Chapter 3
Norms

3.1 Banach Spaces

Since their creation by Banach in 1922, normed spaces have played a central role
in functional analysis. Banach spaces are complete normed spaces. Completeness
allows one to prove the convergence of a sequence or of a series without using the
limit.
Definition 3.1.1. A norm on a real vector space X is a function

X->R:u|u
such that

(N1) foreveryue X\ {0}, |lul]| > O;
(N,) forevery u € X and for @ € R, ||au|| = |a| ||ul|;
(N3) (Minkowski’s inequality) for every u,v € X,

Nl + VI < luel| + [IV1]-

A (real) normed space is a (real) vector space together with a norm on that space.

Examples. 1. Let (X, ||.||) be anormed space and let Y be a subspace of X. The space
Y together with ||.|| (restricted to Y) is a normed space.
2. Let (X1, |Il1), (X2, |I.l2) be normed spaces. The space X; X X, together with

llCuer, u2)l| = max({loes |1, [Jua]2)

is a normed space.
3. We define the norm on the space R" to be

X|oo = maX{lel, s IxNI}-

Every normed space is a metric space.
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Proposition 3.1.2. Let X be a normed space. The function
XXX->R:(uv) e |lu-v|
is a distance on X. The following mappings are continuous:

X > R:uw ||ul,
XXX->X:(u,v)—>u+v,
RxX— X:(a,u) — au.

Proof. By Ny and N,
duyv)y=0¢= u=v, du,v)=|-w-v)|l=Iv—ul=dv,u).
Finally, by Minkowski’s inequality,
du,w) < d(u,v) +dv,w).
Since by Minkowski’s inequality,
el = 1] < e = il

the norm is continuous on X. It is easy to verify the continuity of the sum and of the
product by a scalar. O

Definition 3.1.3. Let X be a normed space and (u,) C X. The series Zun

n=0
k

converges, and its sum is u € X if the sequence Zun converges to u. We then
n=0

o0

write Zun =u.

n=0

(o] [0e]

The series Zun converges normally if leunll < 00,
n=0 n=0

Definition 3.1.4. A Banach space is a complete normed space.
Proposition 3.1.5. In a Banach space X, the following statements are equivalent:

o
(a) Z u, converges,
n=0

k
li n=0.
(b) ji)mOOZu 0

j<k n=j+1
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k
Proof. Define S} = Z””‘ Since X is complete, we have

n=0
k
(a) = lim [|S;-S;|=0< Ilim Z i,|| = 0 = b). O
] — ] — il
j<k j<k J

Proposition 3.1.6. In a Banach space, every normally convergent series converges.

Proof. Let Zun be a normally convergent series in the Banach space X.
n=0
Minkowski’s inequality implies that for j < k,

k

k
2 | < D
1

n=j+ n=j+1

Since the series is normally convergent,

k
li all = 0.
Jlim > il

j<k n=j+1

It suffices then to use the preceding proposition. O

Examples. 1. The space of bounded continuous functions on the metric space X,

BC(X) = {u € C(X) : sup |u(x)| < oo},

xeX

together with the norm

llulloo = sup [u(x)l,
xeX
is a Banach space. Convergence with respect to ||.|| is uniform convergence.
2. Let u be a positive measure on £2. We denote by LY(Q, n) the quotient of £1(Q, )
by the equivalence relation “equality almost everywhere.” We define the norm

llly = f ] .
Q

Convergence with respect to ||.||; is convergence in mean. We will prove in
Sect. 4.2, on Lebesgue spaces, that L' (2, 1) is a Banach space.

3. Let dx be the Lebesgue measure on the open subset Q of RY. We denote by L!(Q)
the space L'(Q, dx). Convergence in mean is not implied by simple convergence,
and almost everywhere convergence is not implied by convergence in mean.
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If m(Q) < oo, the comparison theorem implies that for every u € BC(Q),
lllly = f luldx < m(Q)l|ullco-
Q

Hence BC(Q) c L'(Q), and the canonical injection is continuous, since
llee = vili < m(Q)llu — Vl|e.

Proposition 3.1.7. Let u € L'(Q, n). Then for every & > 0, there exists 6 > 0 such
that for every measurable subset A of Q satisfying u(A) < 9, f luldu < e.
A

Proof. Let € > 0. Markov’s inequality implies that for every r > 0 and for every
measurable set A,

f uldp < 1 p(A) + f uldp < 1 p(A) + Ilully 1
A {lul>1}

We choose ¢ = 2||u||; /e and 6 = &/(2¢). We obtain, when u(A) < ¢, that fluld,u <e.
A
O

Definition 3.1.8. A subset S of L'(£, u) is uniformly integrable if for every & > 0,
there exists 6 > O such that for every measurable subset A of Q satisfying u(A) < 9,

supfluld,u <e.
ueS JA

Theorem 3.1.9 (Vitali). Let u(Q) < oo and let (u,) € L'(Q,u) be a sequence
almost everywhere converging to u. Then the following properties are equivalent:

(a) {u, : n € N}is uniformly integrable;
(D) lup —ully = 0,n — oo,

Proof. Assume that (a) is satisfied and let £ > 0. For every n, we have

f tn — wldpt = f =l + f  — uld ()
Q lu,—ul<e |, —ul>e

< gu(Q) + f |undu + f |uldu.
|u,—ul>e lu,—u|>e

There exists, by assumption and Fatou’s lemma, a 6 > 0 such that for every
measurable subset A of Q satisfying u(A) <9,

sup f unldy < 5, f ldu < &. (+)
n A A

By Lebesgue’s dominated convergence theorem and the fact that u(€2) < oo, there
exists m such that for every n > m,
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wlu, —ul > e} <0.

It follows from (x) and (xx) that for every n > m,

‘fmﬁm@sm@mam
Q

Since & > 0 is arbitrary, ||u,, — ul|l; — 0, n — oo.
Assume that (b) is satisfied. For every measurable subset A of 2, we have

flunld,u < fluld,u+||un—u||1-
A A

Let &€ > 0. There exists m such that for every n > m, ||u, — u||; < £/2 and there exists
¢ > 0 such that for every measurable subset A of Q, u(A) < ¢ implies that

fluld,u < 8/2,f|u1|d,u <eg,. ..flum_lldu <e.
A A A

Then for every n, f |upldu < € and {u,, : n € N} is uniformly integrable. m|
A

Theorem 3.1.10 (de la Vallée Poussin criterion). Let S ¢ L'(Q, u) be such that

¢ = sup||ul|; < +co. The following properties are equivalent:
ues

(a) S is uniformly integrable;
(b) there exists an increasing convex function F : [0, co[— [0, co[ such that

tlim F)/t =400 and M = supfF(Iul)dy < o0,
—00 Q

ues

Proof. If S satisfies (b), then for every &€ > 0, there exists ¢ > 0 such that for every
s>t F(s)/s > M/e. Hence for all u € §, we have

f WWSif F(lul)dy < &.
{lul>1) M Jyjus)

We choose 6 = g/t. For every measurable subset A of 2 such that u(A) < ¢ and for
every u € S, we obtain

fluld,u < tu(A) + f luldu < 2e.
A {lu>1}

Markov’s inequality implies that for every u € S and every ¢ > 0,

plul > 1} < lull1/1 < c/t.
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Assume that S satisfies (a). Then there exists a strictly increasing sequence of

integers a, > 1 such that sup luldu < 27". We define f(s) = 0 on [0, 1] and
ueS J{|ul>a,)}
f(s) = f(m) on Jm,m+ 1[, where f(m) is the number of integers n such that a, < m.

f
Let F(r) = ff(s)ds. We choose u € S, and we define b,, = uf|u| > m}. Since
0

fQF(Iul)d,u < fMpfl <ul <2} + (f(D) + fR)l2 < fu] < 3} +---

= > fm)by,
m=1
and
meSZm,u{m<|u|§m+l}§f luldy < 27",
m=ay, m=ay, {lul>a,}
we find that Z F(m)by, = Z by < 1. O
m=1 n=1 m=a,

3.2 Continuous Linear Mappings

On a le droit de faire la théorie générale des opérations sans
définir I’opération que I’on considére, de méme qu’on fait la
théorie de ’addition sans définir la nature des termes a
additionner.

Henri Poincaré

In general, linear mappings between normed spaces are not continuous.

Proposition 3.2.1. Let X and Y be normed spaces and A : X — Y a linear
mapping. The following properties are equivalent:

(a) A is continuous,
Au
(b) ¢ = sup I ||<oo
uz+0

Proof. If ¢ < oo, we obtain
lAu — Avl| = [[A(u = VIl < cllu = VI|.

Hence A is continuous.
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If A is continuous, there exists ¢ > 0 such that for every u € X,
llull = [lu— 0|l <6 = [|Aull = [|Au — AO|| < 1.

Hence for every u € X \ {0},

[Jull 0 Ju|
lAull = —llA (—u)ll <—. O
6 [Jull o

Proposition 3.2.2. The function

|| Au|
lAll= sup ——= = sup [|Aul|
uelX | ”” uelX
#0 [lul| = 1

defines a norm on the space L(X,Y) ={A : X — Y : A is linear and continuous}.
Proof. By the preceding proposition, if A € L(X, Y), then 0 < ||[A|| < co. If A # 0, it
is clear that ||A]| > 0. It follows from axiom N, that

leAll = sup |l@Aull = sup |af||Aull = |al[|All.
ueX uelX
lleell = 1 llell = 1

It follows from Minkowski’s inequality that

A+ B||= sup [[Au+ Bull < sup (||Aull+ [|Bul]) < ||All + [|B]|. O
ueX ueX
[l = 1 llull = 1

Proposition 3.2.3 (Extension by density). Let Z be a dense subspace of a normed
space X, Y a Banach space, and A € L(Z,Y). Then there exists a unique mapping
B e L(X,Y) such that Blz = A. Moreover, ||B|| = ||A]l.

Proof. Letu € X. There exists a sequence (u,) C Z such that u, — u. The sequence
(Au,) is a Cauchy sequence, since

lAu; — Aull < Al luj — well = 0, jok — oo

by Proposition 1.2.3. We denote by f its limit. Let (v,) € Z be such that v, — u.
We have

AV, — Aull < IAI IV — unll < [l (lva = ull + |l = wnll) = 0, 1 — oo

Hence Av,, — f, and we define Bu = f. By Proposition 3.1.2, B is linear. Since for
every n,

lAun|| < [IA] ||zl
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we obtain by Proposition 3.1.2 that
[ Bul| < [|Al| [ul]-

Hence B is continuous and ||B|| < ||A]|. It is clear that ||A|| < ||B||. Hence ||A|| = ||B]|.
If C € L(X,7Y) is such that C|Z = A, we obtain

Cu = lim Cu, = lim Au, = lim Bu, = Bu. |

n—oo n—o00 n—00

Proposition 3.2.4. Let X and Y be normed spaces, and let (A,) C L(X,Y) and
A € L(X,Y) be such that ||A, — A|| = 0. Then (A,) converges simply to A.

Proof. For every u € X, we have

lAnu — Aull = [I(An — Aull < ||A, — All [ul]. ]
Proposition 3.2.5. Let Z be a dense subset of a normed space X, let Y be a Banach
space, and let (A,) C L(X,Y) be such that
(a) ¢ = supllApl| < co;
(b) foreveryv € Z, (A,v) converges.
Then A,, converges simply to A € L(X,Y), and

Al < lim [|A,]].

n—oo

Proof. Letu € X and &€ > 0. By density, there exists v € B(u,&) N Z. Since (A,v)
converges, Proposition 1.2.3 implies the existence of n such that

hk>2n=l|Ay-Ap| <Le
Hence for j, k > n, we have

A ju — Agull < ||Aju — Ap|l + ||Ajv — Apvll + [|Akv — Agul]
<2cllu-v||+e
= 2c+ 1)e.

The sequence (A,u) is a Cauchy sequence, since € > 0 is arbitrary. Hence (A,u)
converges to a limit Au in the complete space Y. It follows from Proposition 3.1.2
that A is linear and that

lAull = lim J|A,ull < 1im [[A,]] {ull.

n—0oo

But then A is continuous and ||A]| < lim ||A,]|. O

n—oo
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Theorem 3.2.6 (Banach-Steinhaus theorem). Let X be a Banach space, Y a
normed space, and let (A,) C L(X,Y) be such that for every u € X,

sup [|A,ull < oo,

n

Then

sup ||A,|| < oo.
n

First Proof. Theorem 1.3.13 applied to the sequence F,, : u — ||A,u|| implies the
existence of a ball B(v, r) such that

c=sup sup |[[A,ull < co.
n ueB(v,r)

It is clear that for every y,z € Y,
Iyl < max{|lz + ylI, [lz = ylI}- (%)
Hence for every n and for every w € B(0,r), ||A,w|| < c, so that
sup Al < ¢/r.
Second Proof. Assume to obtain a contradiction that sup,, ||A,|| = +co. By consider-
ing a subsequence, we assume that n 3" < ||A,||. Let us define inductively a sequence

(u,). We choose uy = 0. There exists v, such that ||v,|| = 37" and %3‘"||An|| < |Apvall.
By (%), replacing if necessary v, by —v,,, we obtain

3 -n
13 Al < lAnvall < |An(tn—1 + va)ll-

We define u,, = u,—; + v, so that ||u, — u,—1|| = 37". It follows that for every k > n,
llux — unll < 37"/2.

Hence (u,) i1s a Cauchy sequence that converges to u in the complete space X.
Moreover,

[l — unll < 37"/2.

We conclude that
|Azull > [|Azunll = [|An(u, — )|
3
> AL =37" = |lu,, —
| II[4 ||t ulll

3 1
>n 3237 = 237" = n/4. O
! [4 2 ] "
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Corollary 3.2.7. Let X be a Banach space, Y a normed space, and (A,) C L(X,Y)
a sequence converging simply to A. Then (A,) is bounded, A € L(X,Y), and

Al < lim [|A,]].

n—oo

Proof. For every u € X, the sequence (A,u) is convergent, hence bounded, by
Proposition 1.2.3. The Banach—Steinhaus theorem implies that supl||A,|| < oo. It

follows from Proposition 3.1.2 that A is linear and

lAull = lim {|A,ull < Lm [JA,]}{lu],

n—oo

so that A is continuous and ||A]| < lim ||4,]|. O

n—o00

The preceding corollary explains why every natural linear mapping defined on a
Banach space is continuous.

Example (Convergence of functionals). We define the linear continuous functionals
f,on L'(]0, 1)) to be
1
(fp,uy = f u(x)x" dx.
0

Since for every u € L'(]0, 1[) such that ||u||; = 1, we have

1
(s ] < fo |u(x)ldx =1,

it is clear that

fall = sup  [(fu,u) < 1.
uell
[leelly =1

Choosing v(x) = (k + 1)x*, we obtain

k+1
1‘ ne = 1 =
kl—{?o(f VE) k1—>r?o k+n+1

It follows that ||f,,|| = 1, and for every u € L'(J0, 1[) such that ||ul|; = 1,

[<fas ] < I full-
Lebesgue’s dominated convergence theorem implies that (f;,) converges simply to
f = 0. Observe that

Al < Lim [|£]].

n—00
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3.3 Hilbert Spaces

Hilbert spaces are Banach spaces with a norm derived from a scalar product.

Definition 3.3.1. A scalar product on the (real) vector space X is a function
XXX->R:(uv) e (uy)

such that

(81) foreveryu e X \ {0}, (ulu) > 0;
(S,) forevery u,v,w € X and for every @, 8 € R, (au + fviw) = a(ulw) + B(v|w);
(83) forevery u,v e X, (uly) = (v|u).

We define ||u|| = V(ulu). A (real) pre-Hilbert space is a (real) vector space together
with a scalar product on that space.

Proposition 3.3.2. Let u,v,w € X and let a,3 € R. Then

(a) (ulav +pw) = a(ulv) + Bulw);
(b) lloull = |a| ||ull

Proposition 3.3.3. Let X be a pre-Hilbert space and let u,v € X. Then

(a) (parallelogram identity) ||u + VIZ + lu = vIP = 2llull> + 2Vl
(b) (polarization identity) (u|v) = %llu +v|)? - illu —v||%;
(c) (Pythagorean identity) (ulv) = 0 & |lu + v||> = ||lul]> + |[VI|>

Proof. Observe that
et + VI = Hlull® + 2(ulv) + I, (+)
llue = VII> = laall> = 2(ulv) + V1%, ()
By adding and subtracting, we obtain parallelogram and polarization identities. The
Pythagorean identity is clear. O
Proposition 3.3.4. Let X be a pre-Hilbert space and let u,v € X. Then

(a) (Cauchy-Schwarz inequality) |(u|v)| < |lull [|v|];
(b) (Minkowski’s inequality) ||u + v|| < |lul| + ||[VII.

Proof. It follows from () and (xx) that for |lu|| = ||v|| = 1,

) < 3 (P + 141P) = 1.

Hence for u # 0 # v, we obtain

()] :‘(L L) <1
leel 111l el ||V
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By () and the Cauchy—Schwarz inequality, we have

2
2 2 2
|W+W|SHMI+ﬂWMM%HMI=UWH+WD- O

Corollary 3.3.5. (a) The function ||u|| = V(ulu) defines a norm on the pre-Hilbert
space X.
(b) The function

XXX - R:(uv)- (uy)
Is continuous.
Definition 3.3.6. A family (¢;),e; in a pre-Hilbert space X is orthonormal if

(ejlex) =1, J=k,
=0, j#k

Proposition 3.3.7 (Bessel’s inequality). Let (e,) be an orthonormal sequence in a
pre-Hilbert space X and let u € X. Then

[o¢]

> en]” < Ml

n=0
Proof. It follows from the Pythagorean identity that

2

k k
lal = flu = > (ulen)en + ) (ulenen
n=0 n=0

2
+ ) |len)|”
n=0

k
= (lu= > (wleen
n=0

k

2
> |(ulen)|”.
n=0
O
Proposition 3.3.8. Let (e, . . ., ex) be a finite orthonormal sequence in a pre-Hilbert
space X, u € X, and xy, ..., x; € R. Then

<

k k
u— Z(u | enen u— Z X,€n
n=0 n=0

Proof. Tt follows from the Pythagorean identity that
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2

u— ) Xpey,

k k
u= >l enen+ Y (] en) = xp)ey
n=0 n=0

k
n=0

k 2k
2
== @l eed| + > |@len -z
n=0 n=0

O

Definition 3.3.9. A Hilbert basis of a pre-Hilbert space X is an orthonormal
sequence generating a dense subspace of X.

Proposition 3.3.10. Let (e,) be a Hilbert basis of a pre-Hilbert space X and let
ue X. Then

(@) u= ) (uleyen;
n=0

(b) (Parseval’s identity) ||u|* = Zl(u | en)lz.
n=0

Proof. Let & > 0. By definition, there exists a sequence X, ..., x; € R such that
J
|| — anenH <eé&.

n=0

It follows from the preceding proposition that for k > j,

k
b= > @l enenl < &.
n=0

Hence u = Z(u | en)e,, and by Proposition 3.1.2,
n=0

2
= lim
k—o0

2 k S
= lim > Jal e = ) @l e
n=0 n=0

O

k
Dl ene,
n=0

k
lim Z(u ley)e,
k—o00
n=0

We characterize pre-Hilbert spaces having a Hilbert basis.

Proposition 3.3.11. Assume the existence of a sequence (f;) generating a dense
subset of the normed space X. Then X is separable.

Proof. By assumption, the space of (finite) linear combinations of (f;) is dense in
X. Hence the space of (finite) linear combinations with rational coefficients of (f;)
is dense in X. Since this space is countable, X is separable. O
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Proposition 3.3.12. Let X be an infinite-dimensional pre-Hilbert space. The fol-
lowing properties are equivalent:

(a) X is separable;
(b) X has a Hilbert basis.

Proof. By the preceding proposition, (b) implies (a).

If X is separable, it contains a sequence (f;) generating a dense subspace. We
may assume that (f;) is free. Since the dimension of X is infinite, the sequence (f;)
is infinite. We define by induction the sequences (g,) and (e,):

eo = fo/llfoll,

n—1
8 = fo= Y (filepes en = galllgall, n>1.
j=0

The sequence (e,) generated from (f,,) by the Gram—Schmidt orthonormalization
process is a Hilbert basis of X. O

Definition 3.3.13. A Hilbert space is a complete pre-Hilbert space.

Theorem 3.3.14 (Riesz—Fischer). Let (e,) be an orthonormal sequence in the

[s¢]

Hilbert space X. The sequence chen converges if and only if Zcﬁ < co. Then

n=0 n=0
(o] 2 (o]
Z cnen|| = Z c2.
n=0 n=0
k
Proof. Define S = chen. The Pythagorean identity implies that for j < k,
n=0

k 2

E Cnén

n=j+1

k

_ 2
-Sa

n=j+1

ISk =S II* =

Hence

k )
lim [|IS;-S P =0 lm » =0 > <.
]j_<) Zo ]]_<) ZO n=j+1 n=0

Since X is complete, (S) converges if and only if Zci < oo. Then chen =

n=0 n=0
klimS k» and by Proposition 3.1.2,
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k 00
: 2 : 2 : 2 2
Him Sy = lim IS,P = lim » 3= ) ;. O
n=0 n=0

Examples. 1. Let ;1 be a positive measure on Q. We denote by L*(Q,u) the
quotient of

LX) = {u e M(Q,p) : fg ul>du < oo}

by the equivalence relation “equality almost everywhere.” If u, v € L2(Q, 1), then
u+vel*Q, (). Indeed, almost everywhere on €2, we have

|u(x) + v(x)[* < 2(ju(x)* + V().

(uly) = f uvdu
Q
on the space L*(Q, u).

The scalar product is well defined, since almost everywhere on £,

We define the scalar product

1
muwun$§qu+qu>

1/2
|Mb=([mWM)~
Q

Convergence with respect to ||.||> is convergence in quadratic mean. We will prove
in Sect. 4.2, on Lebesgue spaces, that L>(Q, ) is a Hilbert space. If u(Q) < oo, it
follows from the Cauchy—Schwarz inequality that for every u € L*(Q, ),

By definition,

wmifww$mmmmu
Q

Hence L*(Q, 1) ¢ L'(Q, 1), and the canonical injection is continuous.
2. Let dx be the Lebesgue measure on the open subset 2 of RY. We denote by L*(Q)
the space L*(Q, dx). Observe that

1 e L*(]1,00) \ L'(]1, oo[) and 1 e L'qo, 1D\ L*(0, 1]).
* Vx

If m(Q) < oo, the comparison theorem implies that for every u € BC(Q),
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2 = f w2dx < m(Q)llull..
Q

Hence BC(2) ¢ L*(Q), and the canonical injection is continuous.

Theorem 3.3.15 (Vitali 1921, Dalzell 1945). Let (e,) be an orthonormal sequence
in L*(a, b]). The following properties are equivalent:

(a) (e,)is a Hilbert basis;

o) f 2
(b) foreverya <t<b, Z(f en(x)dx) =t—a,

n=1

00 b t 2 2
(c) Zf (f en(x)dx) dt = ® za) )
n=1 Y4 a

Proof. Property (b) follows from (a) and Parseval’s identity applied to Xi,.
Property (c) follows from (b) and Levi’s theorem. The converse is left to the reader.
O

2
Example. The sequence e,(x) = \/j sinn x is orthonormal in L%(]0, 7). Since
Vs

2 00

2K (™[ (T 1
— i dx| dt=3 —
ﬂ;ﬁ(gmmx) >

n=1

and since by a classical identity due to Euler,

L
I

n=1

the sequence (e,) is a Hilbert basis of L*(10, ).

3.4 Spectral Theory

Spectral theory allows one to diagonalize symmetric compact operators.

Definition 3.4.1. Let X be a real vector space and let A : X — X be a linear
mapping. The eigenvectors corresponding to the eigenvalue A € R are the nonzero
solutions of

Au = Au.

The multiplicity of A is the dimension of the space of solutions. The eigenvalue A is
simple if its multiplicity is equal to 1. The rank of A is the dimension of the range
of A.
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Definition 3.4.2. Let X be a pre-Hilbert space. A symmetric operator is a linear
mapping A : X — X such that for every u,v € X, (Aulv) = (u|Av).

Proposition 3.4.3. Let X be a pre-Hilbert space and A : X — X a symmetric
continuous operator. Then

Al = sup  |(Aulu)l.

ueX
[leell = 1
Proof. 1tis clear that
a= sup |(Aulu) <b= sup I(Aulv)| = [|A]|.
uelX u,veX
flull =1 [leell = [Vl = 1

If ||u]| = ||v|| = 1, it follows from the parallelogram identity that
1
|(Aulv)| = ZKA(” +Vu+v)— (A= v)lu—v)|

2 2
< e+ vI17 + [lee = vII7]

A~

a
= Z[zuun2 +2|v|P*] = a.

Hence b = a. O

Corollary 3.4.4. Under the assumptions of the preceding proposition, there exists
a sequence (u,) C X such that

llnll = 1, |Auy, — Ayunll — O, 41| = ||A]l.
Proof. Consider a maximizing sequence (u,):

lunll = 1, [(Auylun,)l —  sup  [(Aulu)| = ||A]l.
a2
ull =

By passing if necessary to a subsequence, we can assume that (Au,lu,) — A1,
|41] = ||All. Hence

0 < |Au, — Qjun|* = |Aun|* = 241 (Auylu,) + A |u]1?

< 2/1% —241(Auylu,) = 0, n — oo. O

Definition 3.4.5. Let X and Y be normed spaces. A mapping A : X — Y is compact
if the set {Au : u € X, ||u|| < 1} is precompactin Y.
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By Proposition 3.2.1, every linear compact mapping is continuous.

Theorem 3.4.6. Let X be a Hilbert space and let A : X — X be a symmetric
compact operator. Then there exists an eigenvalue A1 of A such that || = ||A]|.

Proof. We can assume that A # 0. The preceding corollary implies the existence of
a sequence (u,) C X such that

llunll = 1, lAutp, = Aruanll — O, 4] = l|A]l.

Passing if necessary to a subsequence, we can assume that Au,, — v. Hence u,, —
u= /ll_lv, llul| = 1, and Au = Aqu. |

Theorem 3.4.7 (Poincaré’s principle). Let X be a Hilbert space and A : X — X a
symmetric compact operator with infinite rank. Let there be given the eigenvectors
(e1,...,en—1)and the corresponding eigenvalues (A, ..., A,—1). Then there exists an
eigenvalue A, of A such that

14l = max{[(Aulw)| : u € X, |lull = 1, (uley) = ... = (uley-1) = 0}

and A, = 0, n — oo.

Proof. The closed subspace of X
X,={ueX:(ue)=...=(ule,) =0}
is invariant by A. Indeed, if u € X, and 1 < j <n -1, then

(Aulej) = (u|Aej) = Aj(ule;) =0

Hence A, = A is a nonzero symmetric compact operator, and there exist an
eigenvalue A, of A such that |4,| = ||A,|| and a corresponding eigenvector e,, € X,
such that |le,]| = 1. By construction, the sequence (e,) is orthonormal, and the

sequence (|4,|) is decreasing. Hence |1,| — d, n — oo, and for j # k,
lAe; — Aerll” = A5 + A3 — 2d°,  j.k — oo.

Since A is compact, d = 0. O

Theorem 3 4.8. Under the assumptions of the preceding theorem, for every u € X,

the series Z(ulen)en converges and u — Z(ulen)en belongs to the kernel of A:

n=1 n=1

Au = Z Ay (uley)e,. (%)
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k
Proof. Foreveryk > 1, u — Z(ulen)en € Xi+1. It follows from Proposition 3.3.8.

n=1

that

< [|Agll < Akl lull = 0, &k — co.

k
u— (uleye,
n=1

k
Au — Z A (uley)e,
n=1

Bessel’s inequality implies that Zl(ulen)l2 < |lull>. We deduce from the Riesz—

n=1

Fischer theorem that Z(ulen)en converges to v € X. Since A is continuous,

n=1

Av = Z A.(uley)e, = Au

n=1

and A(u —v) = 0. |

Formula (x) is the diagonalization of symmetric compact operators.

3.5 Comments

The de la Vallée Poussin criterion was proved in the beautiful paper [17].
The first proof of the Banach—Steinhaus theorem in Sect. 3.2 is due to Favard
[22], and the second proof to Royden [66].

3.6 Exercises for Chap. 3

. Prove that BC(Q) N L1(Q) c L*(Q).
. Define a sequence (u,) C BC(]0, 1[) such that |[u,||; — O, |lunll, = 1, and
lletnlloo — 0.

3. Define a sequence (u,) C BC(R) N L'(R) such that ||u,||; = oo, |luxll» = 1 and
lunlleo — O.

4. Define a sequence (u,) C BC(]0, 1[) converging simply to u such that ||u,||c =
lletlloo = [ltn — ulleo = 1.

5. Define a sequence (u,) C L'(J0, 1[) such that |ju,l; — O and for every

0 <x<1, lim u,(x) = 1. Hint: Use characteristic functions of intervals.

n—oo

N =

1
6. On the space C([0, 1]) with the norm ||u||; = f |u(x)|dx, is the linear functional
0
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10.

11.

12.

13.

14.

15.

3 Norms

f:CUO0, 1) = R:umu(l/2)

continuous?

Let X be a normed space such that every normally convergent series converges.
Prove that X is a Banach space.

A linear functional defined on a normed space is continuous if and only if its
kernel is closed. If this is not the case, the kernel is dense.

Is it possible to derive the norm on L!(]0, 1[) (respectively BC(]0, 1)) from a
scalar product?

Prove Lagrange’s identity in pre-Hilbert spaces:

2 211112
(l1vllee = lallv]|” = 20zl P11 = 21lul] [Vl lv).

Let X be a pre-Hilbert space and u, v € X \ {0}. Then

Let f, g, h € X. Prove Ptolemy’s inequality:

u %
llull> Ivil?

_ =l
[Jul V]

1A1llg = Al < NIAlHLF = gl + gl = £1I.
(The Jordan—von Neumann theorem.) Assume that the parallelogram identity

is valid in the normed space X. Then it is possible to derive the norm from a
scalar product. Define

1
() = (1l + VI = [l = vI[P).

Verify that
(f +glh) + (f = glh) = 2(flh),

u

(ulh) + () = 2( ; V|h) = (u+ vih).

Let f be a linear functional on L%(]0, 1) such that u > 0 = (f, u) > 0. Prove,
by contradiction, that f is continuous with respect to the norm ||.||,. Prove that
f 1s not necessarily continuous with respect to the norm ||.||;.

Prove that every symmetric operator defined on a Hilbert space is continuous.
Hint: 1f this were not the case, there would exist a sequence (u,) such that
[lu,l = 1 and ||Au,|| — oo. Then use the Banach—Steinhaus theorem to obtain a
contradiction.

In a Banach space an algebraic basis is either finite or uncountable. Hint: Use
Baire’s theorem.
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16. Assume that u(Q) < oo. Let (u,) € L'(Q, ) be such that

(a) supflu,,lfn(l + |u,)du < +o0;
n Q
(b) (u,) converges almost everywhere to u.

Then u,, — u in L'(Q, p).
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