Departamento de Fisica da Faculdade de Ciéncias de Lisboa

Quantum Field Theory 2025/26

Exame Modelo (does not mean that this is the exam...and it will be shorter)

1. Consider a real scalar field with Lagrangian

1 1

L= 3 Lo O p — §m2¢2.

a) Show that under an infinitesimal translation

ot — a2t +a,
the scalar field transforms as

dp(x) = —at0,0(x).
b) Using Noether’s theorem, derive the conserved energy-momentum tensor
.

c) Define
PY = / dx T,

Show that
[P", ¢(z)] = —i0” ¢(x).

d) Suppose the Lagrangian becomes
1 " 1 22 n 2
£:§ 00 (b—§m¢ + Atz 0.

Discuss whether translation invariance and momentum conservation still hold.

2. Consider that ¢(z) is a spin zero free field, solution of the Klein-Gordon equation.
Show that [¢(z), ¢(y)] = 0 for spacelike separated x,y. Why is this essential?

3. Consider the Dirac operator, solution of the Dirac equation

d3k 1 . N, —ik.x T ik
o) = X [ G g [esBr e+ i@ et]

written in terms of creation and annihilation operators, and of the spinors u and v.
a) Write the Hamiltonian, H, as a function of creation and annihilation operators.

b) Show that
o)

i[H, ()] o



4. Consider a real scalar field ¢(z) described by the Lagrangian

A

1 1
S w242

The exact interacting vacuum is denoted by |£2).

a) Explain the meaning of the asymptotic fields ¢;, () and @ou ().

b) Starting from the scattering matrix element (ps, psout | py, po in), derive the LSZ
reduction formula for the connected 2 — 2 scattering amplitude:

4
ZM = H / d4l‘i eipi.xi(a : a’m + mQ)G(4) (.1'1, L2, L3, $4)’
=1

where
G (w1, 29, 23, 24) = (QT{d(21)B(22)d(5)P(24) ).

c) At order X in perturbation theory, the connected four-point Green function is

4
G£4)($1,ZU2,1]3,$4) — (_ZA) /d4ZHAF(xZ — Z)
i=1

Using the LSZ formula and the identity
(0-04+mH)Ap(x —2) = =i 6W(z — 2),

compute the tree-level invariant amplitude M.
d) Consider the process

PP = P

in the canter-of-mass frame. Assuming identical particles and neglecting masses

whenever appropriate, show that the differential cross section is

do X
dQ  12872s’

5. Consider QED with gauge-fixing term
1 1
L=—ZF, F" - —
H 2€

1 (8MA")2 —j"A,.
a) Derive the photon propagator in a general covariant gauge.

b) Show that the tree-level amplitude for the scattering of two conserved currents

. i [ (J1-k)(J2-k)
M=o gz = (L= 57—
is independent of the gauge parameter £ (use current conservation 0 - j = 0).

c¢) Explain why gauge fixing changes the propagator but not physical observables.



6. Consider the Lagrangian density

L=(Du01) Doy — midion + (0u02) 05 — mddin — (F*
where F),, = 0,A,—0,A,, ¢1 and ¢, are complex scalar fields and D, is the covariant
derivative.
a) Show the Lagrangian is invariant under a global U(1) transformation ¢; — e~¢;
and ¢y — e “¢,. Find the corresponding conserved current.
b) Show the Lagrangian is not invariant under a local U(1) transformation (A,
transforms as A, — A, + 10,¢, where e is the electric charge).
c) How do we have to modify the Lagrangian to make it invariant under a local

U(1) transformation?

7. The Parity operator for a scalar field can be written as

T

P=¢* with X = {— 5 /d3kz {a'(k)a(k) — npa'(k)a(—k)}

where np = £1. Show that the Parity operator does not commute with the Momen-
tum 15,

P= /d3k kat(k)a(k).

Explain why.

8. Consider the following Lagrangian, where ¢, is a real scalar field, ¢, is a complex
scalar field, 7 is a fermion field and A, is a spin 1 field,

1 - - 1
L = = $F? 00,0 — mut) + 50,61 061 + 0,63 060 — m* 63,

+ oy Yy + B A + k161 (0502) + Ko A A" G30n + K30, A"

a) Identify the particles in the Lagrangian by stating their mass and spin. Identify
the interaction terms and the dimension of all coupling constants.

b) Assuming the Lagrangian is Parity invariant, determine the Parity quantum
numbers of the integer spin particles.

c) What is the effect of the charge conjugation operator on ¢,7 What is the C
number of ¢; considering the Lagrangian is C-invariant?

d) Write one dimension 3 and one dimension 4 terms in the Lagrangian that break
P invariance.

e) Write one extra non-renormalisable term, with at least one fermion. Write a

non-renormalisable P-breaking term with no fermions.



9. Consider the process p~e~ — p~e” in the framework of QED .

a) Use the Feynman rules to find the amplitude for the process.
b) Show that the differential cross section do/dS2, can be written as a function of
the Mandelstam variables, s, t and u as (before starting the calculation set the muon

and electron masses to zero)

do a? s+ u?

- _ = 1
aQ  2s 2 (1)

where a = e?/(4r) is the fine-structure constant.
c) When is the above approximation valid?

10. Consider a real scalar field described by
1 P
Let

GO (21, 29, 5, 24) = (O|T{(21)(22)d(5)$(4) }]0).
a) Using Wick’s theorem, show that for the free theory (A = 0)

G(4)(561, T2, T3, $4) = AF(»"Ul - 96’2)AF(9€3 - 354)
+ Ap(z1 — 23)Ap(z2 — 24)
+ AF(£U1 - x4)AF(~T2 — x3),

where Ap(z — y) is the Feynman propagator. How many distinct contractions con-
tribute?

b) The connected four-point Green’s function is defined as

G£4)($17$2,$37334) = G(4)(:B1,.7:2,a:3,334) - Z GUGP.

pairings

Calculate G in the free theory and explain the physical meaning of the result.
c) To first order in A, write the expression for the connected four-point Green’s
function

G£4) (,Tl, XTo, T3, x4)

using perturbation theory. Draw the corresponding Feynman diagram and show
that

GH = —i)\/d4z Ap(r) — 2)Ap(zo — 2)Ap(z3 — 2)Ap(1y — 2) + O(N?).

Explain why this contribution is connected.



