
A kinetic view of
Statistical Physics



Emergence over 
the length scales 



Emergence of the 
Physical laws



Many particle systems

Many-particle systems often admit an (analytical) 
statistical description when their number becomes 
large.

In that sense they are simpler than few-particle 
systems. This feature has several diferent names –
the law of large numbers, ergodicity, etc. – and it is 
one of the reasons for the spectacular successes of 
statistical physics.



Non-equilibrium 
Statistical Physics

• there are no basic equations (like
Maxwell equations in 
electrodynamics or Navier–Stokes 
equations in hydrodynamics) from
which the rest follows;
• it is intermediate between
fundamental and applied physics;
• common underlying techniques and
concepts exist in spite of the wide
diversity of the field;
• it naturally leads to the creation of
methods that are useful in 
applications outside of physics (for 
example the Monte Carlo method
and simulated annealing).



Diffusion

For the symmetric diffusion on a line, the probability density, the Prob [particle ∈ (x, x + dx)] ≡ P(x, t) dx
satisfies the diffusion equation:

As we discuss soon, this equation describes the continuum limit of an unbiased random walk. The diffusion
equation must be supplemented by an initial condition that we take to be P(x, 0) = δ(x), corresponding to a walk
that starts at the origin.



The confidence intervals can be obtained from
the following result. 
• Let sn be the position of the walk at step n. 
• The probability that sn is greater than 𝑥 𝑛

approaches, as n approaches infinity, the
probability that the standard normal variable
is greater than 𝑥; see [1], p. 76.
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New York: Wiley, 1968.
[2] H. Ruskeepää, Mathematica Navigator: 
Mathematics, Statistics, and Graphics, 3rd ed., 
San Diego, CA: Elsevier Academic Press, 2009.

https://demonstrations.wolfram.com/SimulatingThe
SimpleRandomWalk/

https://demonstrations.wolfram.com/SimulatingTheSimpleRandomWalk/


Dimensional analysis

What is the mean displacement x? There is no bias, so clearly



Scaling

Let’s now apply dimensional analysis to the probability density P(x,t|D); Since [P] 
= L−1, √Dt P(x, t|D) is dimensionless, so it must depend on dimensionless
quantities only. From variables x, t, D we can form a single dimensionless quantity
x/√Dt

For the diffusion equation, substituting in the scaling ansatz reduces this PDE to 
the ODE



Asymptotic scaling

For the diffusion equation with an initial condition on a finite domain rather
than a point, scaling holds only in the limit x, t → ∞, with the scaling
variable ξ kept finite.



Renormalization

The strategy of the renormalization group method is to understand the behavior on large
“scales” – here meaning long times – by iterating the properties of random walks on smaller
time scales. For the diffusion equation, we start with the identity

Mathematically, the probability distribution after time 2t is given by the convolution of
probability distributions to reach the intermediate time t and the probability distribution to 
propagate from time t to 2t.



Renormalization



Master equation

The symmetric random walk on a 1d lattice has a probability that evolves as

The first two terms on the right account for the increase in Pn because of a hop
from n − 1 to n or because of a hop from n + 1 to n, respectively. Similarly, the
last term accounts for the decrease of Pn because of hopping from n to n +/- 1.



Program

2 Diffusion/Reaction
3 Aggregation
4 Fragmentation
5 Adsorption (definition only)
6 Spin Dynamics 
7 Coarsening



2 Diffusion
https://en.wikipedia.org/wiki/Diffusion

https://en.wikipedia.org/wiki/Diffusion


Random walk



Brownian Motion 
https://en.wikipedia.org/wiki/Brownian_motion

https://en.wikipedia.org/wiki/Brownian_motion


1d Probability: discrete step & time RW

At each step, the walker moves a unit distance to the right with probability p or a unit distance to
the left with probability q = 1 − p. The probability PN (x) that the walk is at x at the Nth step obeys

Notice that the probability ΠN(r) that the walk takes r steps to the right and N − r to the left has the
binomial form

If the random walk starts at the origin, the total displacement will be x = 2r−N.
Using Stirling’s approximation for large N to simplify the binomial distribution we find (check
errata 2 -> 8)

8
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Continuous space n -> x. Taylor expanding the
Master equation, we find the diffusion eq.

Solve using FT

Master equation

Continuous time RW



The Langevin approach 



The Langevin approach 



The Langevin 
approach 



The Langevin 
equation
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Fokker-Planck 

https://en.wikipedia.org/wiki/Fokker–Planck_equation

https://en.wikipedia.org/wiki/Fokker%E2%80%93Planck_equation


Surface 
growth
https://www.youtube.com/wat
ch?v=sQQyvIdW2sc

https://www.youtube.com/watch?v=sQQyvIdW2sc


Surface 
growth
https://www.youtube.com/wat
ch?v=xZfFwZYZOJ0

https://www.youtube.com/watch?v=xZfFwZYZOJ0








Generalizations 

We want to understand how the behavior of a deterministic system changes when it interacts with its
environment. We cannot describe the environment in a precise manner and instead we mimic its
influence on the system as a stochastic force.

Generally Langevin equations are constructed by the following standard procedure:
1. Start with a deterministic equation. Usually it is an ordinary differential equation, but other choices (e.g. 
a difference equation) are also possible.
2. Add a noise term. In the simplest scenario, the noise is assumed to be independent of the underlying
variable, temporarily uncorrelated, and Gaussian.

An ambitious generalization of the Langevin program is to start with a deterministic partial
differential equation. The most important linear partial differential equation is the diffusion equation. 
The most prominent nonlinear generalization to the diffusion equation is the Burgers equation.



Surface growth: Edwards-Wilkinson 

The Edwards–Wilkinson (EW) equation is the diffusion equation with noise:

This Langevin equation has been proposed as a model of surface growth where atoms from an
external source are deposited onto a surface and adsorbed atoms can evaporate.
Depending on the nature of the incident flux, the mobility of the adatoms, and relaxation mechanisms,  
a wide variety of surface morphologies can arise.

A surface is characterized by its height, H(r, t), as a function of transverse coordinates r and time t. It
is more conveniente to consider deviations of the surface from its average height, h(r, t) = H(r, t) − 
<H>. 
A basic goal is to understand the properties of the height function h and its correlation function
<h(r, t)h(r’, t’)> .



Edwards-Wilkinson 



Edwards-Wilkinson 

Viewed as a surface evolution model, the Laplacian is positive near local surface minima (positive 
curvature) and negative near local maxima (negative curvature).
Thus the Laplacian tends to smooth a surface and mimics the influence of the surface tension.
The noise is assumed to be Gaussian with zero mean, independent of h, and spatially and
temporarily uncorrelated. That is,

The competition between the effect of the noise and the Laplacian smoothing leads to a
non-trivial surface morphology.



Edwards-Wilkinson (1d) 



Edwards-Wilkinson (1d) 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (2d) 



Edwards-Wilkinson (any d) 



Edwards-
Wilkinson (d=1) 

Interfacial 
fluctuations
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Edwards-Wilkinson (1d) 



Sir Sam Edwards 



Kardar-Parisi-Zhang 



Kardar-Parisi-
Zhang 



Kardar-Parisi-Zhang
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