eq(L1,L2) � 0; Eq(L1,L2) ¼ 0 if and only if L1 ¼ L2; (b) Eq(L1,L2) ¼ Eq(L2,L1); (c)
Eq(L1,L3) � Eq(L1,L2) þ Eq(L2,L3). In functional analysis, Eq(L1,L2) is a kind of distance in met-
ric space of curves (Taylor, 1958).

If curves Li could be simulated as

y ¼ fiðxÞ (5.5)

then, ai and ki can be respectively formulated as

aiðxÞ ¼ dfiðxÞ
dx

(5.6)

kiðxÞ ¼ daiðxÞ
dx

$
�
1þ a2i ðxÞ

��3
2 (5.7)

ds ¼ �
1þ a2ðxÞ�1

2dx (5.8)

where x is abscissa and s is arc length.
Although the EQIs of curves are very useful for curve fitting and comparison, it is

incomplete to use them to simulate surfaces. In fact, a surface is uniquely defined by the first
fundamental coefficients, about the details of the surface observed when we stay on the
surface, and the second fundamental coefficients, the change of the surface observed from
outside the surface, in terms of FTS (Somasundaram, 2005; Yue et al., 2015a).

5.3 HIGH ACCURACY SURFACE MODELING

If {(xi,yj)} is an orthogonal division of a computational domain and h represents the simu-
lation step length, the central point of lattice (xi,yj) could be expressed as (0.5h þ (i�1)

h,0.5h þ (j � 1)h), in which i ¼ 0,1,2, .,I,Iþ1 and j ¼ 0,1,2, .,J,J þ 1. If f
ðnÞ
i;j (n � 0) represents

the iterants of f(x,y) at (xi,yj) in the nth iterative step, in which ff ð0Þi;j g are interpolations based

on sampling values ff i;jg, in terms of numerical mathematics (Quarteroni et al., 2000), the

iterative formulation of the HASM master equation set can be expressed as (Yue et al.,
2013a,b; Zhao and Yue, 2014b),
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where,
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the Christoffel symbols of the second kind at the nth iterative step, which depend only
upon the first fundamental coefficients and their derivatives.

The matrix formulation of HASM master equations can be respectively expressed as,

A$zðnþ1Þ ¼ dðnÞ (5.10)

B$zðnþ1Þ ¼ qðnÞ (5.11)

C$zðnþ1Þ ¼ pðnÞ (5.12)

where A, B, and C represent coefficient matrixes of the first equation, the second equation,
and the third equation; d(n), q(n), and p(n) are right-hand side vectors of the three equations

respectively; zðnþ1Þ ¼ ðf ðnþ1Þ
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If f i;j is the value of z ¼ f(x,y) at the pth sampled point (xi,yj), sp,(i � 1) � J þ j ¼ 1, and

kp ¼ f i;j.There is only one nonzero element, 1, in every row of the coefficient matrix, S, mak-

ing it a sparse matrix. The solution procedure of HASMabc, taking the sampled points as its
constraints, can be transformed into solving the following linear equation set in terms of the
least squares principle:

½AT BT CT l$ST �

2
664

A

B

C

l$S

3
775zðnþ1Þ ¼ ½AT BT CT l$ST �

2
664
dðnÞ

qðnÞ

pðnÞ

l$k

3
775 (5.13)

The parameter l is the weight of the sampling points and determines the contribution of
the sampling points to the simulated surface. l could be a real number, which means all sam-
pling points have the sameweight, or a sector, whichmeans every sampling point has its own
weight. An area affected by a sampling point in a complex region is smaller than in a flat
region. Therefore, a smaller value of l is selected in a complex region and a larger value of
l is selected in a flat region.

Let W ¼ ½AT BT CT l$ST �
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775, then

HASMabc has the following formulation:

W$zðnþ1Þ ¼ vðnÞ (5.14)

If the third equation is deleted in the Eq. (5.9), we can get an equation set as follows:8>>>>>>>><
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Eq. (5.15) has the following matrix formulation:	
A$zðnþ1Þ ¼ dðnÞ

B$zðnþ1Þ ¼ qðnÞ (5.16)

If optimum control constraints are considered, a method for high accuracy surface mod-
eling, termed HASMab, can be formulated as (Yue, 2011),
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s:t: S$zðnþ1Þ ¼ k

(5.17)

According to the Method of LagrangeMultipliers (Kolman and Trend, 1971), Eq. (5.17) can
be transferred into

zðnþ1Þ ¼ �
AT$Aþ BT$Bþ l2$ST$S

��1
�
AT$dðnÞ þ BT$qðnÞ þ l2$ST$k

�
(5.18)

Accuracy of HASMabc is much higher than the one of HASMabwhen the driving field has
a bigger error, while HASMabc is little more accurate than HASMab when the driving field is
relatively accurate (Yue, 2016). HASMabc has a much more complex computation because it
includes the third equation, which makes it need about two times more memory and has
much slower computational-speed compared to HASMab, especially with increase in com-
putational size. In other words, Eq. (5.12) can be ignored to reduce the calculated amount
and improve computational-speed.

5.4 THE FUNDAMENTAL THEOREM OF EARTH’S SURFACE
MODELING AND ITS COROLLARIES

HASM has been successfully applied to constructing digital elevation models (Yue et al.,
2007; Yue andWang, 2010; Yue et al., 2010a, b; Chen and Yue, 2010; Chen et al., 2012, 2013a, b),
modeling surface soil properties (Shi et al., 2011) and soil pollution (Shi et al., 2009) as well as
soil antibiotics (Shi et al., 2016), filling voids in the Shuttle Radar TopographyMission dataset
(Yue et al., 2012), simulating climate change (Yue et al., 2013a, b; Zhao and Yue, 2014a, b), fill-
ing voids on remotely sensed XCO2 surfaces (Yue et al., 2015b), analyzing ecosystem
responses to climatic change (Yue et al., 2015c), and mapping superresolution land cover
(Chen et al., 2015). In all these applications, HASM produced more accurate results than
the classical methods.

A FTESM and its Corollaries have been developed on the basis of summarizing the
successful applications of HASM (Yue et al., 2016): “an Earth’s surface system or a compo-
nent surface of the Earth’s surface environment can be simulated with HASM when its
spatial resolution is fine enough, which is uniquely defined by both extrinsic and intrinsic
invariants of the surface.”

The approaches to Earth surface modeling can be classified into five categories: (1) spatial
interpolation, (2) data fusion, (3) data assimilation, (4) upscaling, and (5) downscaling.
Spatial interpolation is defined as predicting the values of a primary variable at points within
the same region of sampled locations in terms of spatial data in the form of discrete points or
in the form of data partition (Wang and Wang, 2012; Li and Heap, 2014). Data fusion is the
process of integration of multiple data and knowledge streams representing the same real-
world object into a consistent, accurate, and useful representation (Mitchell, 2012). Data
assimilation is the process by which measured observations are incorporated into a system
model (Nichols, 2010).
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The transfer of knowledge from a finer resolution to a coarser resolution is referred to as
upscaling to mostly reduce computational costs (Schlummer et al., 2014). However, spatial
resolutions of many models or data are sometimes too coarse to be used for analyses on
regional or local scales. To overcome this problem, downscaling approaches are developed
to obtain information at finer spatial resolution from the coarser-spatial-resolution models
and data (Zhang et al., 2004).

In terms of the FTESM, the following seven corollaries can be derived:

Corollary 1 (Interpolation): If only an intrinsic invariant is available, HASM can be used
to create the Earth’s surface or a component surface of the Earth’s surface environment
with higher accuracy after the necessary extrinsic invariants have been extracted from the
intrinsic invariant by geostatistics.
Corollary 2 (Upscaling): If a surface on a finer spatial resolution is transferred to the one
on a coarser-spatial-resolution, ground-based observations are necessary to operate
HASM for obtaining higher accuracy.
Corollary 3 (Downscaling): If a surface at a coarse spatial resolution is available, it is
necessary to supplement ground-based observations to obtain a corresponding surface at
finer spatial resolution with higher accuracy by means of HASM.
Corollary 4 (Data fusion): When remotely sensed data from satellites are available,
ground measurements have to be obtained and incorporated before HASM can be used to
generate a more accurate surface.
Corollary 5 (Data fusion): When both remotely sensed data from satellites and ground
measurements are available, HASM can be used to generate a surface that is more accurate
than the one from either the satellite observations or the ground measurements.
Corollary 6 (Data assimilation): When a system model is available, a more accurate
surface can be produced when ground observations are incorporated into the system
model.
Corollary 7 (Data assimilation): When both a system model and ground observations are
available, a surface can be produced by using HASM to incorporate the ground
observations into the system model, which is more accurate than the one either from
system model or from ground observations.

5.5 CONCLUSIONS

Error problems and slow-computational-speed problems are the two critical challenges
currently faced by GIS and Computer-Aided Design Systems (CADS). The method for
HASM provides solutions to these problems that have long troubled GIS and CADS
(Jorgensen, 2011).

HASM can take advantage of limited observation data to construct a continuous surface
by filling missing data, with higher accuracy comparing with the classical methods such
as triangulated irregular network (TIN), inverse distance weighting (IDW), ordinary Kriging
(OK), and Spline (Yang et al., 2015). TIN calculates the value of each point within a triangle by
means of a linear function based on its location, while it ignores nonlinear information and is
unable to represent cliffs, caves, or holes. IDW uses an IDW function to determine the
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interpolation value for any given point within the calculated area, but it fails to incorporate
the spatial structure and ignores information beyond the neighborhood. OK tries to have the
mean residual or error equal to zero and aims at minimizing the variance of the errors, but the
goals are practically unattainable since the mean error and the variance of the errors are
always unknown. Spline is approximately used to simulate surfaces, while few types of sur-
faces fit the formulation of Splines.

HASM can improve the quality of the information so that it is more accurate than would
be possible if the data sources were used individually, by means of its function of data fusion.
Since data from different sources have varying accuracy and coverage, the benefits of this
data fusion include improved system reliability, extended coverage, and reduced uncer-
tainty. HASM can operate data assimilation to use measured observations in combination
with a system model to derive accurate estimates of the current and future states of the sys-
tem, together with estimates of the uncertainty in the estimates.

HASM is able to transfer information from one spatial scale to another with improved
errors, which aremainly caused by the spatial heterogeneity of objects and process nonlinear-
ities, the scale dependency of the characteristics of objects and processes, feedbacks associ-
ated with process interactions at small and large scales, emergent properties that arise at
larger scales through the interaction of small-scale processes, and the time lags of system
response to external perturbation.

The further research focuses of HASM include (1) theoretical analyses of convergence and
stability of numerical solution procedure of HASM equation set, (2) clarification of physical
significance of HASM parameters and variables as well as their effects on solution accuracy
and speed, (3) construction of finite element method of HASM under spherical coordinates,
(4) development of a faster numerical solver by selecting an optimal preconditioning opera-
tor, and (5) parallelization of HASM to find a solution for the problems of large memory
requirements and slow computing speed.

References

Ahlberg, J.H., Nilson, E.N., Walsh, J.L., 1967. The Theory of Splines and Their Application. Academic Press, New
York.

Chen, C.F., Yue, T.X., 2010. A method of DEM construction and related error analysis. Computers & Geosciences 36,
717e725.

Chen, C.F., Yue, T.X., Li, Y.Y., 2012. A high speed method of SMTS. Computers & Geosciences 41, 64e71.
Chen, C.F., Yue, T.X., Dai, H.L., Tian, M.Y., 2013a. The smoothness of HASM. International Journal of Geographical

Information Science 27, 1651e1667.
Chen, C.F., Li, Y.Y., Yue, T.X., 2013b. Surface modeling of DEMs based on a sequential adjustment method. Inter-

national Journal of Geographical Information Science 27, 1272e1291.
Chen, Y.H., Ge, Y., Song, D.J., 2015. Superresolution land-cover mapping based on high-accuracy surface modeling.

IEEE Geoscience and Remote Sensing Letters 12 (12), 2516e2520.
Costanza, R., 1989. Model goodness of fit: a multiple resolution procedure. Ecological Modelling 47, 199e215.
Costanza, R., Sklar, F.H., White, M.L., 1990. Modeling costal landscape dynamics. Bioscience 40 (2), 91e107.
Evans, I.S., 1980. An integrated system of terrain analysis and slope mapping. Zeitschrift für Geomorphologie,

Supplementband 36, 274e295.
Jorgensen, S.E., 2011. Book review. Ecological Modelling 222, 3300.
Kolman, B., Trend, W.F., 1971. Elementary Multivariable Calculus. Academic Press, New York.
Legendre, L., Legendre, P., 1983. Numerical Ecology. Elsevier Scientific Pul. Co., Amsterdam.

REFERENCES 99



Li, J., Heap, A.D., 2014. Spatial interpolationmethods applied in the environmental sciences: a review. Environmental
Modelling & Software 53, 173e189.

Lo, C.P., Yeung, A.K.W., 2002. Concepts and Techniques of Geographic Information Systems. Prentice Hall, Upper
Saddle River, New Jersey.

Long, G.E., 1980. Surface approximation: a deterministic approach to modeling partially variable systems. Ecological
Modelling 8, 333e343.

Mitchell, H.B., 2012. Data Fusion: Concepts and Ideas. Springer-Verlag, Berlin.
Nichols, N.K., 2010. Mathematical concepts of data assimilation. In: Lahoz, W., Khattatov, B., Menard, R. (Eds.), Data

Assimilation: Making Sense of Observations. Springer-Verlag, Berlin, pp. 13e39.
Phillips, J.D., 1999. Earth Surface Systems. Blackwell Publishers, Oxford.
Phillips, J.D., 2002. Global and local factors in earth surface systems. Ecological Modelling 149, 257e272.
Quarteroni, A., Sacco, R., Saleri, F., 2000. Numerical Mathematics. Springer, New York.
Schlummer, M., Thomas, H., Dikau, R., Eickmeier, M., Fischer, P., Gerlach, R., Holzkämper, J., Kalis, A.J.,

Kretschmer, I., Lauer, F., Maier, A., Meesenburg, J., Meurers-Balke, J., Münc, U., Pätzoldg, S., Steininger, F.,
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