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What LSZ (Lehmann—-Symanzik—-Zimmermann) Does

The LSZ reduction formula relates two central objects: S-matrix elements
and time-ordered correlation functions.

A scattering amplitude has the form

Ag = (f,out|i,in) .

A correlation function has the form
Gn(x1, .., xn) = (QT{(x1) - - ¢(xn) }|2) -

LSZ says:

S-matrix element = on-shell amputated connected Green's function.
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Motivation

LSZ reduction provides a relation between the S-matrix and the
correlation functions.

o Let us start with an initial state.

@ The operator a} creates a one-particle state when acting on the
vacuum |0).

@ But this will not be a number eigenstate of the interacting theory.

@ Hence it cannot be used for building initial and final states in a
scattering process.
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Time-dependent operators

In a general Fourier expansion of the Heisenberg field ¢ (we will be
working with scalar fields to start with), there is a time dependence:

d>k ik-x | _t —ik-%
6(%. t) = /(27r A COLEEOF ]

The creation and annihilation operators af(t) and a(t) acquire a time
dependence.

But when we define asymptotic states, we know how the operators work.
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Asymptotic States

Asymptotic one-particle states:

k) = /2wy al(+00) 0)

@ —0o — initial states

@ +oo — final states

With the property
ap(£00) [0) = |0)

and normalization

—,

(kK'Y = (27)® 2wy 6 (k — K')
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Wave Packets

In order for the plane waves of different particles not to interfere, we

build a wave packet:

0=/ (;’75 (K, k) al(e)

with a Gaussian profile

f(E l?) (2m)*/t exp [—(E_ 6)2]

03/2 402

Normalized such that
(0/5 4] j0) =1
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A 2 — 2 Scattering Process

Consider a 2 — 2 scattering process. The initial and final states are
i) = &}(~00) 8)(~o0) |0)
(f] = (0] &3(+00) da(+00)

We now need to relate the scattering amplitude to a correlation function:
(fliy — (0 ¢¢¢¢ |0)

Inverting the Mode Expansion
From the Fourier expansion of ¢, we can extract the creation operator:

1
V2w

a};(t — +00) = — d3x ek~ <8_0> o(x)

t—+oo

where Ay B = A(3,B) — (90A) B.
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Relating in- and out-Operators

To rewrite a scattering amplitude, it is convenient to express 3/ (—o0) in

J
st
terms of &} (+00).

Using the fundamental theorem of calculus:

51(+00) — &/ (—o00) = / e 003/ (t)

Substituting the wave-packet definition:
Bk oo —i e
T T _ . 4 —ik-x
a'(+o0) — a'(—o0) = E f(k, kj)/d X N o [e o &(x)

Expanding the bracket:
0o e B0 9(x)] = e Bo(x) — 6(x) 2 &+
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From Time Derivatives to Klein—Gordon

2

Because k? = m? on-shell,

8(2) e—ik~x — (v2 _ m2) e—ik~x

Integrating by parts (the boundary terms drop for wave packets),

3 . .
.:/%f(k, ki) [ d*x e [0+ m?]¢(x)

—1i
V2w
Key point: this operator annihilates free fields, but not interacting ones

— that is exactly what produces non-trivial scattering.
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Reducing One External Particle: Starting Point

Let us see in detail what we do with this relation between in and out
asymptotic operators. Consider a 2 — 2 scattering amplitude:

A= <p37 P4, OUt|p17 P2, 1D>
Write the asymptotic states using creation/annihilation operators:

|p1, pa,in) = al (p1)al: (p2)[0)

(P3, pa,out| = (0]aout(p3)aout(pa)
Therefore

A = (030t (p3) aout (pa)al, (p1)al, (p2)]0)

Goal of LSZ:

replace asymptotic operators by interacting fields
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The LSZ Identity for One Operator
The LSZ relation is
abui(p) = al,(p) = iZ7/* / d*xe”P (O + m?)g(x)

The factor Z—1/2 corrects this normalisation so that the

creation/annihilation operators produce correctly normalised one-particle
states. Rearrange:

al,(p) = al(p) — iz 7Y/? / d*x e P (0 + m?)¢(x)

Interpretation:
@ a; : incoming particle operator
° alut: outgoing particle operator

@ the integral term measures the effect of interactions
If there were no interactions:

(O+m*)g=0
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Insert the ldentity into the Amplitude

Start from

A = (0la0ut(p3)aout (pa)al, (p1)al. (p2)|0)

Replace only the first incoming operator:

ol (pr) = ol (pr) — iZ722 / d*x e PO+ m?)p(x)

Substitute directly:

A = (0]aout out [alut _jz712 / d*x e PO+ m?)p(x)| al |0)

Now distribute the operators.

Rui Santos (FCUL & CFTC) From LSZ Reduction to Feynman Diagrams 2026 12 /99



-
After Expanding the Bracket

We obtain two terms:

A = -Adisc + -Aint
with

Adisc - <0 | dout dout alut a:n | 0>

and

»Aint = —iZ_1/2 / d4X e_ipX(D + m2)<0|30ut30ut¢(x)ajn|0>

Interpretation:
o first term = disconnected/free propagation
@ second term = genuine interaction contribution

The interacting physics is now encoded in the field insertion ¢(x).
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Analysing the Disconnected Term

Consider

Adisc = <0|aout(p3)aout(p4)alut(p1)ajn(p2) ‘O>

Use the commutation relation:

[a(p), a(9)] = (2wp)(27)*6*(p — q)

Commute a!,(p1) leftward:

out (P3) lut(Pl) out(Pl)aout(P3) + [2out(p3) @ out(pl)]

The commutator produces delta functions.
These correspond to particles propagating freely without interaction.
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Vacuum Annihilation

Recall:
aout|0> = O
and

<0 | aout

Therefore many reordered terms vanish after commuting.
Only terms generated by commutators survive.
Thus the disconnected term reduces to products of delta functions:

3
6>(pi — pj)
These are non-scattering contributions.
LSZ is mainly interested in the connected interacting part.
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Focus on the Interacting Term

The important term is

Aint = —iZ_1/2 / d4X e_ipX(D + m2)<0|30ut30ut¢(x)ajn|0>
Notice what happened:

One external particle operator has been replaced by:

(B3 + m?)(x)

This is the essence of LSZ reduction.

We now repeat the procedure for the remaining asymptotic operators.
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-
Reducing the Next Operator

Apply the same identity again:

aout(p) = am(p) + iz=1/2 / d*y ei”y(D + m2)¢(y)

Each reduction introduces:
@ one spacetime integral
@ one Fourier factor e~
@ one Klein—Gordon operator
@ one field insertion ¢(x)

After reducing all external operators:

A~]I / d*x; =P (O, + m*) (0] Te(x1) - b(xn)|0)
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Where Time Ordering Comes From

Repeated commutations generate step functions:
0(x° - y°)
For two fields:

To(x)(y) = 0(x° — y°)p(x)e(y) + 0(y° — x°)p(y)e(x)

Thus the operator algebra reorganizes naturally into:

(0 Tp(x1) -~ - o(xa)|0)

which is precisely the Green function computed using Feynman diagrams.
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Conceptual Picture of One Reduction Step

The LSZ reduction step does:

aiJrn/out — (D + m2)¢(x)

Meaning:
@ external asymptotic particles are converted into field insertions,

@ operator algebra converts matrix elements into vacuum correlators,

@ the dynamics becomes encoded entirely in Green functions.
After all reductions:

Scattering amplitude = Amputated time-ordered correlator
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Narrow Wave-Packet Limit

If we assume the wave packets to be narrow,
f(k, k) ~ (2m)® /2wy, 6@ (k — k;)

so that the 3 are normalised as the a states.
LSZ Master Formula for Scalars

<f’i> _ /d4X1 d4X2 d4X3 d4X4 eflkl'Xl e*lk2'X2 e+lk3-X3 e+lk4-X4

X (Ox + m2)(DX2 + m2)(DX3 + m2)(DX4 + m2)
x (0] T ¢(x1)9(x2)(x3)P(xa) |0)

Strategy: use the relation between a and ¢, and the time ordering T to
give the correct oo limits.
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N
LSZ for Fermions

For fermionic external states (incoming spinors u, outgoing &; antifermions v, v),
the LSZ formula reads

(out; (p1,81), -+ (Bns 3n) | (P1s51)s s (Bny 5n)i in) =
= disc. terms + (— iZ, 1/2) (- iZ2_1/2)",/d4X1...d4X" d*yi - dby
« eI X Pixi @i X BiYi gt 2o Pl X gt 3By,
x a(py, si)(idy — m)---v(pr,51)(id,, — m)
X (O T [ db(yi) - () 9(xi) - (i) -] [0)

X (=i By — mu(prisi)- (+18  — m) V(B 5)
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N
LSZ for Fermions

@ Each external fermion leg contributes a Dirac operator (i@ — m)

acting on the corresponding spacetime point.
@ Each leg comes with the appropriate spinor u, i, v, v.
@ The wavefunction renormalization 22_1/2 replaces the scalar Z~1/2.

@ The exponentials carry the standard e~P* (incoming) and et/Px
(outgoing) phases.

@ “Disconnected terms” correspond to non-scattering pieces and are
dropped when computing the connected S-matrix.
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Scalar Versus Fermionic LSZ

Scalar field Dirac field
Field ¢(x) (), P(x)
Free equation (O+m?)p=0 (i@ — m)y =0
Inverse propagator p? — m? p—m
External _
. 1 u, i, v,v
wavefunction
LSZ action Amputate scalar legs Amputate spinor legs

In both cases,

S-matrix = on-shell amputated connected correlator.
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From G(xi,...,x,) to Feynman Diagrams

Goal: evaluate the time-ordered correlator

G(x1,- -, Xn) = (O] To(xa)---d(xn) [0)

perturbatively, by expanding in powers of the interaction.

Idea: pass from Heisenberg-picture fields ¢(x) to interaction-picture fields
®in(x), where the time evolution is governed only by the interaction
Hamiltonian.
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Setting the Stage: The Interaction Picture
Split the Hamiltonian:
H = HO + Hint
@ Hy: free part, exactly solvable

@ Hi,t: perturbation

Interaction-picture definitions:

Wi (t)) = eotys(t)), O,(t) = et O et

Schrodinger-like equation for states:

,%W,(t» = Hi(t) [ (1))

with
H/(t) _ elHot Hint e—lHot
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The Evolution Operator

Define U(t, to) so that |¢(t)) = U(t, to)|¢i(to)):

i% U(t, to) = Hi(t) U(t, to), U(ty, o) =1
Integral form:

t
U(i‘7 to) =1- I/ dt; H/(t]_) U(t]_, to)

to

Catch: H;(t1) and H(t2) do not commute in general.
o Cannot simply write U = exp[—i [ H, dt']

@ Need to iterate the integral equation
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The Dyson Formula

[terative Solution

Substitute the equation into itself repeatedly:

U(t,tp) =1+ (—i)/ttdtl Hi(t) + (—i)2/ttdt1/ttldt2 Hi(t )Hi(t2) + - - -

General n-th order term:

t t1 th—1
un =(—i)"/ dtl/ dtg---/ dtn H(t1) - Hi(tn)
to to t

0

Nested limits: t > t; > t, > --- > t, > tg. Latest time on the left.
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Dyson’s Time-Ordering Trick

Define the time-ordered product:

H/(tl)H/(tz) t1 > b

T{H|(t1) Hi(t2)} = {H,(tz)H/(tl) th >t

The nested simplex is one of n! equivalent regions filling the hypercube:

t t 1 [t t
/ dtl/ dty H/(tl)H/(tg) = E/ dtl/ dts T{H/(tl)H[(tQ)}
to to s Jio to

General n-th order:

n

Ul = (_?n /tdtl---dtn T{Hi(t1) - Hi(tn)}
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The Dyson Formula

Dyson series

U(t, to) = T exp [—i/t: dt’ H/(t’)]

=3 C0 Loty T - Fi(e)
n=0 ’ to

Covariant form for the S-matrix (ty — —oo, t — +00):

S= Texp[—i/d4x H/(x)] = Texp [i/d“x ﬁ,(x)]

Lorentz invariance requires microcausality: [H,;(x), H;(y)] = 0 for
spacelike (x — y).
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Heisenberg vs. Interaction Fields

Three Pictures, One Reference Time

At a reference time tp, all pictures coincide:

bs = oH(to) = ¢i(to)

Heisenberg field:
o(x) = M0) gs(x) e~ 0)
Interaction-picture field:

¢1(x) = ePlm0) gg() e Hhlt—0)
Solve the second for ¢s and substitute into the first.
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The Bridge Between Pictures

After substitution:
dH(x) = e/H(t—t0) o—iHo(t—to) é1(x) eiHo(t—to) o—iH(t—to)

Define
U(t, to) = eolt=1) g=iH(t—10)

which satisfies i0;U = H;(t)U with U(tp, to) = 1 — the Dyson operator!

Key relation
r(x) = U'(t, to) d1(x) U(t, to) }

The Dyson operator is exactly what dresses interaction-picture fields into
Heisenberg fields.
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Time-Ordered Products of Heisenberg Fields

Consider (with t; > to):

or(x1)on(x) = Ul(t1, to) 1(x1) U(t1, 12) ¢1(x2) U(ta, to)
using U(ta, tp) = U(ta, to) UT(tp, to).
Extend to large times T — —oo, T' — +o0:

or(x)dn(x) = UN(T', 1) U(T', t1) ¢ (xa) U(t1, t2) b1 (x2) U(t2, T) U(T, to)

The middle factor is exactly:

T{¢1(x1)i(x2) U(T', T)}

because the time-ordered exponential U(T’, T) distributes its H; insertions
around the fields by their time arguments.
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Adiabatic Switching: Selecting |$2)

Expand the free vacuum in eigenstates of full H:

0) = calQ) + > _cnln),  E,>Eg

Evolve from T — —o0:

e~ H(t=T)|0) = goe~Ealt=T|Q) 4 Z cpeEnlto=T)| )

ie prescription: take T — —oo(1 — ie).
@ Phases become e~ /EnlTlg=¢Enl T
o Excited states damped more strongly (since E, > Eq)

@ Only |Q2) survives

Rui Santos (FCUL & CFTC) From LSZ Reduction to Feynman Diagrams 2026

33/99



The Interacting Vacuum

Vacuum Limits

Result:
1) lim ) U(to, T)10)

T——oo(l—ie
9) l 0| U(T', t
< | > T’—>+I0T(1—ie)< | ( O)

Proportionality constants ~ 1/cq and phases will cancel between
numerator and denominator.
Physical assumption: (0|Q2) # 0.

o Fails for spontaneous symmetry breaking

e Fails for confinement / non-perturbative vacua

e Path-integral / Euclidean methods sidestep this
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The Interacting Vacuum

The Gell-Mann—-Low Formula

Substituting and using (Q2|Q) = 1 to fix the normalization:

Gell-Mann—Low formula

0| T{pi(x1) - ¢1(xy) e~ ¥ Hi()}|0)

(QT{n(x1) - dr(xn) }|2) = (0| T{e— 1T < #()}|0)

Everything on the right is computable:
@ Free vacuum |0)
@ Interaction-picture (free) fields ¢,

@ Dyson series in the exponent
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From Correlators to Diagrams

Expanding the Numerator

Power-series expansion:

oo _[WN
Num = ( N? d*y1---d*yn (O T{¢s(x1) - b1 (xa) Hi(y1) - - - Hi(yw)]
N=0 '

Wick’s theorem: a vacuum expectation value of a T-product of free
fields equals the sum of all complete pairings into Feynman propagators:

(01 T{d1(x)¢1(y)}0) = Dr(x = y)

Each term = a Feynman diagram:
o External points: x1,...,Xp
@ Internal vertices: y1,...,yn (from H;)

@ Edges: propagators from Wick contractions
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From Correlators to Diagrams

Vacuum Bubble Cancellation

Every diagram in the numerator factorizes:
(piece with external legs) x (vacuum bubbles)

Summing all numerator diagrams:

Num = [Z(diagrams with external Iegs)} x (0| T{e~"/*1}|0)

The denominator is exactly the sum of all vacuum bubbles:

0| T{e "/ H1}]0) = exp [Z(connected vacuum bubbles)

Result

G (xq,...,xp) = Z(diagrams with external legs, no vacuum bubbles)
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Worked Example: Three Scalar Fields

Goal: compute

GO)(x1, %2, x3) = (Q T{dr(x1) o1 (x2)dri(x3) } Q)

th >t >1t3

so that

T{oH(x1)PH(x2)dH(x3)} = dH(x1)PH(X2)PH(x3)

Why three fields? Minimal non-trivial case showing the chain structure of
U's.
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Step 1: Dress Each Heisenberg Field

Apply o (xi) = UT(t;, to) ¢1(x;) U(t;, to) to each:
PH(x1)pH(x2)PH(x3) =

UT(tl, to)qf)/(Xl) U(tl, to)UT(tQ, to) ¢/(X2) U(tz, to)UT(t3, to) ¢/(X3)U(t3, to)

/ /

—)U(tl,tz) *}U(l’g,@)

Using the composition rule U(ta, to)UT(tp, to) = U(ta, tp):

P (x1)dH(x)or(x3) = Ul (t1, to) d1(x1) U(tr, t2) d1(x2) U(ta, t3) d1(x3) U(t:

Each ¢, is sandwiched by evolution operators bridging adjacent times.
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Step 2: Extend to Asymptotic Times

Introduce T — —oco and T’ — +oo. Insert 1 = UT(T’, t)U(T’, ty) on the
left and 1 = UT(T, to)U(T, to) on the right:

o Left: Ut(t1,t0) = UN(T', 1) U(T, t1)
o Right: U(ts, to) = U(t3, T) U(T, to)

Result:
or(x1)drH(x2)on(x3) = UN(T', 1) C U(T, to)

where the central chain is:

C=U(T', t1) ¢1(x1) U(tr, t2) 1 (x2) U(t2, t3) dy(x3) U(ts, T)
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Step 3: Recognize the Time-Ordered Exponential

Read the chain C left-to-right:

U(T', t1) ¢1(x1) U(tr, t2) di(x2) U(ta, t3) ¢4(x3) U(ts, T)
e — e e e e N e e e e

T —t; 51 t1—t t tr—t3 t3 t3—>T

Operators ordered from latest (T') to earliest (T) — exactly the
time-ordering pattern.

Therefore,
C = T{p1(x1)¢1(x2)di1(x3) U(T', T)} J

The T-symbol distributes the H insertions of U(T’, T) into the gaps:
T—t3,t3 >t th—>t, t1— T

Rui Santos (FCUL & CFTC) From LSZ Reduction to Feynman Diagrams 2026 41/99



The Three-Field Derivation

Step 4: The Substitution Equation

Putting it together:

SH(x1)dH(x2)dr(xs) = UN(T', to) T{i(x1)¢1(x2) s (x3) U(T', T)} U(T, to)

Sandwich between vacua using

2) = lim e Ulto, T)|0), (2] = lim oty OlU(T t0)

(QT{pH(x1)pr(x2)dH(x3) }Q) = N (0] U(T', to) UN( T, to)
T{o1(x1)¢1(x2)pi1(x3) U(T', T)} U(T, to)U(to, T)|0)

with N' = 1/[C% (T")C_(T)] collecting phases and overlaps.
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The Three-Field Derivation

Step 5: Telescoping

The U'’s collapse against the vacuum-projector pieces:

On the left:
(O] U(T",t0) UNT', 1) = (0]
On the right:

U(T, ) U(to, T) |0) = U(T, T)[0) = [0)

Reference time ty disappears — as it must, being arbitrary. Result:

(QIT{pr(x1)¢n(x2)pr(x3) Q) = N (0] T{:(x1)d1(x2)¢1(x3) U(T', T)} |0
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Step 6: Fix the Normalization

Apply the same identity with no field insertions:

1=(QIQ) = V(0] T{U(T', T)}10) = N" (0] U(T", T [0)

Therefore: )

N = o )

This denominator is precisely what cancels the unknown overlap |cq|? and
vacuum energy phases.

Diagrammatically: it will remove vacuum bubbles.
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The Three-Field Gell-Mann—Low Formula

Taking T" — 4o00(1 — i€), T — —oo(1 — ie), and using
U(T',T) = Texp|—i[d*xH,]:

Result for three fields

{01 T{i(x1) b1 (x2) b1 (x3) e/ 4™} o
(QT{dn(x1)dH(x2)dH(x3) H ) = O[T {e 1 4 M7 0y J

Everything on the right involves only:
@ Free vacuum |0)
@ Free fields ¢,

@ Dyson exponential of H;
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The Three-Field Derivation

Lessons from the Three-Field Case
© Chain structure is explicit: n — 1 intermediate U(t;, ti+1) factors
plus two end-cap U's reaching to +oc.

@ T-symbol as a filler: each gap in the field chain is filled by the
time-ordered exponential restricted to that interval. The total
assembles into U(T', T).

© Symmetry restored: though we assumed t; > t, > t3, the final
formula is symmetric in the three fields — the T-symbol absorbs all
3! = 6 orderings.

© Minimal non-trivial vertex:
64 = 6 + 166 +2 perms] + 6P 6V 6!V

If (Q]¢|Q) =0 then GO = G automatically.
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The ¢* Theory

Consider real scalar ¢* theory:
_ 1 P 2 4
= 2 (u00%6 — 1267) — 6"
The interaction Lagrangian is
A 4
Ling = —Eﬁﬁ :

We want to calculate the diagrams contributing to the 2 — 2 scattering
amplitude

g1+ q2 — p1+ p2.

The lowest non-trivial contribution is order .
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The 2 — 2 S-Matrix Element

The relevant S-matrix element is

St = (p1, p2; out|q1, go; in) .

Using LSZ, this can be written in terms of the four-point Green's function:

G(y1,y2,x1,%2) = (Q T{e(y1)P(y2)p(x1)d(x2) }|$2) -

Here:

Xx1,Xp are associated with incoming particles,

y1,y> are associated with outgoing particles.

The physical scattering amplitude comes from the connected part of G.
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LSZ for 2 — 2 Scattering

With external momenta g1, g2 incoming and p1, po outgoing, LSZ gives

S;‘:ionn — /d4y]_ d4y2 d4X1 d4X2 e—|—lp1~y1 e+lp2.y2e—lq1.x1 e—lq2.X2

><(|:|}/1 + /1’2)(['}/2 + /1’2)(|:|>q + /1’2)([')(2 + Nz)Gconn(y17y27X17X2)'

There are also disconnected terms, schematically denoted by
Sf,' _ Sgonn + Sgisc.

For genuine scattering, we focus on Sgo™".
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Four-Point Function in Perturbation Theory

The four-point Green'’s function is

<0‘ T {¢l(y1)¢l(Y2)¢/(X1)¢/(X2)eif d*z Ling(2) } ’0)

G(y17y27X17X2) = R
<0|T {e/fd4z£int(z)}|0>

For

A

»Cint — _47 IR

we expand
ol [d'zLini(2) — 1 _ /%/d“z ¢1(2) + O(N?).

The first connected contribution to 2 — 2 scattering appears at order. \.
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Zeroth Order: No Interaction

At order 9,

GO(y1, y2,x1, %) = (0| T{1(y1) 1 (y2) 1 (x1) b1 (32) }0) -
By Wick’s theorem,

GO = Ar(y1—y2) Ar(a—x2) +AF(y1—x1) AF (y2—x2) +AF (y1—x2) AF (y2—

These are disconnected pairings.

They describe free propagation, not genuine interaction.

Therefore, the connected scattering amplitude starts at order .
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First Order in A

At first order,

G (y1, y2, 31, %) = —% d*z (0| T{1(y1)¢1(y2)p1(x1)d1(x2) 97 (2)}]0) -

The connected part comes from contracting each external field with one of
the four fields at z.

There are 4! such contractions. Therefore,

6B =~ [ d*z8r(n ~ Ak -~ 2)Ar (1 — 2B 2)
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Calculations

Tree-Level Diagram
The first-order connected contribution is the tree-level contact diagram.

X1 i

X2 Y2

Algebraically,
GH = —i)\/d4z Ar(y1 — 2)Ar(y2 — 2)Ar(x1 — 2)AfF(x2 — 2).

The factor 4! from Wick contractions cancels the 1/4! in the interaction

Lagrangian.
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Applying LSZ to the Tree Diagram

Insert
Gc(g)m = —i)\/d4z Ar(y1 — 2)Ar(y2 — 2)Ar(x1 — 2)Ar(xe — 2)
into the LSZ formula.

Each external operator
O+ p?

acts on an external propagator. Using
(Ox + 1) AF(x — 2) = —id®(x — 2),

up to convention-dependent factors of /, LSZ amputates the four external
propagators.

After the x1, x2, y1, y» integrations, only the vertex integral remains:
—i)\/d4z el(Prtp2—a1—aq2)z
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Calculations

Momentum Conservation

The remaining spacetime integral gives the momentum-conserving delta
function:

/d4z elPrtpma=a)z = 2m)*6 ™ (py + p2 — q1 — q2).
Therefore,
Sgom = (21)*0®) (py + p2 — g1 — q2) iM.
For ¢* theory at tree level,
iMiree = —i .

Equivalently,
Mtree = -\

The precise overall i-convention depends on how S =1+ T is defined.
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Next Order: One-Loop 2 — 2 Contribution

At order A2, the four-point function contains two interaction vertices:

(2) 1/ N [ a
G (y17y2>X1;X2):§ —E d*z1d"z

(O T{1(y1)1(y2) 1 (x1) d1 (x2) 7 (21) 67 (22) }10) -
One important connected contribution is the bubble diagram:
X1, Xp —> 21 —> 22 — Y1, Y2.

This is the first loop correction to the 2 — 2 amplitude.
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Calculations

Bubble Contraction in Coordinate Space
One connected Wick contraction gives the structure
Ar(x1 — 21)Ar(x2 — 21) [AF(z1 — 22)° Ar(v1 — 22) AF(y2 — 22).
There is also the contribution with the two vertices exchanged:
71 & 2.

Thus, schematically,

1 .
Géi%oble ~ E(—’A)2 / d*z1 d*z Ar(x1 — 1) AF(x2 — z1)

< [Af(z1 — 2)? Ar(y1 — 2)AF(y2 — 22) + (21 > 22).

The factor 1/2! comes from expanding the exponential to second order.
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Bubble Diagram

The coordinate-space bubble contribution is represented by

X1 i

21 22

X2 Y2

The two internal lines between z; and z, produce the factor

[Af(z — )%

This is a connected one-loop correction to the four-point Green's function.
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Applying LSZ to the Bubble Diagram

The LSZ operators amputate the external propagators:

(D)q + H2)AF(X1 — 21) = —i5(4)(X1 — 21)7
(Oy, + p2)Ar(x2 — 21) = —i0® (x0 — 1),
Oy, + 12)AF(y1 — 22) = —id® (11 — 2),

Oy, + 1) AF(y2 — 22) = =5 (y2 — 2).
After amputation, only the internal bubble remains:

[AF(z1 — 22))°.

So the order-A\? contribution becomes an integral over the two vertex
positions zj, 2.
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Order \? Contribution to S

For the bubble channel shown above, after LSZ we obtain schematically

5(2) _ i )2/d421 d*z e—ila+a) -z g+ilprtp2) 22

2|(

X [AF(Zl — 22)]2
Equivalently,

5;12) 2( I)\)2 / d421 d422 el(P1p2)-22 g—i(a1+a2)2z1 [Af(z1 — 22)]2

This is the coordinate-space form before extracting the
momentum-conserving delta function.
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Change of Variables

Define
P=aq+q=p1+p
Now make the change of variables

r=2z — 2, Z = 2.

Then
z1=2Z+r, 2 =72,

and
d*zy d*z, = d*rd*Z.

The phase factor becomes
e~ iP21gFiP-z2 _ o—iP(Z+1) g+iP-Z _ —iPr

The Z-integral gives momentum conservation:
/d4Z eflprtpraa)? — (2”)45(4)(131 +p2—q1 — q2).
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Bubble Integral in Coordinate Space

After the change of variables, the order-A? bubble contribution becomes
1 : —iP-r
SO — 27)*6™(py + p2 — g1 — 62)5(—A)? / d*re P AF(N))?.

Thus the loop correction is the Fourier transform of
2
[AF(N]”-
In terms of the invariant

s=P =(q+ @)

this is the s-channel one-loop correction.
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Calculations

Bubble Integral in Momentum Space

Using

4 i —il-r
Ar(r) = / (d l e

27)4 02 — p2? + e’

the Fourier transform gives

/d4re_,-p., [AF(r)]Z:/(‘M i i

27)4 02 — 2 +je (P — 0)2 — p? + ie’

Therefore,

o210 d*e i i
iMs _2( ) /(27r)4€2—,u2—|—ie(P—€)2—,u2+ie'

The factor 1/2 is the symmetry factor of the bubble diagram.
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The Three One-Loop Channels

For identical scalar particles, there are three one-loop bubble channels
s=(q1+ @)% t=(q1—p1)? and u = (q1 — p2)?>. Thus the full one-loop
four-point amplitude has the schematic form

MO = 2N [1() + 1(8) + 1(w)],

where

d*e
I(P?) = / S ' —.
(2m)* 02 — 2 +ie (P — £)%2 — pu? + ie
These are the one-loop corrections to the tree-level result
iMiree = —iA.
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Amplitude Through Order \?

Combining tree level and the one-loop bubble corrections,

M= =Xt (N [1(5) + () + ()] + OV,

The corresponding connected S-matrix element is
Sgom = (2m)*0™) (py + p2 — g1 — q2) iM.

So perturbation theory gives

S =1 + tree diagrams + one-loop diagrams + - - - ‘

Each order in A\ corresponds to adding more interaction vertices.
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Calculations

Diagram in Momentum Space

The s-channel one-loop diagram is

P1 k a1

p2 P—k q2
P=p1+p

The loop momentum k is integrated over:
/ d*k
(2m)*
Each internal line contributes a propagator.
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Calculations

Degree of Divergence

At large loop momentum,
K22, (P —k)?~ K2
Therefore,
d*k i i
(2m)* k2 — p? +ie (P — k)2 — p2 + ie

11 1
2 4 _ 4

Using four-dimensional spherical coordinates in momentum space,

I(P?) =

behaves as

d*k ~ k3dk.
Thus,
A 1 N dk
I(P)~ | Kdk—= [ —.
(P7) k# k
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Logarithmic Divergence

The integral
/A dk
k
A
dk
/ =~ log A.

Therefore the one-loop bubble in four-dimensional ¢* theory is
logarithmically divergent:

diverges logarithmically:

I(P?) ~ logA.
This divergence must be handled by renormalisation.

In ¢* theory, the one-loop four-point divergence is absorbed into a
redefinition of the coupling:

A — Aren-
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Result Through One Loop

Including tree level and the one-loop s, t, u channels, the amplitude is

iM= —id+ %(—M)2 [1(s) + 1(t) + I(u)] + O(N?),

where

I(P2)—/ ki j
) @r) k2 — 2 tie (P — k)2 — p2 + e’

The integrals /(s), /(t), and /(u) are logarithmically divergent in four
spacetime dimensions.

Renormalization makes the final physical amplitude finite.
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Example: QED

As another example, consider QED.
The interaction Lagrangian is

Ling = —61;7”111/4#-
Here:

1) = electron field, A, = photon field,
and

e = electric charge.

We consider electron-electron scattering:

e e —e e.
This process is also called Mgller scattering.
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QED Scattering Process
We label the process as
e (q1,n) +e (g2,r2) — € (p1,51) + e (p2, %2).
The relevant S-matrix element is
St = (p1,51; p2,52; 0ut|qu, r; g, r2; in).

At tree level, there are two diagrams because the outgoing electrons are
identical fermions:

t-channel and u-channel exchange.
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Tree-Level QED Diagrams

The two tree-level diagrams are:

qz e ® P2 qz2 ° P2

t-channel u-channel

The minus sign between these two contributions comes from exchanging
identical fermions.
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Calculations

Four-Point Fermion Green's Function

The relevant Green’s function contains four fermion fields:
G(y1,y2,x1,%2) = (O] T{x(y1)¥(y2)P(x1)¥(x2) }0) -
For scattering, LSZ attaches external spinors:

u(gj, r;) for incoming electrons,

and
u(p;j,s;) for outgoing electrons.

The amplitude is obtained from the connected amputated four-point
function:

A = (p1,s1)a(p2,52) Gamp(qr, r1)u(qo, r2).
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Perturbative Expansion in QED

The interacting Green's function is generated by

exp [i / d4z£int(z)} :

Lint(z) = —ed—)(z)’yuw(z)Au(z)'

For QED,
Thus,
i/d4z£int(z) = —ie/d421/_1(z)7“1/)(z)A“(z).

The first non-zero contribution to e"e~ — e~ e~ is second order:

1
E(—ie)2 / d*zy d*z.

One photon must be emitted at one vertex and absorbed at the other.
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Calculations

Order €2 Green's Function

At order €2,

G(z) = %(—ie)2 / d4Z]_ d422

x (O] T{xh(y1)v (y2) P (31 )P () (2 )7 (1) Aru(21)(22)7 1 (22) A (22) }0)

The photon fields contract as
(0] T{A(21)Av(22)}[0) = Dy (21 — 22).-

The fermion fields contract into electron propagators connecting external
points to the vertices.
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Calculations

Photon Propagator

In Feynman gauge, the photon propagator is

d*k — I8 ik (x—
Duu(x—y)z/(%)z;me .

In momentum space,

_ig v
Dy (k) = 5 :ie.

Each QED vertex contributes

—ieyH.

Therefore, the tree-level QED amplitude comes from:

fermion current X  photon propagator x  fermion current.
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Calculations

Fermionic Wick Contractions

For fermion fields, Wick contractions acquire signs because the fields
anticommute. For example,

T{1o03¢a}
has contractions such as — —
Y1321)s
and — —
—p10atai)s.

The relative minus sign is the origin of the minus sign between the two
diagrams for identical outgoing electrons.

This is a key difference between scalar and fermionic scattering.
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Direct Channel Amplitude

For the direct channel,

q1 — p1, g2 — p2,

the momentum transferred through the photon is
k=q —p1=p2— q-

The amplitude is

_ig;w

iMe = [a(prs1) (—ler)ulan )] (o

[@(p2, 2)(—iev”)u(qz, r2)]

This is the t-channel contribution.
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Exchange Channel Amplitude

Because the final electrons are identical, there is another contribution:

q1 — p2, q2 — p1-

The momentum transferred is
k=q1—p2=p1—q.

The corresponding amplitude is

M = (P2, 52) i7" Jular, )] e [a(pr. 1) . )]

This term enters with a relative minus sign:

iM=iM¢—iM,.
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Tree-Level Mgller Scattering

Putting both channels together,

— g

iM = [d(p1, s1)(—iey")u(qr, n)] (g — pL)2 + ie

[@(p2, 2)(—ier")u(q2, r2)]

(82, 2)(~ie7")ulan. )] 8 {a(py, s1)(—ien”)udz, r2)].

g1 — p2)? +ie
The connected S-matrix element is

S = (2m)* 0™ (p1 + p2 — g1 — q2) iM.
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Calculations

QED Four-Point Function at Order €2

For electron-electron scattering, the relevant connected Green'’s function
appears at order e:

(—ie)?

Gy1, y2. 31, %) =~ /d421 d*z (0| T{(y1) ¥ (y2) ¥ (x1)1h(x2) }0) 2 -

More explicitly,

6 — % / Az d*2y (O] T {:(y1)(y2) (1) (x2)}0)

x (21 )7V 1h(21) Au(20) P (22)7" Y (22) A (22).
The photon fields must contract with each other:

Au(z1) with Ay (2).
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Calculations

Direct and Exchange Fermion Contractions

Using Wick's theorem, the photon contraction gives
Dyu(z1 — 22).
The fermion contractions give two terms.
The direct term is
S —2)7"S(z1 — x1)S(y2 — 2)77S(z2 — x2).

The exchange term is

S(y2 = 2)7"S(z1 — x1)S(y1 — 2)775(22 — x2).
Because the external particles are identical fermions, the exchange term
enters with a minus sign.

Thus,

—ie)2
G2 — ﬂ / d*z1 d*z Dy (z1 — 25) [direct — exchange] .

conn 2 '
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Connected QED Green's Function

The connected order-e? four-point function is

(—ie)?
2l

Gc(gr)ln(y]-?yQa X1, X2) = / d4Z]_ d4Z2 D,ul/(zl - 22)

xS = 2)7"S(z = x1)S(y2 — 27" S(z2 — %)
=S(y2 —z21)7"S(z1 — x1)S(y1 — 2)7"S(22 — x2) |-

The two terms correspond to the two tree-level diagrams:

direct and exchange.

The relative minus sign is a fermionic sign from exchanging identical
electrons.
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Calculations

Diagrammatic Form

The two terms are represented by

zZ1 Z1
qi e e P1 a1
qz e * P2 a2
V) Z2
direct exchange

The wavy line is the photon propagator

DM,,(Z;[ — 22).

The solid lines are fermion propagators.
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Applying Fermionic LSZ

For external fermions, LSZ amputates the external fermion propagators.
The relevant identities are

(idy — m)S(y — z) = i6®W(y — 2),

and

S(z— x)(—,%x —m) = i®(z - x).

After LSZ amputation, the external propagators are removed and replaced
by spinors: .
S(y - Z) — E(P, s)e-l—lP'Z’

S(z—x) — u(q,r)e %

Thus the Green's function becomes a product of spinor currents connected
by a photon propagator.
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Direct Term After LSZ

For the direct term,

g1 — p1, g2 — p2,
LSZ gives

. 2
Sglirect _ ﬂ / d*z1d*z D, (z1 — 22)

w el (P1=a1)-21 gi(P2—q2)- 22

x [a(py, s1)yv*u(qr, )] [@(p2, s2)7" u(2, 12)] -

The factor of 2 cancels the 1/2! from the expansion:

1
ol 2=1
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Change of Variables

For the direct term, define
X =2z — 22, y =

Then

and the Jacobian is
d*z d*z, = d*x d4y.

The phase becomes
el(P1—a1)-21 oi(p2—q2) 22

— e/(P1tP2=q1=q2)y o 5(PL—Gq1—P2+q2) X

The integral over y gives total momentum conservation.
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Calculations

Momentum Conservation
The y-integral gives
/d4y elPrimma=@)ly — (2m)*6 W (py + p2 — a1 — @2).
Thus,
Sdlrect (271')45 ( p,-)(—ie)2

x [a(pr, s1)v"u(qr, )] [a(p2, s2)7" u(qz, r2)]

% /d4X ei(pl_ql).XD/“,(X),
where momentum conservation has been used to simplify the phase.
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Calculations

Takeaway

The practical recipe is:
© Write the interaction Lagrangian.
@ Expand the time-ordered exponential.
© Apply Wick’s theorem.
@ Draw the corresponding Feynman diagrams.
© Keep connected diagrams for scattering.
Q@ Amputate external legs using LSZ.
@ Put external momenta on shell.
O Read off M.

In short:

Feynman rules are the diagrammatic form of perturbative Green's functions
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Relative Minus Signs in QED

In QED, relative signs between diagrams can appear because fermion fields
anticommute.

When two diagrams differ by an exchange of fermionic operators, Wick’s
theorem gives a relative minus sign.

This is especially important for processes such as:
e e —e e,

and
e et » e et

The first is Mgller scattering. The second is Bhabha scattering. For
Bhabha scattering, two tree-level diagrams contribute:

t-channel photon exchange
and

s-channel annihilation and creation.
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Bhabha Scattering

Consider
e (h1) + et (h) — e (hy)) + et (h)).
Here:
h1 = incoming electron momentum, hy = incoming positron momentum,
hy = outgoing electron momentum, h), = outgoing positron momentum.

The connected S-matrix element has the form
seomn — (2 )46 (hy 4 by — ) — Ho) M.

We now compute the tree-level invariant amplitude.
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Calculations

Tree-Level Diagrams for Bhabha Scattering

There are two tree-level diagrams.

hy

t-channel

o 1 ho

The t-channel is photon exchange.
The s-channel is annihilation into a virtual photon followed by pair

creation.
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QED Ingredients
The QED vertex is

—ieyH.
The photon propagator in Feynman gauge is

_ig/w
D,.(k) = —.
M ( ) k2 Ny
External spinors are:
u(h) for electrons,
v(h) for positrons.

For outgoing particles we use adjoint spinors:

a(h'), v(h).

Thus each diagram becomes a product of two fermion currents connected
by a photon propagator.
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The t-Channel Contribution

In the t-channel, the electron line carries
/
hl —> hl’

and the positron line carries
h2 — h/2

The momentum transferred by the photon is
ki = Hy — hy = hy — ).

Thus
t=kZ=(hy— M)

The corresponding amplitude is

iMe = [a(h)(—iev")u(hr)] # [v(h2)(—iev")v(ha)] -

This is the photon-exchange diagram.
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The s-Channel Contribution

In the s-channel, the incoming electron and positron annihilate into a

virtual photon:

+ +

e e >4 >ee".

The photon momentum is
k5=h1+h2:h/1+hlz.

Thus
s = k2 = (hy + hp)>.

The corresponding amplitude is

iMs = [9(h) ey Yulh)] oy e

This is the annihilation channel.

Rui Santos (FCUL & CFTC) From LSZ Reduction to Feynman Diagrams 2026

B [(;)(—ien")u(B)]

95 /99



Calculations

Relative Sign Between the Diagrams

The two contributions are not simply added with arbitrary signs. The
relative sign is fixed by the ordering of fermionic operators in Wick's
theorem. For the convention used here, the tree-level Bhabha amplitude is

IM=iM¢~+ iMs.
Equivalently,

iM = [a(H,)(—iev*)u(h)] (%:;7% [V(h2)(—iev”)v(h3)]

19 he) (e b)) i [ (e (1)

Different choices for ordering external fermion operators can shift signs

between intermediate expressions, but the physical amplitude is fixed once
a convention is chosen.

Rui Santos (FCUL & CFTC) From LSZ Reduction to Feynman Diagrams

2026 9699



Bhabha Scattering Amplitude

Putting everything together,

seomn — (2 )46 (hy 4 by — Ky — Ho) M.

The tree-level invariant amplitude is

iM = [a(H)(~ier")u(h)] - g"”  [9(ha) (—ier")v(B)]

(o) (—ien™ u(he)] —B22 [a(h;) (—ien”)v ()]

s+ 1€
where
/ 2 2
t:(hl—hl), S:(h1+h2).
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Comparison with Mgller Scattering

For Mgller scattering,
e e —e e,

the two diagrams are t- and u-channel photon exchange.
The amplitude has the structure

iMuioller = IiM¢ — iM,,.

For Bhabha scattering,

+ +

e e —we e,

the two diagrams are t- and s-channel:
iMBhabha = IM¢ + iMs.
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Comparison with ¢* Theory

¢* theory QED
Interaction —%d)“ —eq/_w“wAu
Tree-level vertex —iA —ieyH
Propagator exchanged | None at tree level Photon
Lowest 2 — 2 order A e’

External wavefunctions | Scalar LSZ factors

Spinors u, i

Identical-particle sign

Rui Santos (FCUL & CFTC)

No fermion sign
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