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Equacao de advecao-difusao.



Adveccao linear LeapFrog

LeapFrog: n= 200, t=100.0, c=0.5
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Equacao de advecao-difusao (linear, 2D)

dT oT aT 0%T 0°T
at 0x dy ( )
u,v = const
Kp = const

E uma simplificacdo (2D, linear) da equacdo (transferéncia de calor num fluido sem fontes de calor):

0 .
i —(. V)0 + kp V%0

Casos particulares: ¥ = 0 (equacdo da difusdo/conducio); kp = 0 (equacido da advecio)



Usando diferencas centradas
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Usando diferencas centradas (Leapfrog explicito com difusdsoemn — 1)
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E condicionalmente estavel.



FTCS (explicito com difusao em n)

n+1 _
Ty " =Ty +

n n n n
Tiv1j—TiZq Tijvr —Tij-1

TAL| —u— YT oA

TRy + Ty = 2T0 TPy + T, — 2T}

i—1,j L] 4 _LJ L

+ Ko Ax? Ay?

E condicionalmente estavel.



Usando diferencas centradas (implicito com difusasoemn + 1)
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E absolutamente estavel, mas requere a solucdo de um sistema de
(muitas) equacdes simultaneas.



Advecao-difusao

import numpy as np

import matplotlib.pyplot as plt

def advdif (imethod,asel,u,kD,nt,dt,passo):
methods=["'FTCS', 'LF']
method=methods [imethod]
timefil=[asel,l1-2*asel,6asel]
nx=500;dx=1;Lx=nx/2*dx
cO=u*dt/dx
cl=u*dt/ (2*dx)
c2=kD*dt/dx**2
c2LF=kD*2*dt/dx**2
x=np.arange (-Lx,Lx,dx)



if u>0:
nvolta=int (2*Lx/u/dt)
nt=nvolta*2+1
passo=nvolta
Wx=10,;x0=0
TI=np.exp (- ( (x-x0) /Wx) **2)
T=np.copy (TI) ; TP=np.copy (T) ; TM=np.copy (T)
plt.plot(x,T,label="'0")
meanT=np.mean (T)
plt.plot([-Lx,Lx], [meanT,meanT],color='gray',6linestyle='dashed',alpha=0.5,1label='Mean')
if method=='LF':
plt.title(r'$%5s,u=%3.1£f,k D=%3.2f,\sigma=%3.2f,\sigma k=%3.2£f$' % (method,u,kD,c0,c2LF))
else:
plt.title(r'$%5s,u=%3.1f,k _D=%3.2f,\sigma=%3.2f,\sigma_k=%3.2f$' % (method,u,kD,cl,c2))
it0=1
if method=='LF':
it0=2
for ix in range (nx):
ixm=ix-1;ixp=ix+1
if ixm<O0:
ixm=nx-1
elif ixp>nx-1:
ixp=0
T[ix]=0.5* (TM[ixm]+TM[ixp]) -u*dt/dx* (TM[ixp] -TM[ixm]) \
+kD*dt* ( (TM[ixm]+TM[ixp] -2*TM[ix]) /dx**2)



for it in range(itO,nt):
for ix in range (nx):
ixm=ix-1;ixp=ix+1
if ixm<0: #fronteira ciclica
ixm=nx-1
elif ixp>nx-1:
ixp=0
if method=='FTCS':
TP[ix]=T[ix] -u*dt/ (2*dx) * (T[ixp] -T[ixm]) \
+kD*dt* ((T[ixm]+T[ixp] -2*T[ix]) /dx**2)
elif method=='LF':
TP[ix]=TM[ix]-u*dt/dx* (T[ixp]-T[ixm]) \
+kD*2*dt* ( (TM[ixm] +TM[ixp] -2*TM[ix]) /dx**2)
if method=='LF':
T=timefil[0] *TM+timefil[1] *T+timefil[2]*TP #filtro temporal
TM=np.copy (T) ; T=np.copy (TP) #update temporal
if it%passo==0:
plt.plot(x,T,label=str(it))
plt.legend()
return cO0,cl,c2



Teste de sensibilidade

asel=0.05; #asel=0.
nt=5001;passo=2500;dt=0.1
for u in[0,2]:
for imethod in[0,1]:
kP=0
plt.figure (figsize= (20,4))
for kD in[0.01,0.1,1,10]:
kP=kP+1
plt.subplot(1l,4,kP)
c0,cl,c2=advdif (imethod,asel,u,kD,nt,dt,passo)
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Alguma difusao estabiliza o FCTS e reduz a dispersao no leapfrog. Muita difusao: instavel
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Estabilidade da solucao da equacao de advecao difusao

Leapfrog:
+1 _ pn—1 _ UAt KDZAt 1 -1 ~1
T =T — e (T — T2 ) +——— ( T2y + Tiva; — 2T
FCTS:
+1 __ uAt KpAt
T =T — o (T — TR ) + s (T + T, — 2T75)

A estabilidade depende dos dois numeros adimensionais

uAt Kp2At _ 1
=—< <=
0= 1 (Numero de Courant),o;, = "z =5 (Leapfrog)
A KpA
o= <1, 0, =225 < 2 (FTCS)
2Ax Ax 2



Teste de sensibilidade a kp: condicao g, < 0.5
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Nao melhora muito...



Adveccao difusao em 2D (leapfrog)

T+l — tn-1

x=np.arange (-Lx,Lx,dx)

yfnp.arange(—Ly,Ly,dy) AL —41ni1] T, 11n2+1 T 1
xis=np.zeros ((nx,ny)) 2 Ax 2Ax

yps=np.zeros ( (nx,ny))

for iy in range(ny):

L i1 -1 -1
for ix in range (nx) : + 8p sz T Ayz
yps[ix, :]=y

TP[ix,iy]=TM[ix,iy]-u*dt/dx* (T[ixp,iy]-T[ixm,6iy])-v*dt/dy* (T[ix,iyp]-T[ix,iym])\
+kD*2*dt* ((TM[ixm,iy]+TM[ixp,iy]-2*TM[ix,iy]) /dx**2+ (TM[ix,iym]+TM[ix,iyp]-2*TM[ix,iy])/dy**2)



Caso 2D Leapfrog = 0

JvDif.by.LF:u=2.0,v=0.0,kp=5.0,0=0.57, filtro = 0.05, t = 10s f.by. LF:u=0.0,v=0.0,kp=5.0,0=0.00, filtro =0.05,t= 10s
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u=2~0
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E possivel estabelecer um método absolutamente estavel
Vamos recordar o teorema do ponto medio

j () dx = £ (©)(b — a)
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a = 0 (FTCS), a = 1 (Implicito), « = 0.5 (semi-implicito, Crank Nicholson)

Na forma matricial, temos um Sistema de equacdes lineares para calcular a
distribuicdo futura de T***(k = 0, ..., N, — 1) = T"+1;

an+1 _ Bn
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MT1+L = pn
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MTn+l = pn
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A matriz M é esparsa (s6 ndo sao ‘0’ a diagonal, subdiagonais e os cantos).
E uma matriz de Toeplitz (os termos de cada diagonal s3o todos iguais)

Os cantos impdem uma condicao fronteira ciclica.
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Wx=10;x0=0;TI=np.exp (- ( (x-x0) /Wx) **2) ; B=np.zeros (TI.shape)
T=np.copy (TI) ; TP=np.copy (T)
start_time=time.process_time()
M=np.zeros ( (nx,nx))
left=alpha*dt* (-u/ (2*dx) -kD/dx**2) ; right=alpha*dt* (u/ (2*dx) -kD/dx**2)
center=(1+2*alpha*dt*kD/dx**2)
for ix in range (nx):
M[ix,ix]=center

f ix i (nx-1) : 4
* Miizix+l]oright Meétodo

for ix in range(0,nx-1):

) 7/ °
M[ix+1,ix]=left m | t
M[O,nx-1]=left; M[nx-1,0]=right | F) |(:| ()

for it in range(l,nt):
for ix in range (nx):
ixm=ix-1;ixp=ix+1
if ixm<O0:
ixm=nx-1
elif ixp>nx-1:
ixp=0
B[ix]=T[ix]+dt* (1-alpha) * (-u* (T [ixp] -T[ixm]) / (2*dx) +kD/dx**2* (T [ixm]+T [ixp] -2*T[ix]))
TP=np.linalg.solve (M,B)
timespent=time.process_time () -start_time



M=np.zeros ( (nx,nx))

TP=np.linalg.solve (M,B)

from scipy.sparse import 1lil matrix
from scipy.sparse.linalg import spsolve

M=1il matrix((nx,nx))
M=M. tocsr ()

TP=spsolve (M,B)

FTCS,u=0.0,kp =1.00,0=0.00,0,=0.10

u:O,kD:].
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from scipy.sparse import 1lil matrix; from scipy.sparse.linalg import spsolve
Wx=10;x0=0;TI=np.exp (- ( (x-x0) /Wx) **2) ; B=np.zeros (TI.shape)
T=np.copy (TI) ; TP=np.copy (T)

start_time=time.process_time()

M=1il matrix((nx,nx)) #M=np. zeros ( (nx,nx))

left=alpha*dt* (-u/ (2*dx) -kD/dx**2) ; right=alpha*dt* (u/ (2*dx) -kD/dx**2)
center=(1+2*alpha*dt*kD/dx**2)

for ix in range (nx):

M[ix,ix]=center 4
for ix in range (nx-1): I\/IetOdO

M[ix,ix+1]=right

] V4 ]
for ix in range(0,nx-1): |mp |C|to
M[ix+1l,ix]=left
M[O,nx-1]=left; M[nx-1,0]=right
M=M. toscr (M) Sparse

for it in range(l,nt):
for ix in range (nx):
ixm=ix-1;ixp=ix+1
if ixm<O0:
ixm=nx-1
elif ixp>nx-1:
ixp=0
B[ix]=T[ix]+dt* (1-alpha) * (-u* (T [ixp] -T[ixm]) / (2*dx) +kD/dx**2* (T [ixm]+T [ixp] -2*T[ix]))
TP=spsolve (M,B) #np.linalg.solve (M,B)
timespent=time.process_time () -start_time



O método implicito

E absolutamente estavel (@ = 1)
Obriga a solugao de um Sistema de N, equag¢des, no caso 1D.
No caso multidimensional isso pode ser proibitivo.

Sendo a matriz dos coeficientes esparsa, existem métodos para reduzir
drasticamente o custo da solucao.



