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Introduction

The Objective

For the past quarter of a century it has been the practice in the
physics department of the University of Bristol to include a
‘General Paper’ in the final examination for the honours degree. Its
essential characteristics are that it does not refer directly to the sub-
ject matter of any particular course of lectures; that, for the most
part, the questions do not refer to the more advanced parts of the
three-year curriculum—*difficult questions on elementary physics’
was the original prescription; and that the questions are all of the
problem type, calling for the application of principles which, it is
hoped, the students have mastered. The reason for the introduction
of the general paper was a wish to escape the criticism—not always
unjustified—that success in examinations relied heavily on the
reproduction of material that the student had learned. We wished
to see whether he or she could also use this material. By making the
paper a significant part of the final examination we hoped to
encourage the cultivation of a group of skills which we regarded as
an important constituent of the expertise of the professional
physicist. Briefly, these include the ability to convert a ‘real’
problem into a ‘model’ that is susceptible of quantitative analysis,
by extracting the essential elements; to analyse the behaviour of the
model, making whatever approximations are necessary, and to be
aware of the consequences of these approximations; to dredge up
from his or her store of information items that are relevant to a
question presented out of context; to do rough order-of-magnitude
calculations and to realise when they could be useful.

Although the character of the paper has undergone changes in
detail over the years, the main objectives have remained unaltered.
The questions are sometimes classified under two broad headings—
the ‘well defined’ and the ‘open-ended’—and each year those who
set the paper try to maintain a balance between the two. Although
this dichotomy is a convenient concept, there is, in fact, a con-
tinuous gradation between the two extremes. A really well defined
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vi Thinking Like a Physicist

question has one answer which is right. It will usually call for the
development of a mathematical argument not previously
encountered by the student in quite the same form, and may
combine concepts from different branches of physics, not usually
associated. A related—and very important—type of question
involves the making of some approximations, either physical or
mathematical, in order to obtain an answer which, if it cannot be
described as ‘right’, is at least reasonable. Yet another type will rely
centrally on the making of order-of-magnitude estimates, based on
experience or memory of related problems; these are the ‘back-of-
an-envelope’ calculations which play such an important role in
discussions amongst physicists. Finally, there is the type of gues-
tion in which the emphasis is on ideas, physical intuition or creative
thinking—in the fashionable jargon. There is no ‘right’ answer; in-
deed, there may be no answer at all. It was of this type that one
of our colleagues once said ‘I don’t know the answer—but [ am
sure that I can distinguish a good attempt from a poor one’. Ques-
tions beginning ‘Write an essay on...’, while not forbidden, are not
encouraged. It will be seen that all the types described above, and
others in similar vein, call for the deployment of intellectual skills
that play only a small part in traditional written degree
examinations, yet which are of prime importance in terms of the
ability of a physicist to ‘do’ physics in the real world.

The examination paper that includes these questions usually lasts
for three hours. A wide choice of questions is always given, but the
rubric has varied considerably over the years. ‘Good marks can be
obtained for answers to four questions’ or equivalent wording has
been popular. Currently, the paper is divided into two sections:
part A consists of a considerable number of short questions, all of
which have to be answered, while part B includes longer problems,
from which a choice can be made. Here, as elsewhere, the advant-
age of a larger number of shorter questions is that the influence of
chance on the total performance is reduced: it matters less if the
candidate starts off on the wrong foot, and makes a mess of one.
However, the total exclusion of longer answers would prevent the
use of some types of question thought to be valuable.

The paper has not been popular with students, and their per-
formance on it has been consistently worse than on the remaining,
more traditional papers. The two facts are probably not unrelated.
However, we have been sufficiently convinced of the importance of
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the general paper as part of the assessment of potential physicists
that a good deal of effort has been devoted to altering this reaction.
Some years ago, a similar paper was introduced into the examin-
ation held at the end of the second year, so that by the time the
students take their final examination it is not a novel concept. Prob-
lems classes have been organised, with teaching staff in attendance
to explain to the students how to set about writing an answer and
to give help with carefully chosen examples. Tutors have been
provided with material to help and encourage them to devote some
of their time with their groups to this kind of activity. Problem
sheets, with model answers, have been issued to students to
facilitate private study. However, it has not proved easy to change
the attitudes and habits of study engendered in the class by some
ten years of acquaintance with more traditional examinations. It
does seem that this tradition is now changing in schools: if the
publication of this book can assist that change, and encourage it to
spread into tertiary education, it will have served its purpose.

The Problems

This book contains a selection of the questions that have been used
in Bristol over the past 25 years. It is not a perfectly balanced sam-
ple: well defined problems are over-represented, but a selection of
the more discursive types have been included even though the cor-
responding answers tend to be disproportionately lengthy. The lat-
ter are distinguished by an asterisk placed next to the question, as
are other problems which are unsuitable for examination purposes
because the solution is too lengthy or too difficult, or requires
access to works of reference. Indeed, many of these were not
originally used in examinations, but were prepared for use in
tutorials, to permit tutors to illustrate their exhortations and advice
by reference to a concrete example.

A number of the problems included should be within the com-
petence of a first-year student. No apology is made for this:
experience has shown that degree candidates, deeply involved in
advanced fields of study, have often forgotten how to handle those
basic topics upon which the whole edifice is built and which they
may be called upon to use in their work. On the other hand, a few
problems on more advanced topics such as atomic spectroscopy or
nuclear physics have been included, but these too deal with basic
concepts rather than detailed developments. (The students to whom
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they were presented would not have received instruction in such
matters in the previous session so that, to them, they had something
of the character of ‘general’ questions.) In a similar vein, there are
a few which would have been standard book-work, or too easy, for
a student of, say, engineering or astronomy or even chemistry, but
which are, quite properly, ‘problems’ for a physics student.

The problems are of varying degrees of difficulty, and the
answers of varying length. They are not arranged in any kind of
order. This is quite deliberate: life is like that. All the questions are
original, in the sense that none has been copied directly from
elsewhere. However, it is inevitable that those of us responsible for
devising them may, on some occasions, have made use—consciously
or unconsciously—of an idea which we had seen somewhere else.
Many of the originals were phrased in CGS units. Almost all of
these have been translated into SI, but one or two have deliberately
been left in their original form.

The Solutions

We decided to include the section on answers to make the book
more useful to students—not only to permit them to check their
own work but also, and perhaps even more importantly, to illus-
trate the kind of thinking that the problems were designed to
stimulate. They do not purport to be ‘models’, but they are rather
more than just notes for guidance. In some cases where part of an
answer consists of standard book-work, only a brief outline of the
argument has been given. In others, where the argument is more
subtle, it has been spelled out in greater detail. But in both cases
it will often not be possible to understand what is written without
some thought. This is no bad thing: we do not set out to absolve
the student from the necessity of thinking. It must be emphasised
that where the problem was set as an examination question, the
candidate would not have been expected to produce an answer as
detailed and as complete as many of those printed here. The scripts
would have been marked by an experienced and sympathetic
examiner, and a sensible and intelligent attempt at an answer, even
though far from complete, would often have been considered quite
satisfactory. In a number of instances, attention is drawn to this by
enclosing the additional—‘bonus’—material in brackets in our
answers. A few of the really ‘open-ended’ questions have given rise
to notes of some length: even these do not pretend to be exhaustive
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treatises, but are intended to indicate how a discussion could
ramify in various directions.

On reading through the answers I was struck by the number of
times the words ‘assume’ and ‘approximate’ occurred. This is just
as it should be. The problems call for an element of judgement on
the part of the student which is not often present in the more usual
type of examination question. In the same way, we do not claim
that the answer given is always the only possible answer, or the best
answer. We have taken some trouble to ensure that nothing is
positively wrong but, allowing for human fallibility, even this can-
not be guaranteed. There may be the occasional factor or two out
of place: these, like mice, can creep in everywhere. We would of
course be grateful to be informed of any errors or suggested
improvements, large or small.

We, the authors, are collectively grateful to the University of
Bristol for permission to reprint the questions; and I, the editor, am
even more grateful to those of my colleagues who have laboured so
hard and so long to produce the answers. Any merit which the
volume may possess is, without doubt, due to their efforts; the
defects are probably my fault.

N Thompson
Bristol, 1987
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The Problemnzs






1

A cylindrical piece of steel, of diameter 0.4 mm, is lowered very
carefully on to water.

Show that it may float horizontally with approximately half
its volume above the free surface of the liquid. Assume that the
angle of contact is » radians. (Take the density of steel to be
8.5x10°kgm™3, and the surface tension of water to be
7.0x 1072 Nm~1)

2

A planet forms by the gravitational condensation of an initially
cold, spherical dust cloud. Find an expression for the radius of the
planet if the resulting temperature rise causes the planetary material
to reach its melting point. Estimate this radius, using reasonable
values of the quantities involved, and comment on the result.
Radiation losses may be neglected. (G=6.7x 10"'' m3kg~'s72.)

3

When told that the world record for the pole vault was about 18
feet, the fast-rising athlete Rod Fibreglass told the press, ‘Give me
a pole long enough, and I will raise the record to 30 feet’. Could
he manage it? How high might he get if he tried hard?

4

A capillary tube of radius r is lowered so that it just penetrates the
surface of a liquid of density p, surface tension v and zero viscosity,
which wets the tube. Describe as fully as you can the motion that
ensues.

Liquid helium at temperatures below about 2.2 K approximates
to such a liquid, except that there is a critical fluid velocity V. (with
respect to a containing tube) above which the viscosity is much the
same as for ordinary liquids. What difference would you expect this
to make to the motion?

S

Two soap bubbles, of radii @ and b, coalesce to form a bubble of
radius c¢. If the external pressure is P, find an expression for the
surface tension S in terms of the quantities P, a, b and c.
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If P=1 atmosphere, S=30dyncm™! and the radii are of the
order of 1 cm, comment on this as a method of determining S.

6

In some recent theories of elementary forces the proton is expected
eventually to decay. Derive a lower limit on the proton lifetime
from the fact of your own existence, on the assumption that
humans will die after exposure to 600 rad (1 rad =0.01 Jkg~!
energy absorption). Assume that the proton always decays into a
positron and a neutral pion and that a neutron bound in a nucleus
has the same lifetime and decays into e (*) and a pion (¥).

Discuss how you could raise this limit as much as possible in a
specially designed experiment.

7

The motion of a mass m is controlled by a certain type of spring
which produces a restoring force F=cx® when the mass is dis-
placed by a distance x from its equilibrium position. Discuss
qualitatively the form of the free oscillations of the mass m, and
show that their period 7 is inversely proportional to the amplitude
of oscillation xo. If ¢=10° Nm~? and m =1 kg, make a rough
estimate of the value of r when xp =1 cm.

A large solenoid is required to produce a field of 10 T in a cylin-
drical volume 5 ¢cm in radius and 1 m long. The space available for
the copper windings is 25 ¢m in radius and 1 m long. Two extreme
possibilities for the winding arrangement are:

(i) the ‘Swiss roll’, with a strip of width 1 m wound around a
central tube, which acts as one of the current input connections (the
other being at the periphery);

(ii) the ‘pancake’, with thin discs of outer radius 25 cm, cut
along a radius and connected together so that the current flows in
a helix around the central region of magnetic field; the current is
fed in at the ends of the helix in this arrangement.

Calculate the power needed to produce the required field using
each type of winding. Which is the more efficient, and why? The
resistivity of copper at 300 K is approximately 2 x 10~8 Qm. You
may ignore the space occupied by any insulation, cooling channels
etc inside the windings.
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9

Calculate how long it would take for water to rise to within 1% of
its equilibrium height in a long, vertical capillary tube whose cross
section is a rectangle with dimensions 1 mm X 10~3 mm. Assume
that the surface tension of water is 7.2 X 107> Nm~! and that its
viscosity is 1073 Nsm~2.

10

An air bubble of radius a, rising through a liquid of density ¢ and
viscosity 7, has to displace the surrounding liquid as it moves, and
because of this it behaves as though it had an inertial mass
M =2xoa’/3. If it moves with velocity v, it experiences a retarding
force F=4xqav.

(i) Derive an expression for the vertical distance z moved in
time ¢ if the bubble starts from rest at time ¢ =0, neglecting the
effect of changing hydrostatic pressure on the size of the bubble.

(ii) Discuss qualitatively how the behaviour will be modified by
this effect.

(iii) Again neglecting the complication mentioned in (i),
calculate how long a bubble 1 mm in diameter, starting from rest,
takes to rise (a) Scm and (b) 10cm through water.
(=10"2gem™1's71)

11

A straight tunnel is bored through the earth to connect two points
A and B on the surface. Show that under certain assumptions,
which you should state, the time T to fall freely from A to B is
independent of A and B. Calculate T in minutes, taking the earth’s
radius to be 6400 km.

Comment on the feasibility of a web of such tunnels as a global
transportation system.

Does a straight tunnel provide the quickest connection between
A and B? Discuss briefly.

12

One method of measuring the surface tension vy of a liquid is to
measure the mass m of the drops which drip from the bottom of
a tube of radius r, when the liquid is fed slowly in at the top.
Elementary theory suggests that mg = 2#ry. Experiment shows that
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mg = 2xryf(a/r), where the function f depends on the ratio of r to
a ‘characteristic length’ a of the liquid. Use dimensional arguments
to find the form of a, and discuss qualitatively the form you would
expect for f.

The experiment gives incorrect answers if the drops form too
rapidly. Discuss the physical phenomena which influence the maxi-
mum permissible rate of formation of drops.

13

Sound cannot propagate through a vacuum. In a well known
demonstration of this, an electric bell is hung up inside a bell-jar,
which is then evacuated. Sure enough, as the air pressure is reduced
the noise of the bell becomes fainter and fainter; the bell becomes
quite inaudible when the pressure falls below about 1 cm Hg.
Explain in detail why this demonstration is quite spurious, and
what the true interpretation is.

14

*Given that oil is available as a raw material for domestic heating,
consider the following options.
(i) The oil is burned in a furnace that heats the house directly.

(ii) The oil is burned in a power station to generate electricity,
which is used to heat the house by means of electric fires.

(iii) The oil is burned in a power station to generate electricity,
which is used to heat the house by means of a heat pump.

Discuss the overall efficiency in each case and compare them.

15

You are invited to develop a theory of bottle washing. Assume that
you have a large volume W of clean water and a bottle of volume
B, which contains a small volume D of dirt (W >> B >> D).

When water is put into the bottle the dirt dissolves immediately,
and when the bottle is ‘emptied’ a small residue R of solution
remains. How do you get the bottle as clean as possible using all
the water?

16

A small specimen of material of magnetic susceptibility x is placed
on the axis of a flat circular coil, at some distance from the plane
of the coil, and is made to oscillate back and forth along the axis
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with a small amplitude. A uniform magnetic field parallel to the
axis is established over the whole system. Derive an expression for
the EMF developed in the coil, assuming that the coil radius is very
much less than the coil-specimen distance.

17

A suggested route to controlled nuclear fusion involves heating
plasmas with beams of relativistic electrons. According to a recent
issue of New Scientist, ‘so high is the electric current supported by
beams of this kind that they are self-focusing, being ‘pinched’ by
their own magnetic field’. Discuss this statement.

18

(a) A film of a horse race, taken using a telephoto lens, shows
the horses strangely foreshortened as they gallop towards the
camera.

(b) A photograph of skyscrapers taken with a wide-angle lens
shows them distorted into barrel-like columns.

Explain these observations.

19

Two stars in a binary system have a separation 2r and equal masses
m, and move in circular orbits about their centre of mass. One star
explodes by expelling a small fraction of its mass very rapidly, and
immediately after this its recoil speed is vs, What is the largest value
of vr for which the two stars will remain gravitationally bound?

20

Explain (qualitatively and quantitatively) how the source of the
Mississippi river can be about 5 km closer to the centre of the earth
than is its mouth. (The earth’s radius is 6400 km, the source of the
Mississippi is at latitude S0°N and the mouth is at latitude 30°N.)

21

A glass slide is coated on one side by successive evaporation of a
thin half-reflecting layer of silver, a layer of silica 4000 A thick
with a refractive index u = 1.5, and a second half-reflecting layer of
silver. It is then painted black, leaving clear only a long central strip
60 um wide. The slide is illuminated with a beam of parallel white
light at normal incidence, and the light passing through is collected
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by a large convex lens whose focal length is 20 cm. Describe in a
semi-quantitative manner the variation of illumination in the focal
plane of the lens, assuming a uniform spectral distribution of the
intensity of the incident light.

22

In the ground state of atomic hydrogen, the wavefunction of the
electron is finite (though small) at distances from the nucleus such
that the potential energy is greater than the total energy. Comment
on the probability of observing the electron at such a distance from
the nucleus.

23

An ‘electrostatic precipitator’ could take the form of a rod at a high
potential along the axis of a cylinder. Waste gases containing
dielectric particles (initially uncharged) flow along the cylinder.
Derive an expression connecting the applied potential, the dimen-
sions of the equipment, the mean flow velocity and any other
relevant parameters, which could be used in the design of an
installation to remove the dust.

24

It is well known that in an orbiting space vehicle the occupants can
drift around freely in ‘zero-gravity’ conditions. Assume that you
are in a (strong) spaceship, 100 m long and fairly narrow, which is
in a circular orbit of 1000 km radius around a neutron star, with
its axis always pointing towards the centre of the star. There is an
inspection tunnel running down the centre of the ship. What would
happen if you attempted to float down it? Calculate likely values
of the acceleration observed, assuming that the mass of the star is
3 x 10° earth masses and that the radius of the earth is 6 X 10® m.

Is an orbit such that the axis of the craft always points toward
the star a stable condition? Explain briefly.

23

*A system using a tethered balloon has been proposed as a means
of providing television coverage for an area 1000 km across. How
high would the balloon have to be to be able to transmit to the
whole area by line of sight?

Discuss the suitability of steel or kevlar (a high-strength polymer)
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for the tethering cable. Identify some of the main problems that
would be encountered in making such a system work. (The tensile
breaking strength of steel is 1.6 x 10° Nm~2, that of kevlar is
2.0x 10° Nm~2,

26

A conducting sphere of radius ¢ and mass m, hanging by an elec-
trically conducting wire of length / from an earthed support, is in
equilibrium midway between two vertical parallel earthed metal
plates a distance 2b apart.

The plates are then given potentials + ¥ and — V with respect to
earth. Show that, if V is large enough, the sphere will be attracted
to one or other of the plates, and calculate approximately the least
value of V for which this happens. (Assume b >> a.)

27

A 1 mW laser beam of 2 mm diameter and wavelength 600 nm is
focused by a lens of S mm focal length onto the surface of an opa-
que material.

(i) Neglecting thermal conduction, show that temperatures
similar to that of the surface of the sun could be achieved.

(i) Including thermal conductivity, estimate roughly what
temperature would be reached if the material were lead. Would any
lead melt?

Stefan’s constantis o = 5.7 X 10~ ® Wm~2K ™. The thermal con-
ductivity of lead is 30 Wm™ 'K !,

28

A loop of steel wire, carrying a weight of 10 kg, hangs over a block
of ice at 0°C. Estimate the rate at which the wire sinks through the
ice. To simplify the calculations, assume that the portion of wire
inside the block at any time can be treated as an infinitely rigid
horizontal bar of length 0.2 m and 1 mm square cross section.
(The density of ice is 9.17 X 10%> kg m~3; the latent heat of fusion
of ice is 3.36 X 10° Jkg~!; the thermal conductivity of steel is
63Jm~'s~'K"!; the Clausius—Clapeyron equation is dp/dT =
L/T(v; — v,), where p = pressure, T = temperature, L = latent heat
and v, and v; are specific volumes.)
Comment on any assumptions and approximations made.
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29

A superconductor is effectively a perfect diamagnetic material, so
that B = 0 everywhere inside it. A small bar magnet with a weight
of 3 g and a magnetic moment of 0.1 Am? is lowered towards a
horizontal superconducting plane. At some height above the plane,
the magnet floats freely. Estimate this height.

30

An isolated conducting sphere of radius 10 cm is bombarded by a
broad beam of 1000 eV electrons, with a uniform current density.

Assume that all the electrons that strike the sphere are captured
and that no charge is lost. When a steady state is reached:

What is the potential of the sphere?
What is the charge on the sphere?
What is the field at the surface of the sphere?

Discuss the assumption that no charge is lost.

31

*Tritium decays with a half-life of 12 years and emits a beta particle
whose range in most materials is of the order of a few microns. In
a photographic emulsion, a grain of silver halide containing a beta
track is reducible to silver by normal photographic development.
It is proposed to use this effect to obtain a ‘contact print’ showing
the distribution of water in a frozen, sectioned sample of a clay
previously doped with tritiated water. Estimate the dosage
necessary to get a good print with resolution 10! mm with an
exposure time of one hour. What practical difficulties might arise?

32

In a gas-filled electron multiplier, two regions of low electric field
are separated by an electrode constructed from parallel wires whose
diameters are very much smaller than their separation. The electric
fields in the two regions are normal to the plane of the electrode and
are in the same direction, but may be of different magnitudes. Free
electrons exist in the two regions.

Estimate the fraction of the electrons drifting towards the elec-
trode screen that will penetrate it, in terms of the fields on either
side. Would the situation be changed if the electric fields were very
high? Would the result be different if the device were evacuated?
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33

The uncertainty principle prevents a pencil from balancing on its
tip for longer than about four seconds. Confirm this impertinent
intrusion of quantum mechanics into matters mundane. (Hint:
For a pencil of length / the displacement varies with time as
8(t) = 6o cosh(t/7) + bor sinh(z/7), where 6, and 6, are the initial
small angular displacement and angular velocity away from the ver-
tical, and 7= (2//3g)2)(h =10"3*Js.)

34

A simple pendulum with mass m has a length / which is slowly
decreased by pulling the string up through the point of suspension.
Show, in the limit of small oscillations and slow changes in /, that
the energy of oscillation E is proportional to the frequency f.

35

Huxley is alleged to have said that ‘six monkeys, set to strum
unintelligently on typewriters for millions of years, would be bound
in time to write all the books in the British Museum’. Kittel (Ther-
mal Physics, 2nd edn, p 53) shows that this is nonsense.

Could any array of computers acting at random within the time
and distance scales of our universe produce even a single book? We
can tolerate a proportion of errors (we frequently do): will this
make any difference? Would it make any difference if we were to
be satisfied with any book whatsoever?

36

The ‘gun’ of a CRT consists of a small hot filament F at x =0 and
an aperture at x= d. Between x =0 and x= d a uniform electric
field E accelerates the electrons to velocities which are non-
relativistic but are considerably larger than their initial thermal
velocities. Show that when they arrive at the plane x= d they
appear to have travelled in straight lines (i.e. in field-free space)
from an ‘image’ source I at x= — d.

A uniform magnetic field B is now applied axially. Is it still valid
to regard I as an image of F?

37

The threshold momentum at which an energetic proton may collide
with a stationary free proton to produce a nucleon—antinucleon
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pair can be calculated to be 6.5 GeV/c. Experimentally, the
threshold momentum using a copper target was found to be only
about 4.8 GeV/c. How do you account for this result? State
carefully and precisely how momentum and energy are conserved
in the collision. How do you expect the reaction probability to fall
off well below the ‘ideal’ threshold of 6.5 GeV/c?

38

A rocket is descending to earth with a resultant velocity greater
than that of sound, although its vertical component is less than that
of sound. The effect of the acceleration due to gravity and of the
air resistance may be neglected. Calculate the time of arrival at a
point on the ground of a sound wave from a point on the traject-
ory. Hence show that some points on the ground will experience a
shock wave. Show that the loci of points on the ground at which
the shock wave arrives at a constant time are ellipses.

39

It is proposed to make a man-powered helicopter with a rotor 10 m
in diameter. Assuming that the rotor blows a cylindrical column of
air uniformly downwards, the cylinder diameter being the same as
the rotor diameter, and that the weight of man plus machine is
200 kg, calculate the minimum mechanical power (in watts) that it
is necessary for the man to generate if he is to remain airborne. Is

the system practicable? The density of air is 1.23 kgm 3.

40

*A small particle of graphite, roughly spherical and about 10 gm
in diameter, falls in vacuum through a horizontal beam of 3 keV
protons. It has been shaken loose from a surface about 4 cm above
the top edge of the beam. The proton beam carries a current of
10 mA spread uniformly over a circular cross section 20 mm in
radius. You may assume that a 3 keV proton cannot penetrate
10 um of graphite, so that any proton that hits the graphite stays
in it. How much can you predict about what will happen to the
graphite particle? (C, for graphite is 800 Jkg~'K~1.)

41

A pendulum is made by hanging a heavy steel bar from a horizontal
axle which passes through a hole near one end of the bar. The
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sliding surfaces at the pivot are lubricated in such a way that the
friction between them either (a) increases or (&) decreases as the
sliding velocity increases. The axle is now rotated rapidly at a con-
stant angular velocity and, because of the friction, the equilibrium
position of the bar is slightly deflected from the vertical. Examine
small oscillations of the pendulum about the equilibrium position
under the two conditions (@) and (b).

5)

Show that the conservation of energy and momentum require that
if a collison between a fast electron and an electron at rest is to lead
to the creation of an electron—positron pair, the kinetic energy of
the fast electron must be at least 6mc?, where m is the mass of the
electron.

43

*A sheet of polyethylene (of relative dielectric constant 2.3) is
$ mm thick, and contains a small spherical cavity filled with air at
STP. If the sheet is used as the dielectric in a parallel-plate
capacitor, what is the maximum steady voltage that can be applied
across the capacitor before the air in the cavity breaks down, and
what will happen when it does break down? (Take the breakdown
field of air to be 100 kVem™!.)

How will the breakdown behaviour be modified if the poly-
ethylene, instead of being a perfect insulator, has a very small but
finite conductivity, say 10~ Q@ ' cm™!?

44

Show that a wheel rolling freely on a flat horizontal rough surface
can never be slowed down by static friction. Experimentally, such
wheels do slow down, at a rate corresponding to an effective ‘coef-
ficient of friction’ of less than 0.001, and microscopic examination
fails to reveal any slipping. Suggest a possible mechanism for the
slowing down.

45

According to the Observer Colour Magazine a demi-cannon
recovered from the Tudor ship Mary Rose weighed 5 cwt and fired
a 32 Ib shot. Comment on these figures, assuming that the demi-
cannon had an extreme range of about one mile. (For the purposes
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of this problem, you may take the weights to be 300 kg and 15 kg
respectively, and the range to be 1.6 km.)

46

A total charge —q is spread uniformly on the surface of a thin
insulating spherical shell of radius a. Thus there is no internal field.
A point charge + ¢ is placed at the centre of the sphere. There is
now no external field. The point charge can be displaced a distance
r < a from the centre without the expenditure of any work.
However, this gives the system a dipole moment rq with a corres-
ponding external field. How do you explain the apparent paradox
of the appearance of this external field energy?

47

*In order to ensure safe re-entry into the atmosphere, manned
space vehicles use a heat shield that is able to ablate (evaporate).
Discuss some of the mechanisms by which the kinetic energy of the
vehicle is dissipated on re-entry, and the factors which determine
the rate of ablation.

48

Show that when a plane soap film is punctured, the speed at which
the radius of the hole increases is (27/¢)}/?, where T is the surface
tension of the soap solution and o is the mass per unit area of the
film. How fast is this for a typical bubble?

49

A billiard ball of radius a rests on a table. It is hit with a cue in
such a way that it starts out with speed wo and backspin wy about
a horizontal axis perpendicular to the direction of motion. How
does the subsequent motion depend on the ratio uo/awo?

30

A fuse consists of a short length of fine copper wire, mounted in
a glass tube between end contacts which can be assumed to stay at
room temperature. What determines the current I. at which the
fuse will melt? If a current slightly greater than I. is suddenly
applied, what determines the time the fuse will take to melt?
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51

A simple pendulum consists of a spherical bob hanging from a
thread 1 m long. The upper end of the thread is held between finger
and thumb, and the hand is moved to and fro slightly in a horizon-
tal plane at the natural frequency of the pendulum, to keep it
swinging. It is found that the amplitude of swing of the bob is
0.1 m when the amplitude of motion of the hand is 2.5 x 10™% m.
If the hand is now held still, how long will it take for the amplitude
of the bob to decay to 10/e cm? What else would you need to know
about the pendulum in order to estimate the viscosity of air, and
how reliable do you think this estimate would be?

52

Suppose that you are a consultant in mechanics to the British
Olympic Skating Team, and that you wish to improve their aerial
spins. Devise a simple model for such spins. What aspects of
technique would you advise the team to concentrate on? What
is the maximum number of turns you would expect to be possible
between take-off and landing?

53

*In an experiment to test the self-heating of a platinum resistance
thermometer the following values of / and V were transcribed from
a laboratory notebook.

i(mA) V(uV)
2 2201

3 3302

4 4468

5 5514

6 6624

7 7736

8 8 859

9 9982

10 11109

The uncertainties in ¥ (due to the finite sensitivity of the
galvanometer used in the potentiometer circuit) are expected to be
about 1 uV; the values of / may be assumed to be exact.
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(i) Are there any oddities in the data, and if so, what should
you do about them? Can you explain them?

(ii) Is there any significant self-heating, and if so, how would
you describe it?

(iii) What is the best value of the thermometer resistance for the
purposes of specifying temperature?

(iv) What measuring current would you recommend be used,
and why?

4

It is sometimes stated that it would be possible to construct a
spaceship using a photon drive, which would be able to travel away
from the earth with a speed close to that of light. Assuming that
the fuel consists of equal masses of protons and antiprotons, does
one get a greater final velocity (@) by allowing half the fuel to
annihilate and using the energy released to eject the remaining half
or (b) by allowing all the fuel to annihilate and ejecting photons?

33

*A chemical balance is used to weigh an hourglass. Initially, all the
sand is in the upper half of the hourglass, and the passage to the
lower half is temporarily blocked. At time ¢ = 0 the blockage clears,
and thereafter sand falls continuously into the lower half of the
glass until the upper half has been emptied.

Discuss, as quantitatively as you can, what variation (if any) is
to be expected in the indicated weight of the hourglass during this
process. (The balance is capable of detecting changes in mass of
1 ug, and the hourglass contains 1 kg of sand. The time taken for
the transfer of the sand is, of course, 1 hour.)

56

A steel wire is stretched horizontally between two supports 100 m

apart. If the tension in the wire is half the breaking tension, how

far does the middle of the wire sag below the true horizontal?
If the system is set up on a hot summer’s day, will the wire break

during a cold winter? (The density of steel is 8 x 10° kgm™3;

the tensile strength is 2x10°Nm~2; Young’s modulus is

2% 10" Nm~2; the thermal expansion coefficient is 107K ™}.)
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37

For practical purposes rubber is incompressible, and when a sheet
of it is stretched with equal forces acting in two directions at right
angles within the sheet we find that

a=§(x2— 1/2%)

where o is the true stress, E is Young’s modulus and X\ is the
extension ratio //ly, / being the stretched length of an element whose
unstretched length was /. This relation is valid for 1 < \ < 2; for
larger A, o increases more rapidly.

When a spherical rubber balloon is only slightly inflated it has a
radius ro and a wall thickness 7. Investigate the relationship
between the radius r of the inflated balloon and the internal
pressure excess p, and comment on your result.

S8

A homogeneous mixture of uranium and carbon forms the core of
a simple nuclear reactor. Suppose that

(i) the core is a cube of side L;

(ii) the neutrons emitted by the uranium travel with an average
velocity v and a mean free path \;

(iii) neutrons are captured, on average, after N collisions;

(iv) for each neutron captured, k¥ new neutrons are emitted.
Show that the rate of change of neutron density » in the core is

given by
dn_ (k-1_3
dr AN  2L)

Estimate the size of the pile required to achieve a chain reaction,
given that A = 10 cm, £ =1.04 and N = 100.

39

It is observed that the acceleration g due to gravity is greater down
a mine than on the earth’s surface. Show that this resuit can be
explained if the earth’s density increases sufficiently rapidly with
depth (derive a precise condition).
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60

You have no mackintosh or umbrella, and have to make a journey
on foot in steadily falling rain. If you run, the journey will not take
so long, but you may intercept more rain. Taking as your criterion
the necessity to minimise the number of rain drops that strike you,
and assuming that the rain falls steadily and vertically at 10 ms™?,
construct a theory that enables you to decide the best speed at
which to run. Mention any shortcomings of the theory which occur

to you.

61

A 50p piece may be taken as a heptagonal disc of uniform material,
except that the sides, instead of being straight, are arcs of circles
of radius 3 ¢cm centred on the opposite vertex.

Calculate approximately how fast this coin can roll along a
horizontal plane without losing contact, assuming that as long as
there is contact there is no slipping.

62

A snow surface has low cloud overhead. Rain falls. Estimate the
rate of precipitation that would transfer the same amount of heat
to the surface as it receives from radiation. Assume that the snow
and cloud base act as black bodies, that the rain is at the same
temperature as the cloud base, and that the snow is at the melting
point. Stefan’s constant is 5.67 X 10"* Wm~2K~*. How would
your result be affected if the cloud were too thin to act as a black
body?

63

In the CERN Intersecting Storage Rings, beams of protons of
kinetic energy 24 GeV (i.e. with a velocity approaching c¢) carry
currents of up to 30 A in two rings of circumference 950 m.

Calculate the total charge carried by the protons in one of these
rings, and the total energy deposited when the beam is ¢jected from
the ring and dumped in a copper block. To what temperature will
this block be raised if its mass is 100 kg? (The specific heat of cop-
per is 3.8 X102 Jkg~'K~1.)
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64

A small moon of mass m and radius a orbits a planet of mass M
while keeping the same face towards the planet. Show that if the
moon approaches the planet closer then r. = a(3M/m)'/3, loose
rocks lying on the surface of the moon will be lifted off.

65

A circular coil of copper wire with a total length of 500 m and a
resistance of 40, rotating about its axis so that its speed is
55.2ms", is suddenly brought to rest. The ends of the coil are
connected to a ballistic galvanometer which shows a deflection at
the instant that the coil is stopped; the deflection corresponds to a
total charge of 3.5 X 10~? C. Calculate a value of e/m for the con-
duction electrons in copper.

66

A flat plate is inclined at an angle « to the horizontal and is covered
by a thin film of water, which wets the plate and flows under the
combined effects of gravity and viscosity. Prove that the volume ¢
of water which crosses unit horizontal length in unit time is related
to the thickness d of the film by

g=pg sinad®/3ny

where p and 7 are respectively the density and viscosity of water and
g is the acceleration due to gravity.

Neglecting surface tension and the loss of water by evaporation,
show that the equation that determines the change of d with time is

d . 2 0d
Pl + Pl
) 57 pgsinad I 0
where x is the distance along the plate in the direction down the
slope.

Verify that the general solution of this equation is

7x — pg sina d*t = F(d)

where F'is an arbitrary function.
Assuming that, initially, the film thickness is proportional to the
distance from the top of a plate of length /, and that water drips
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off at the bottom, show that for sufficiently long times the thickness
near the bottom is (y//pgt sin )’/

If /I=10cm, a=5° and n=1.3x 10" Nsm™?, calculate this
thickness after one hour.

67

Explain how the plates of the capacitor in an LC circuit should be
vibrated mechanically in order to cause the amplitude of alter-
nating current in the circuit to increase.

68

A nuclear reaction of the type a+ A — b + B is induced by bom-
barding unpolarised nuclei A with a beam of unpolarised projec-
tiles a. Use symmetry principles to show that if the products b and
B are polarised, they can only be polarised perpendicular to the
plane of scattering. Show also that if the particles going to the left
at an angle 8 are polarised ‘up’, then those going to the right at an
angle § must have an equal polarisation ‘down’.

69

Does any entropy change occur when a shuffled pack of cards is
sorted into a regular arrangement? If so, can any useful cooling be
achieved by carrying this out adiabatically?

70

In certain laser experiments on ionised gases the free electrons are
in an oscillatory electric field which is constant in direction, but
whose amplitude varies slowly along the direction of the field, while
remaining constant at right angles to this.

Show that over times long compared with the time period of the
field, the free electrons will drift to places where the field is a
minimum.

71

* A programmer spends most of the working day at a desk in a large
(10 x 10 x3m) but not specially ventilated room. In the same
room, experiments involving benzene and mercury are in progress
but the programmer does not come into direct contact with them.

After a couple of years the programmer complains of mysterious
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health problems, and eventually sues the company for negligence.
The company denies liability, and claims that at no time is more
than a few grams of either liquid exposed to the air.

As a consultant physicist, what advice would you offer to ¢ither
party? (Extract from Dangerous Properties of Industrial Materials:
“Thresholds below which no serious health hazard is likely are, for
Hg: 0.05 mgm™~? and, for benzene: 30 mgm™3.) You may wish to
make use of the following quantities.

Vapour pressure of mercury at room temperature

=2x% 1077 atm,

Vapour pressure of benzene at room temperature = 0.13 atm.

latm=10°Nm™2,

Molecular weight of mercury = 200.

Molecular weight of benzene = 80.

Gas constant R=8 JK~! mol~"'.

Avogadro’s number Z =6 X 102 mol .

72

A Dewar containing liquid helium at 4.2 K has above it a static
column of gas 50 cm long and 1 cm in diameter, the top of which
is at room temperature. Estimate the boil-off rate of liquid
helium due to thermal conduction down the column. The latent
heat of helium is 2.75Jcm™?, m(proton)=1.67 x 10~?" kg;
ks=1.38x10"2JK!,

73

The number of beta rays emitted per second by fission fragments
produced in an explosion is found empirically to take the form

AN=kT 12dT

where T, the time, is measured from the time of the explosion, and
k is a constant. Such a formula is accurate to within a factor of
about 2 over the wide range of time 1 s < 7 < 100 years.

In order to show that such behaviour is not unexpected, we may
start from the fact that the lifetime 7 of a beta-active nucleus is
given approximately by the formula 7o E~> where E is the
disintegration energy. By considering the distribution of beta ray
disintegration energies that are to be expected among the decaying
fission fragments, and making appropriate simplifying assump-
tions, show that a distribution of lifetimes dN o 77! dr results.
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Show further that this distribution of lifetimes leads to the result
quoted for the variation of activity.

74

A small permanent-magnet DC electric motor, as used in model
trains, may have its speed varied by inserting a series resistor to
decrease the current or by switching the current with a transistor so
that the full voltage is applied for a fraction of the time. It has been
claimed that the latter method gives less resistive power loss.

To determine whether this claim is valid, consider the case where
the speed is reduced by a factor of two by either method. Assume
that the speed is proportional to the mean torque of the motor and
does not vary significantly during the pulse period. Assume also
that the resistive loss across the transistor is negligible and that the
resistance of the motor is such that the current drawn by the motor
at full speed is 0.1 times the current drawn when it is held stationary
with full voltage applied.

Calculate the power dissipated in the motor for each method.
How do these values compare with the dissipation at full speed?

15

A plausible design for a perpetual motion machine is as follows. A
wheel of radius 7 is free to turn on a horizontal axle, and has four
point charges + ¢ spaced equally around its perimeter. It is half
immersed in oil of dielectric constant ¢ (so that the axle lies in the
surface of the oil), and a fixed point charge — Q is placed on the
surface of the oil, on one side of the wheel and in the same plane,
at a distance R > r from the axle.

Starting with two of the charges g vertically above and below the
axle, one then expects the attraction exerted by Q on the upper
charge to exceed that on the lower charge by a factor ¢, so that the
wheel should start to rotate, and continue to do so indefinitely.
Unfortunately it does not work. Explain why not. What position
would you expect the wheel to take up?

76

A thin-walled cylindrical tube of circular cross section, filled with
air, has ends which are spanned by soap films. The soap films are
not necessarily flat. Discuss the equilibrium and stability of the
system for various amounts of air in the tube. (You may use the
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following formulae if you wish, but you are recommended to try
to answer the question without them. The volume of a spherical cap
of radius R and height & is #k2(3R — k)/3; the surface area is
2%xRk.)

11

A dust particle in an ionised gas acquires an electric charge, even
when the gas is electrically neutral overall, because the numbers of
electrons and ions striking the particle each second are not equal.
Consider a spherical dust particle of radius » which is placed in
ionised hydrogen gas with a temperature T and a density of n
protons and 7 electrons per unit volume. Derive expressions for

(a) the initial rate of accumulation of charge on the particle,

(b) the maximum potential reached at the surface of the particle,
and

(c) the time scale for this maximum potential to be reached.

78

Would it be necessary to change the focus of a telescope to look
at the moon after focusing it on a star? How big would the
telescope have to be for any refocusing to be needed? The moon’s
distance from earth is 3.8 x 10® m.

79

You have a cup of hot coffee and add cold milk. You find it is still
too hot to drink. If you wish to drink that coffee quickly would it
have been quicker to wait before adding the milk? Explain your
answer,

80

Students in a laboratory class are asked to investigate the rate at
which ether contained in a vertical capillary tube evaporates, as
measured by the rate of fall of the liquid level.

Work out a simple theory for this experiment, assuming the
changes to be sufficiently slow that it is a good approximation to
say that the situation is one of dynamic equilibrium at all times.
Consider what other assumptions are necessary. Making these as
simple as possible, deduce a relation between time elapsed and
length of column evaporated.
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81

A recent natural history film showed the so-called camphor fish.
This tiny fish (about 3 mm in diameter) spends much of its time
floating at the surface of the water. It can, in moments of stress,
exude a camphor-like substance from its tail, as a result of which
it shoots rapidly across the water. Give a theoretical model for this
effect and estimate to an order of magnitude the maximum velocity
that might be reached. (The surface tension of water is 72 mJm~3;

the viscosity of water is 1073 kgm~!s7 1)

82

A clock in a satellite appears to an observer on earth to be running
at a rate governed by two factors.
(i) Ordinary relativistic time-dilation.

(ii) The effect of its acceleration in the gravitational field of the
earth, which is to increase the clock rate by a fraction A¢/c2, where
A¢ is the difference in gravitational potential between the positions
of the clock and the observer.

Discuss the combined effect of these two factors on the observed
clock rate, as a function of the radius of the orbit of the satellite.
Would you expect the effect to be (¢) measurable, (b) important?

83

A well known apparatus for demonstrating electromagnetic induc-
tion consists of a vertical iron (or laminated iron) post about 50 cm
high and 5 cm in diameter, with a coil of wire wound around its
lower end. If a loose-fitting metal ring is lowered over the post after
an AC supply to the coil has been switched on, it will float at a cer-
tain height above the coil. Explain why, and derive an expression
for the upward force on the ring. What determines the height at
which it floats?

84

Two dipoles (e.g. permanent magnets) of moments M and Mp are
situated at points A and B, which are a distance x apart. The axis
of M, is perpendicular to the line AB, while that of Mjy lies along
AB. Calculate the force and/or couple which each exerts on the
other, and comment on the results.
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If two equal magnets are floated on the surface of a liquid,
arranged as above, and then released, discuss qualitatively their
subsequent motion and final position, neglecting any effects due to
the magnetic field of the earth, and assuming the liquid to be suffi-
ciently viscous to prevent oscillations.

85

A compound pendulum consists of a thin cylindrical rod of length
i + I> and uniform cross section; the pivot is at a distance /; from
the top. The material above the pivot is of density p; and has a
coefficient of linear thermal expansion a3, the corresponding quan-
tities for the material below the pivot being p2 and «z. Consider
whether it is possible to make the period independent of temp-
erature.

86

A man of mass M standing on a heavily damped weighing machine
throws a ball of mass m upwards, catches it as it falls, and keeps
on throwing it up and catching it. Assuming that the weighing
machine gives a true reading of the time-averaged force on it,
calculate the value of this reading. Explain your reasoning care-
fully, so that the logical structure of the argument is as clear as you
can make it.

87

Two ‘standard metre’ bars, placed end to end, will both contract
a little, owing to their mutual gravitational attraction. (@) Give an
order-of-magnitude calculation of the amount of contraction. (b)
Calculate it more exactly, assuming the bars to be long compared
with their transverse dimensions.

In the Millikan experiment to determine the electronic charge e one
measures the charges ¢i1, g2, ..., g on n oil drops and calculates e
as the lowest common factor of these charges. However, in any
particular experiment bad luck might result in all the oil drops
having multiples of two, or more, charges on them, so that the
calculated e might be several times larger than the true value. What
is the chance of this?
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89

A uniform vertical pipe of length 4 and radius a is closed at the
bottom, filled with water, and connected at the top to a shallow
tank of water of very large capacity. The bottom of the pipe is
opened at time ¢#=0. Neglecting viscosity, and neglecting the
kinetic energy of the water in the tank, derive an expression for the
velocity of the water in the pipe at time ¢, and show that after a suf-
ficiently long time it tends to (2gh)"2.

Show that if viscosity is not neglected, the velocity at the centre
of the tube tends after a sufficient time to the limiting value

vo = (4gh + k*)/? — k where k = 8nh/pa>.

90

Imagine that mass, which governs the acceleration of bodies and
also their mutual gravitational interaction, might sometimes be
negative. Consider two masses M; and M, isolated in space and
initially at rest a little way apart. What happens if

(a) M >0, M2 > 0;

(b) M <0, M2 <0;

(c) Mi>0, M2<0, |Mz| < Mjy;

(d) M; >0, M2 <0, |M| > M?

91

In a betatron, particles are accelerated on circular orbits by a rota-
tional electric field produced by a varying magnetic flux. Show that
if the magnetic flux through an orbit of radius r¢ at any instant is
2xr3B, where B is the field at the orbit, then the radius of the orbit
remains constant. Show that the orbits will be stable if the magnetic
field in the region r = rq varies as 1/7" with n < 1.

92

An earth satellite, supposed to be in a geostationary orbit, in fact
drifts from west to east at the rate of one complete revolution per
month. Calculate the change of orbital speed needed to bring it into
the correct orbit. In which direction should the force be applied?
(The earth’s radius is 6400 km.)
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93

A ship has a period of roll T. It steams at speed ¥ through ocean
waves which have a period 7 and speed v. Find the condition for
which there are four ‘sensitive courses’, where the ship encounters
waves coinciding with its rolling period.

94

The following problem appears to have been first mentioned by
Lewis Carroll.

A long light cord passes over a light frictionless pulley. At one
end of the cord a bunch of bananas is tied, and at the other, there
is a monkey whose mass is equal to that of the bananas. If the
system starts at rest, with the bananas higher than the monkey,
what will happen if the monkey climbs the cord?

You are invited to show that provided each side of the cord re-
mains vertical, the bananas ascend at the same rate as the monkey.
You are also invited to generalise the problem in two separate ways.

(i) Assume that the pulley is still frictionless but has a finite
moment of inertia.

(ii) Neglect the friction and moment of inertia of the pulley, but
consider the possibility that the monkey’s movements may cause
him to swing like a pendulum as he climbs.

95

My grandfather clock was recently overhauled. On return I found
that it was losing four minutes a day and the screw which should
adjust the length of the pendulum was too stiff to move. I decided
to regulate it by fixing a small weight to the rod.
(i) Why does this work?

(i1) At what point on the rod should a weight be put to have the
maximum effect?

(iii) If the weight is put at this point how big should it be if the
pendulum bob weighs 1 kg?

96

This question concerns the behaviour of the following gquantities:
displacement (r), time (¢), velocity (v), momentum (p), spin (s),
electric field (£') and magnetic field (B) under transformations of
space inversion (P) and time reversal (T).
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(i) Which of these quantities change sign under P?

(ii) Which change sign under T?

(iii) Use your answers to (i) and (ii) to decide whether each of the
following laws (a)—(d) is invariant under P, under T, under both
or under neither. Show your reasoning clearly.

(a) The Lorentz force law for a particle of charge g:

P _ E+vxB).

d¢

(b) Newton’s laws of motion for two mutually gravitating
bodies with masses m;, m;:

my dzrl _ Gmyma(ry — r2) - —m, d2r2
d¢ II']—I'2|3 dtz.

(¢) A law that predicts that p~ particles with spin s will decay to
produce electrons whose velocity v is related to s, on average, by

(s V)= — hc/36x.

(d) A law that predicts that a neutron with spin s in a magnetic
field B has potential energy

u=as-*B.

97

As is well known, absolute zero cannot be reached, according to
macroscopic thermodynamics. However, there is a finite proba-
bility that the lattice of a finite body will be free from phonons.
Suppose you had an evacuated cavity that could be cooled to
1073 K and could suspend a particle within it without dissipation;
roughly how large could the particle be so that it could be said to
have a lattice temperature of zero for a large fraction of the time?
(h=6.6x10"*Js; kp=1.4x10"2 JK 1))

98

A plate is opaque except for two long thin slits that cross at right
angles. The plate is illuminated normally by a parallel beam of
monochromatic coherent light. Describe the interference fringes
that would appear on a distant screen centred on the line produced
by extending the incident beam through the point where the slits
cross, and orientated parallel to the plate.
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99

The mass of the sun is 2 X 103° kg (it contains 10°? protons), and
its radius is 7 x 10® m. Suppose the sun were to collapse into a
neutron star and, in so doing, not change its angular momentum
or the total magnetic flux through its equator. Estimate
(i) the decrease in its period of rotation;
(ii) the increase in its surface magnetic field;
(iii) the change in its magnetic field at large distances.

100

A vertical conducting wire of radius 1 mm is coaxial with an
earthed cylinder of internal radius 1 cm and height 20 cm. In the
air between the two are randomly distributed spherical particles of
aluminium dust which, in the absence of electric fields, would take
several minutes to settle. Calculate the fraction of the particles
reaching the bottom of the cylinder when the wire is raised to a
potential of 10 kV. (The density of aluminium is 2.5 gcm~3.)

101

On a clear night an observer on the sea shore sees a reflection of
the moon in the sea. The image is imperfect because the sea is not
perfectly smooth. In addition to this imperfect image, he notes that
there is a blaze of light which is brightest at the horizon itself. Give
a quantitative explanation as far as you can.

102

A vertical tube, of circular cross section, is sealed at the lower end
and filled with a viscous liquid. The tube also contains a cylindrical
slug, whose diameter is very slightly less than the bore of the tube,
and whose length is two or three times its diameter. The slug falls
under the influence of gravity. Derive an equation relating the rate
of fall and the viscosity of the liquid.

103

Estimate the maximum number of razor blades which can float,
one on top of the other, on the surface of water. (Hint: the max-
imum depression of the water surface is of the order of the ‘surface
tension depth’ A4 = [surface tension/(density of water X g)] /%=
2.7mm.)
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104

How would you apply the Lorentz transformation to determine the
velocity of propagation of light in a moving medium?

Water, with refractive index 1.33, is made to flow in opposite
directions in two parallel pipes, each 20 m long. Parallel light is
split into two beams. One beam goes into the first pipe and returns
along the second; the other beam enters the second pipe and returns
along the first. On re-emerging from the pipes, the beams are
recombined and their interference fringes are observed. Assuming
the wavelength of the light to be 5 x 10™% cm, what is the fringe
shift when the speed of the water is changed from zero to 10 ms~'?

105

A parabolic mirror is to be made to focus the sun’s disc into a circle
of radius 1 cm. Estimate the smallest diameter of such a mirror if
it can be used to melt iron. Make any assumptions that are plaus-
ible and necessary. Stefan’s constant is o¢=5.67x10"%
JK *m~%s"1; the melting point of iron is 1535°C; the solar con-
stant at the bottom of the atmosphere is 1 kWm™2.

106

A lake is initially at 0°C. How thick will the ice layer be on the lake
if its surface temperature is reduced by 10°C and held at this
temperature for 40 days? You may neglect heat exchanges between
the lake and the underlying rock but you should discuss quan-
titatively the validity of neglecting the specific heat of ice, o, in
comparison with the latent heat of freezing, L. The thermal
conductivity of ice is 2.3Jm™'s™'K~'; L=3.3x10°Jkg™};
o0=2.1x10% Jkg~'K~!; the density of ice is 920 kgm 3.

107

A spherical soap bubble, carrying no electric charge, has a radius 7.
If electric charge is added to the bubble, it will expand. Explain
why. Show that the charge that would be needed to expand the bub-
ble to a radius 2r would be

8x{eor3(12y + 7pr)] /2

where v is the surface tension of the liquid (assumed constant) and
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p is the atmospheric pressure. Assume that the expansion is isother-
mal and that the gas is ideal.

108

A simple model of an insect eye consists of a spherical array of
closely packed conical receptors, each optically isolated from its
neighbours. Each cone has a small lens which focuses parallel axial
light onto a photosensitive cell within the cone. Show that if the eye
is simultaneously to achieve maximum sensitivity to light and
maximum angular resolving power, the sensitive cell should lie at
a depth R/3 behind the lens, where R is the radius of the spherical
array. Estimate the diameter of a single lens in the optimised eye
and the minimum resolvable angle between two point sources of
green light (A =500 nm) if R=1 mm.

109

An element A (atomic weight 55.85) crystallises with the body-
centred cubic structure, with a lattice parameter of 2.861 A. An
alloy is known from chemical analysis to contain 5.00 atomic per
cent of B (atomic weight 10.82), the remainder being A. An x-ray
powder photograph using radiation of wavelength 1.539 A gives a
reflection which is identified as [110], at a Bragg angle of 22°15'.
The density of the alloy is 7.85 x 103 kg m 3, while that of pure A
is 7.93. Determine whether the B atoms are present in substitu-
tional or interstitial solute positions. Avogadro’s number is
6.025 % 10%;e=1.60x 107" C; h = 6.625 x 107** J 5. (NB. Some
of the information given is redundant.)
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110

The drag force on a body of frontal area A moving at velocity v
through a medium of density p is a function of these three variables
multiplied by a dimensionless factor Cp. If Cp may be taken to be
constant over the range of velocities involved, and the atmospheric
air density varies with height 4 according to p = po exp(— A/ho), at
what height is the maxirnum aerodynamic drag on the space shuttle
encountered if the vehicle is launched vertically and achieves a con-
stant acceleration?

111

— =

A hoop of radius r is thrown, with its plane vertical, with horizon-
tal velocity vo and retrospin wo. Show that wo must be greater than
vo/r in order for the hoop to return to the thrower on hitting the
ground. Discuss whether the condition is the same for a thin cir-
cular disc.

112

The earth’s axis is inclined at 23° to the normal through the plane
of the moon’s orbit. What effect would you expect this to have on
the tides? Explain qualitatively how the effect varies (a) with
latitude and (b) throughout the month. Neglect the effect of the
sun.

113

A soap film is formed between two horizontal coplanar concentric
wire rings whose radii are 3a and 4. The outer ring is then raised,
and the inner ring hangs in equilibrium a distance d below it,
supported by the film. Show that d cannot exceed 1.764.

Note:

&%{ {In{cx + (c*x? - D3]} =c(c2x? - 1)~ 12,

114

A drunkard performs a random walk but, as a result of increasing
fatigue, each step taken is shorter than the previous one by a factor
f, where f < 1. If the initial step was of length A, what is the RMS
distance from the starting point after N steps?
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115

Suppose a system of two parallel slits is set up, illuminated by a
plane monochromatic light wave in order to produce widely
separated interference fringes on a distant screen. If an eye is
placed (a) at one of the dark fringes, (b) at one of the bright
fringes, what will be seen on looking towards the slits?

116

A neutron interferometer splits a monoenergetic beam of neutrons
into two parallel beams, a distance 4 apart. These are brought
together after each has travelled a path length /. It is found that if
the two beams are in the same horizontal plane the interference
is constructive, but if the system is rotated so that one beam is
vertically above the other the interference becomes destructive.
Explain this result and obtain an expression for the neutron energy
in terms of d, / and any relevant general constants.

117

—

A thin jet of water (mean diameter 0.1 cm) flows vertically from a
tap to the sink 20 cm below at a flow rate of 2 cm?®s~!. An elec-
trified rod (a ball-point pen, rubbed on a jacket, does very well) is
held horizontally, so that its mid-point is § cm below and 1 cm to
one side of the tap. It is found that the jet of water is deflected, and
now falls in the sink 3 cm away from the point below the tap.
Estimate the charge per unit length on the electrified rod, treating
the water as a non-conducting liquid of relative permittivity 81.

118

Two parallel radiating surfaces are at temperatures 77 and 7>. The
emissivities are &£, and & respectively and T, < T>. Show that the
net radiative flux of energy from the hotter to the colder surface is

U(T‘% - T?)Elez
&1+ & — 162

where ¢ is Stefan’s constant.

A thin metal screen of emissivity € is now placed between the
original two surfaces to act as a radiation shield, and is allowed to
take up some temperature 7. By what factor will this radiation
shield reduce the net radiation flux between Tz and 7 if £ = &; = &;?
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Will the use of more than one shield reduce the radiation flux still
further?

119

*A crude estimate of the depth of a well can be obtained by drop-
ping a stone down it and listening for the splash, then using
s =} gt%. You are asked to make first-order estimates of the correc-
tions due to

(i) the finite velocity of sound (vs = 340 ms™!),

(ii) air drag.

Which of these is the bigger correction for s =30 m and a stone
of radius @ =2 cm and density 3 x 10* kgm~3? Would your con-
clusion be significantly different if a table tennis ball were dropped
in the same way (@a=2cm, m=1.7 g)? You may assume that the
splash would still be audible! (The drag for a sphere of radius a
depends on the dimensionless Reynolds number R = pva/y, where
p is the fluid density and 7 is its viscosity. For R < 10, Stokes’ law
F=6xanv is valid, but for R > 100 the drag F is given by
F= Cppra*v?; the variation of Cp with logioR is given in the
diagram. For air at 20°C, p=12kgm™® and n=1.8x10"°
kgm~!s71)

16

L\
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A cosmic-ray electron is moving in essentially free space near the
earth. At ¢ = 0 it lies in the equatorial plane of the earth’s magnetic
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field, and its velocity vector v also lies in this plane. Discuss
qualitatively the resulting motion of the electron. If its speed is such
that the radius of curvature of its path is small compared with its
distance from the centre of the earth, show that it will make a com-
plete circuit of the earth in a time of the order of R%w/v?, where
R is its mean distance from the centre of the earth and w is the
cyclotron frequency (w = eH/m).

121
3

The latent heat of vaporisation of water is H = 2.25 x 10° Jm™~3.
The surface tension of water is T=72 mNm™!. From these two
facts, together with a simple theory, estimaie the mean distance
between neighbouring water molecules. (Hint: introduce the bond
energy E between two water molecules.)

122

Kinetic theory suggests that, at least for dilute gases, the viscosity
n is independent of the pressure. Suppose that the force between
molecules is A\/r", then use dimensional analysis to obtain the rela-
tionship between the viscosity », the molecular mass m and the
mean speed V.

Data for oxygen suggest that the viscosity varies with temper-
ature T as n = T°"%%, Estimate the value of n.

123

A circular hoop made of flexible elastic material is made to spin in
its own plane with circumferential speed v.

(i) If a small disturbance to the shape is made instantaneously
at one point of the hoop, what will happen?

(ii) As a result of the centrifugal force the hoop (now circular
again) becomes enlarged by a fraction f. Show that f=(v/c)?,
where c is the velocity of longitudinal elastic waves.

(iii) A length of wire lying on the surface of the earth in an
east—west direction could be regarded as part of a hoop around the
earth. Does the above result imply that the rotation of the earth
stretches it by a significant amount?

124

A metal sphere revolves around the earth in a circular orbit, so that
it is always in sunlight. If the emissivity of its surface may be
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chosen to vary with wavelength in any desired manner, estimate the
lowest equilibrium temperature possible for the sphere when its
orbit is outside the atmosphere.

The sun subtends an angle of 0.5° at the earth, and radiates as
a black body at 5700 K. The earth may also be regarded as a black
body.

125

In a nuclear chain reaction the number of neutrons present as a
function of time, N(#), follows an equation of the form
T dej}Y = — CN(®) + N(t-7).

T is a small time parameter (~ 1077 s) and 7 (the delayed neutron
delay time) is large (~10s). C is a constant of order one.

(a) Show that solutions are of the form N(¢) = Noexp(at) where
No and « are constants, and find an equation for o.

(b) Show that (i) if C is negative then the exponential growth has
a time scale of the order of microseconds and (ii) if C is positive
but less than 1, the growth has a time scale of seconds.

(c) What happens if C is greater than one?

126

The diagram represents a section of a capacitor whose rectangular
plates are inclined at an angle ¢. The plates are of length z, perpen-
dicular to this section. Show that, ignoring edge effects, the
capacitance is

%z ln(l +%)

where ¢ is the relative dielectric constant of the medium between the
plates.

I

L.
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127

When a wire is stretched from length / to /+ d/ its electrical
resistance is observed to increase from R to R + dR. It is said that
Poisson’s ratio is given by

_I{1dR_,
PT2\R I '

What dubious assumption underlies this calculation?
128

A man jumps as high as possible on a small planet. Estimate how
small it would have to be for him to be able to jump off altogether.
(The radius of the earth is 6380 km.)

129

It has been stated that Archimedes once saved the Greeks from
attack by a Roman fleet by equipping a large number of well
trained soldiers with large hand-held plane mirrors and getting
them to reflect the sun’s rays onto the same part of a Roman ship
at a distance of 100 m, thereby setting it on fire. Comment on the
feasibility of such a plan. (You may assume that the mirrors are
available, that the solar flux is 1 kWm™2, and that the angular
diameter of the sun is 0.5°. The ships may be assumed to be
wooden. Stefan’s constant 0= 5.7 X 1073 Wm™2K™4))

130

An experimenter performs a version of the Cavendish experiment
and attempts to measure the force of attraction between two
massive earthed conducting spheres. She neglects to shield her
apparatus from stray fields. What effect, if any, would uniform
electric and magnetic fields perpendicular to the line joining the
spheres have on her measurement of the gravitational constant G?

131

My bottle of soy sauce has a cap with a small hole in it—about
2 mm diameter. When I turn it upside down, a small quantity of
liquid runs out and the flow stops. If I now turn it the right way
up and then invert it again, some more runs out; and so on. Explain
this behaviour. Your discussion should be quantitative and should
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lead, after suitable approximations, to a simple algebraic
expression for the amount discharged, in terms of the other
parameters involved. In order to avoid unnecessary complications,
make whatever simplifying assumptions you think fit about the
shape of the bottle.

132

A thin copper ring rotates freely about a diameter, which is perpen-
dicular to a uniform magnetic field B. Its initial frequency of
rotation is w. Calculate the time taken for the frequency to decrease
to 1/e of its original value, under the assumption that the energy
goes into Joule heat. (The resistivity of copper is 1.8 X 1078 Qm;
the density of copper is 8.9 x 10 kgm™>, Take B=2x10"2T.)

133

A cylindrical tube, about one metre long and about a tenth of that
in diameter, is open at both ends. It is in, and initially filled with,
air at atmospheric temperature and pressure in which the velocity
of sound is Co, say. A thin piston is driven through the tube from
one end at a speed 2C,. Discuss the density of the air just behind
the piston when it is half way through the tube, and obtain an
estimate of its value.

134
3

The density of solid argon (atomic weight 40) is 1.6 x 10* kgm 3.
Estimate the thermal conductivity of argon at STP.

135

An experiment to measure the viscosity of a liquid uses a rotation
viscometer with cylinders of radii @ and b, where a, b >> (a-b),
one of which rotates; the axes of the cylinders are parallel but not
quite coincident, the distance between them being x << (a - b).
Show that the first-order correction term in x is zero and find an
expression for the second-order term.

136

Since parallel current filaments attract one another, one might
think that a current flowing in a solid rod of circular cross section
would tend to concentrate near the axis of the rod. Does this hap-
pen? If so, estimate the size of the effect. Would it be detectable?
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(The conduction electron density in a typical metal is of the order
of 10> m~3. The electronic charge is 1.6 X 107! C.)

137

It takes about four minutes to boil a 2 oz hen’s egg, to be accept-
able to most people for eating. For how long would it be advisable
to boil an ostrich egg, which weighs about 48 0z?
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The Solutions






1

The total volume of the depression in the water surface must, by
Archimedes’ principle, be 8.5 times that of the steel wire. So, if the
wire is to float as described, the depression must be much wider
(approximately 8.5 times wider) than it is deep. The slope of the
water surface may therefore be considered small. If y(x) denotes
the depression at horizontal position x, with the wire centre at
x =0, then the curvature of the surface may be taken as d2y/dx?
(since dy/dx << 1). We thus have y d?y/dx* = pgy where v is the
surface tension and p is the density of water. The solution of this
which decays to zero at x = is

y=yo exp[ — (pg/v)"*|x]].
The area of the depression is then

2 »dx=2y0roe)”

This expression ignores the (small) correction arising from the fact
that near x = 0 the shape of the water surface will be given by the
shape of the wire, rather than by the above equation. Archimedes’
principle then gives #r®8.50g=pg2y0(v/pg)"?. Using the
numerical values above, this gives yo = 0.2 mm exactly. Because of
the same correction previously mentioned, the centre of the wire
will be slightly above the level of the water surface.

2

—

Consider a sphere of density p, radius r and mass M (=%xr’p).
The gravitational energy released by adding a further shell, density
p and thickness &r, using matter originally at infinity is
(GM/r)axr’pér. The total energy corresponding to a homogeneous
sphere of radius ro is given by integrating this quantity from zero
to ro. The result is 3GM?/5ro. This result applies both to the
original dust cloud, radius R, if this is assumed to be homogeneous,
and to the final planet, radius a. The difference between the two
expressions thus gives the energy released when the one collapses
into the other, whatever the details of the intermediate stages. Thus
3GM? (1 1) _36M?

5 =~ since R >> a.

E=
S5a

a R

43
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This energy is available for heating the matter, and so can be
equated to MsA@ (s = specific heat, Af = temperature rise). Hence

s 5 560
4x Gp

If we now estimate the values s=10°Jkg 'K~!, A0 =2000K,
p=6%10%kgm™3, we obtain ¢=1.40x 10°m.

The assumption that p = constant is certainly not valid, but a
more realistic approach would be complicated, and unlikely to give
very different results. The neglect of radiation losses is also un-
realistic and would lead to temperatures that were too high. On the
other hand, in the real world, radioactive heating would be import-
ant and would work in the opposite direction. We may note that the
result @ = 10° m is smaller than the radius of the planets in the solar
system, which have therefore probably been molten at some stage,
but larger than many asteroids, which have therefore probably not.

a

3

The dominant consideration is the conversion of the kinetic energy
of the running man to gravitational potential energy with
something less than 100% efficiency. If, in his approach, he attains
a speed of 10 ms™!, the corresponding rise is about S m. Smaller
terms arise from (i) the fact that his centre of mass is already about
1 m above the ground when he starts; (ii) the work done by his legs
on take-off, and by his arms in climbing up the pole (? = 0.5 m);
(iii) the fact that his centre of mass actually passes below the bar
(? =10 cm). Adding these items together gives an answer of
approximately 21 feet. The difference between this and the observ-
ed 18 feet is due to an efficiency of less than 100% —or to errors in
the estimated quantities. In any case, there is clearly no hope of Mr
Fibreglass making good his boast.

4

Since the viscosity is zero it is tempting to try a solution using the
conservation of energy principle. In fact, this approach leads to
incorrect answers (see below) unless we take into account internal
motions in the liquid, just as in the problem of the punctured soap
film (problem 48). Instead, we must use Newton’s law in the form
applicable to a system of variable mass. If we denote the radius by
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a, the cross sectional area of the tube by A and the height of the
column at time ¢ by x, we have

d% (pAxv) = 2ray— pAxg = pAXg — pAxg

where X = 2xavy/Apg is the equilibrium height of rise of the
liquid. This gives d(xv)/df = g(X — x). By making the substitution
xv =z, this can be written as zdz/dx = g(Xx — x?), which can be
integrated to give

vi=g(X-2x/3 + b/x?) 4y

where b is an arbitrary constant. It is not possible to choose b to
satisfy the reasonable initial condition v = 0 at x = 0. A refinement
of the model, which also circumvents this difficulty, is to take some
account of the motion of the liquid in the reservoir, by adding a
small (constant) amount to the mass of liquid moving in the tube.
This can be done by replacing x by (x + xp) in the previous argu-
ment, to give

v2/g = (X + x0) — 2(x + X0)/3 + b/(x + x0)>.
If we now put in the initial condition v =0 at x =0, we obtain
v¥/g = (X + x0/3 — 2x/3) — x3(X + x0/3)/(x + x0)?

which can be written in dimensionless form as

50330 - 6] 33

gX 3 X x/X + xo/ X 3 X

This curve has been plotted for xo/X = 0.1 and 0.01 in diagram (a)
below. It will be seen that v*=0 at x=0 and near x/X =3/2.
(There is a third root near —2x9/X which is of no physical interest.)
Near both extremes of the motion, v? depends almost linearly on
x, which implies that x = k2, with the value of k proportional to
the slope of the line. We can thus sketch the graph of x against ¢,
which consists of parts of two parabolas, joined smoothly (diagram
(b)). The motion is thus oscillatory, but not simple harmonic.

If we had applied the conservation of energy principle, we would
have obtained

v 2(1 - x2X)(x/X)
gX  x/X+x/X
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This gives v2=0 at x=0 and x=2X; the resulting curves are
qualitatively similar but differ in details.

Within the limitations of the model used, the motion will be
undamped, since there is no mechanism for energy dissipation.
Denote by V. the critical velocity above which the viscosity is non-
zero and draw the line AB on diagram (a) at a height corresponding
to this. From the origin up to point 1 the motion will be unaffected.
From 1 to 2 the velocity will fall progressively below the value for
the undamped motion, as shown schematically by the broken
curves in diagram (a). From 2 to 3 the motion will be undamped,
and therefore reversible, but from 2 to 4 more energy will be
dissipated. Clearly the excursions of the meniscus will become pro-

{a)

1.0 1.5

(b)
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gressively smaller at both ends, until a point is reached when the
maximum velocity is less than V.. Thereafter the motion will be
undamped.

3

We have (p,- P)=4S/a and V,=4xa%/3, with similar ex-
pressions involving b and c. Since the total mass of air inside is
conserved, we also have p.Va.+ psVs = p.V.. This gives

P (a3+b3—c3)

S=-=—
4 \a*+b*-¢?

For a discussion of the errors involved in this method of finding
S, we may simplify the algebra by writing b = @, without altering
the conclusions. Hence

S=£2¢1’-~-c3
4 2a% -t

But ¢ will be approximately equal to 2a*—since the initial and
final pressures will both be nearly equal to P. Hence in the discus-
sion of errors we can write ¢ =24® in the denominator, and
confine our attention to the errors arising from the numerator.
We thus write 4S(2a’-c?)/P=Q(say)=2a®*-c?, and so
8Q = 6a*6a - 3c*5c. We then set |8a| =|8c|, but since these are
independent observations we must write 8Q = (36a* + 9¢*)'/? bor,
where or is written for éa or éc. This gives

P 7.66a%5r
=257 o2

2a* —-c¢*’
Thus if we write ¢* =243, 65=4.64P br. Very careful measure-
ments might reduce &7 to 107 cm. In CGS units P=10%, and so
8S =500 dyncm™', while S itself is quoted as approximately
30 dyn cm™!. Clearly the method is not very accurate.

6

Since those decay products which are pions will themselves decay
with short lifetimes, and the positrons will be rapidly annihilated,
we can assume that almost the whole mass of the nucleons will,
eventually, be released as energy. (A small proportion of the energy
will be lost in decays which involve neutrino production, but de-
tailed calculations suggest that the energy lost in this way will only
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be approximately 10% of the total—which is a negligible correction
in a calculation of this kind.) Thus m kg of body mass will produce
an energy Eo=mc*=9x10""m]J. Since this total energy will
decay as Eoexp(— ¢/7), the initial rate of energy production is
Eo/7 J/year, if 7is in years. Thus a 20-year-old student weighing m
kg will have received about 20 x 10!” m/r J—assuming that only a
small fraction of the energy produced escapes from her body,
which is reasonable. This amounts to 2 x 10'%/7 Jkg~=! =2 x 10%%/7
rads. The fact that she is still alive implies that 2 x 10%°/7 < 600,
i.e. 7> 3% 10" years. A more careful estimate would allow for the
fact that not all of the m kilograms have existed for the whole 20
years.

To raise this lower limit it would be necessary to construct
apparatus which would detect individual decay events—e.g. using
photomultipliers. A ‘source’ consisting of M kg of water would
contain about 6 X 102® M nucleons, which would decay giving rise
to 6 X 1026 M/r events per year. If the equipment could detect one
event per year with confidence, then the limit for 7 is 6 x 1026 M
years. The upper limit on M would depend on the outcome of a
cost-benefit analysis.

7

The equation of motion is m¥ = — ¢cx>. If we multiply both sides by
2x and integrate, we obtain mx? = c(x§ — x*)/2, if x =0 at x = xo.
Writing this as (mx)? + mcx*/2 = mcx$/2, we see that the graph of
momentum (mx) against position (x) is a closed loop. The motion
is thus periodic. For SHM the loop would be a circle. For this
motion, it is much flattened where it crosses the p axis, showing
that p remains almost constant for a considerable range of x on
either side of the axis—i.e. the curve of x against time is more near-
ly linear where it crosses the time axis than is a sine curve.

The above equation can be written (d¢t/dx)? = 2m/c(x§ — x*). If
we set =0 at x=0, then at x= xp, = 7/4 (7 is the period). The
equation can then be integrated to give

57/4 df = (z_m)l/Z Sxo dx
0 c o (x8-xH)V*

If we write x/xo = u, this becomes

I= 2_m1/2—1— Sl du _ 2m l/2£
4 c x Jo (1-u*)? c Xo
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where £ is a numerical constant which is clearly somewhat greater
than unity. Its value can be computed: it is equal to 1.31. Thus
7X0 = 5.2(2m/c)/2, which is the required result. The numerical
value is 2.3 s for xo=1cm.

We can treat this solenoid as being infinitely long. Let r;, 2 denote
the inner and outer radii of the windings, / the length, p the
resistivity, j the current density and B the field.

(i) Approximate the spiral by a series of close-fitting cylinders,
each of thickness dr. The field due to any one of them is dB = uojdr
and the total field B = uoj(r2 — r1). The power dissipated is {j%p dV,
where dV is an element of volume. In this case this is simply j2pV,
where V= x(r3 — r})i, and j is given by the above expression for
B. This gives the power

_xB*ln+n
#(21 r2—n

W = 597 kW.

(ii) The current density will now depend on the radius in such a
way as to make j2xr a constant, A, related to the EMF around one
disc. Thus we now have dB = uyjdr=puoAdr/2xr, and so B=
oA In(ra/r1)/2x. The power dissipated is again given by

r 2
sjzp dV = S (A) pl 2xr dr

r 27rr

where A is given by the above expression for B. In this case the
power is

_ 2xB2pl 1

/4
ud  In(r2/r)

=494 kW.

(For a long solenoid consisting of a single layer of wire, the inter-
nal field is independent of the radius. It follows that, in this
problem, if the total current flowing around the solenoid is fixed,
the resulting field is independent of the radial distribution of cur-
rent density. The design problem is thus to choose the distribution
that minimises the energy dissipation. Intuitively it would seem that
this would be achieved by arranging for a larger current density
near the inner radius, where the resistive path length is shorter, For-
mally, we must minimise §/272(r)r dr subject to §;2j(r) dr = constant.
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The solution is j o< 1/r, but the mathematics is difficult. This is, in
fact, the distribution in case (ii) above.)

9

If the cross section is 2a X 2b (a << b), the viscous flow can be
treated as if between two infinite flat plates. The standard treatment
gives, for the velocity profile, v = P(a® — x?)/2q9l, where x is the
distance from the centre plane and P//is the pressure gradient. The
volume rate of flow is thus V= 4ba’ P/35l. In the capillary tube,
when the liquid has reached a height A, we can write /=h,
P=(T/a—- pgh)(T is the surface tension, p is the density) and
V=4ab dh/dt. If we make these substitutions, we obtain

%=a_2 T/a-“pgh:,oga2 ho—h
dt 379 h 37 h

where ho = T/pga is written for the equilibrium height of rise.
After integrating, with A=0 at f =0, we have

2

pga ho
f=hol - h.

3 ° n(ho—h) ;

Putting & = 0.99 ko, we obtain £ =6.5x 107 s (=2 years!).

Notes. (i) The argument ignores the force necessary to accelerate
the fluid from rest, i.e. ‘inertia forces’ are neglected compared with
‘viscous forces’. This is justified a posteriori by calculating the
Reynolds number R = puv//y, which is found to be much less than
unity. (i1) The velocity profile given is clearly wrong near the
advancing surface, which must remain concave upwards, but this
will affect to any appreciable extent only a length of the column
short compared with Ao (= 1.5 X 10® cm!). (iii) The equation gives
dh/dt = o when A = 0, but this will affect only the very early stages
and will have little effect on the final result.

10

(i) The governing equation is MZ = ¢ — kz where M =2xaa’/3,
c=4xa’og/3 and k = 4xna. The solution, withz=2=0at =0, is

z=2gr{t—7[1 —exp(-t/7)])

where 7= oa’/6n.
If ¢/ << 1, an approximation for z is z = gt. For the example
given, 7 = 0.042 s. To obtain a numerical solution, the equation can
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be rewritten as

t=(7+2z/2g7) — 7 exp(—t/7)

which lends itself to solution by iteration. If z=5 cm, ¢ =0.099 s;
if z=10cm, t=0.162 s,

For part (ii) write the equation as Z + (k/M)z — ¢/M =0. Then
¢/M does not involve a, and k/M o 1/a®. Thus as the bubble rises
and gets larger, the effective drag force will fall and the bubble will
move faster than it would if « remained constant. The bubble will
also cease to be even approximately spherical: it becomes
mushroom shaped.

11

At a point P in the tunnel, a distance x from its mid-point, let the
acceleration due to gravity be g. Then the component along the
tunnel is f= gcos@ = gx/r. If we assume that the density of the
earth is uniform (which is not true!) it is easy to show that
g = gor/ro, where g is the value of g on the surface, i.e. at r=ry.
Thus f= gox/ro and the motion is simple harmonic, with period
7=2%x(ro/g0)"2. The time from A to B is thus 7/2 = 42 minutes.

Apart from the prohibitive initial construction costs, problems
due to friction, air resistance, the increased temperatures at depth
and, eventually, the liquid core, this would be quite an attractive
scheme!
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No, the straight tunnel does not provide the quickest path. It is
advantageous to travel along a symmetrical curved path which ap-
proaches closer to the centre than the straight line. The relevant
calculations are difficult, but it is comparatively simple to show that
it is even advantageous to go along the path AQB in the diagram,
and that the optimum position of Q is when AQ bisects the angle
OAB. The time for the journey is then 2¢, where cos 2x¢/7=
(1 —sin ¢)/(1 + sin ¢) and the angle AOB = 2¢.

12

The physical constants likely to have an influence on this
phenomenon are p, the density of the liquid, +, its surface tension,
and g, the acceleration due to gravity. The observation must be
made slowly, i.e. we suppose that we are dealing with a series of
equilibrium situations, so that the viscosity is not involved. The
standard method of dimensional analysis shows that the only com-
bination of p, g and v which has the dimensions of a length is
a=(y/pg)"?, a® being the so-called capillary constant.

The most elementary physical analysis considers a drop whose
surface, where it joins the solid tube, has the form of a short
cylinder of radius r, where r is the radius of the tube. If p denotes
the pressure in the liquid at the level of the end of the tube, then
the equilibrium of the drop below this level requires mg + pxr? =
2xry. Since, at this level, the liquid surface is supposed to be
cylindrical, p = v/r and hence mg = xrvy.

However, this model is obviously wrong. A moment’s observa-
tion shows that, at the instant when the drop breaks loose, the
surface is nothing like a cylinder of radius 7. An exact calculation
of the equilibrium shape of the drop is very difficult, but fortunate-
ly not necessary. A rather more elaborate dimensional analysis of
the same kind, but involving the five physical quantities g, o, vy, m
and r, shows that, of the many pairs of dimensionless quantities
which can be formed simultaneously, one is (yr/mg) and (v/pgr?),
the second member of the pair being (a/r)2. Thus, without involv-
ing any particular model, we can write

vr/mg = ¢(a/r)

where ¢ is some function. Measurements of corresponding values
of m and r on liquids for which p and v are known have shown that,
over a considerable range of a/r, the function is almost a constant,
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giving v = 0.263 mg/r (instead of (1/x)mg/r =0.318 mg/r as in the
simple theory) and that the ‘constant” decreases slowly at both
higher and lower values of a/r.

If the drops form quickly, we no longer have a series of quasi-
equilibrium situations, and a full solution would involve fluid
dynamics. It is clear that we must add to the list of relevant
variables the time taken to form the drop and the coefficient of
viscosity. The dimensional analysis can still be performed, but the
results are not very helpful. It is clear that if the equilibrium theory
is to be applied, the time scale of the observations must be in-
creased for liquids of high viscosity.

13

Sound will propagate normally in a gas at reduced pressure, so long
as the mean free path of the molecules, /, is small compared with
the wavelength A\. At 1 cm Hg, /= 0.004 mm, while A\ will have its
normal value, of the order of 1 m. Thus sound can propagate
perfectly well,

The observed effect is due to the acoustic mismatch between the
air and the glass. When a plane wave is incident normally on the
plane interface between two media A and B, a fraction R of the
energy is reflected, given by R = (Za — Zg)*/(Za + Zs)?, Z being
the acoustic impedance: Z = (pE)"/2, where p is the density and E
the appropriate elastic modulus. The fraction transmitted is 1 — R;
when Za and Zp are very different this is approximately equal to
427,/ Z,, where Z, is the smaller of Z, and Zg, and Z; is the larger.
For glass, Z is of the order of 107 in SI units. For a gas the ap-
propriate elastic modulus is the adiabatic bulk modulus vp, where
p is the pressure. For air, Z is about 400 in SI units, and so the
fraction transmitted from air to glass (or vice versa) is of the order
of 1074, Since, for a gas, Z = (pyp)'/?, we see that Z is propor-
tional to the pressure. Thus the fraction of sound energy trans-
mitted will fall as the pressure is reduced.

While this discussion gives some insight into the physical
mechanism involved, it is not directly applicable to the problem in
hand. We must consider the passage of the wave from the glass into
the air again, and also note that the whole process is greatly com-
plicated by internal reflections in the glass. This problem is soluble
for plane surfaces and plane waves, but, in fact, neither is plane.
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Nevertheless, the general result that the impedance mismatch gets
worse as the pressure is reduced remains valid.

An alternative approach is to model the system as two masses
(the bell itself and the surrounding glass) connected by a weak
spring (the contained air). The amplitude of movement of the bell
will, to a good approximation, be constant. The stiffness of the
spring, as explained above, will be proportional to the gas pressure.
It is then easy to show that the amplitude of vibration of the jar
will also be proportional to p, and so the intensity of the sound
radiated will fall as p3.

14

The maximum heat available per unit mass of oil is the chemical
‘heat of combustion’.

(i) In a domestic furnace, combustion may not be quite com-
plete (some soot may be formed), but the main heat loss is due to
hot gas escaping up the flue, as a result of inefficient heat exchange
with the water in the circulating system. The overall efficiency is
usually about 70%. Some improvement might be obtained by using
the flue gases to pre-heat the incoming air for combustion, but this
would increase capital costs.

(i) In a power station, with a more elaborate installation, the
fraction of heat extracted from the flue gases may be somewhat
higher. But there is a theoretical upper limit to the efficiency with
which this can be converted into mechanical work in the turbines.
The thermodynamic efficiency is (T7 — T2)/T1, where T is the
steam temperature (say 550°C) and T: is the cold reservoir
temperature (say 70°C). This gives an upper limit to the efficiency
of about 60%. In practice, efficiencies of about 40% are more
usual, the difference arising mainly from losses in the furnace, as
in (i). Electrical losses in the generator, in overhead cables and in
transformers account for about a 10% loss. Once the power is
through the consumer’s meter, the efficiency of conversion to heat
is 100%. The overall efficiency of the system is thus not greater
than about 36%. Some improvement could be obtained by using
the waste heat from the power station, e.g. for district heating
schemes.

(iii) The efficiency as far as the consumer’s meter is the same as
in (ii), but the use of a heat pump can give efficiencies greater than
unity, if efficiency is defined as (heat out)/(work in). The Carnot
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limit is T3/(T3 — Ts), where T3 is the output (room) temperature
(say about 20°C) and Ty is the temperature of the colder (outside)
reservoir (say about 0°C). This gives a theoretical limit of about 14
but, in practice, domestic systems usually operate below this by a
factor of 2 or 3. Using an efficiency of 5§ for the heat pump as a
reasonable guess, the overall efficiency of the system is about 1.8.

The order of merit is thus (@) heat pump, (b) domestic central
heating and (c) electric radiators. The reason that (@) is not more
widely used is the high capital cost of both the equipment and the
outside cold ‘sink’.

15

It is clear that nothing is to be gained, at any stage, by re-using the
rinsings from an earlier stage, since this would only serve to in-
crease the concentration of the residue. If a volume of water k,R
(k» is a numerical factor to be determined) is added during the nth
cycle of operations, the amount of dirt remaining is reduced
according to D, = D,_1R/(R + k,R). Thus, after p operations,

Dp/DO= 1‘:,_[1 1/(1+‘kn)-

If k» is kept at a constant value, &, then the number of operations
to use all the water is W/kR, and so D/Do= (1 + k)~ "/*R  j.e.

ln(g) __WhQ+k)
D R &k

The largest value of the right-hand side (= W/R) occurs when k£ =0,
and thus the smallest value of D is given by D = D, exp(— W/R)
and is obtained by using as little water as possible for each opera-
tion. It is clear from this result that no improvement results from
trying any procedure other than keeping k. constant.

16

If the external field is denoted by H, then the specimen will develop
a dipole moment which is proportional to H. If it is treated as a
small sphere of radius r, the dipole moment is given by

-1 AxrixH
=4’ | L VH =X = vyH
m = dar (wz) My,

where V is the volume. This will, in turn, produce a field at the coil,
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its value on the axis being 2xom/4xx> = B, say, where x is the
distance between coil and specimen. If the dimensions of the coil
are small compared with x, the field may be taken to be constant
over the whole area, and thus the flux is & = AB = 2u0A VxH/4xx>.
The motion of the coil can be described by x = xo + a sin w¢, and
the EMF per turn of the coil is d®/d¢?, which is easily found to be

3pupAVxHwa cos wt
27X )

17

A beam of electrons, moving with velocity v and carrying a current
I, produces a magnetic field A which, at a distance  from the cen-
tre of the beam, has a magnitude H = I/2xr and a direction along
the circumference of the circle of radius . An electron on the
periphery of the beam, charge e, will experience a force ev X B
(B=puuoH) directed radially inwards. Its magnitude is thus
evupol/27r.

The beam has a line charge density p = I/v and the same electron
will therefore also experience a Coulomb force of repulsion, i.e.
directed radially outwards, of magnitude p/2xeeor, i.¢. Ie/2xecorv.
The ratio of the electric to the magnetic force is thus 1/v2eeopupo. In
a vacuum, e =p=1. Also, eopo = 1/c2. Thus the ratio is c/v?,
which is greater than unity, i.e. the beam will defocus.

An alternative treatment is to consider the motion in a frame
of reference which is moving along with the electrons. There are
then no first-order magnetic fields, but the electrostatic repulsion
remains. On transforming back to the laboratory frame, this repul-
sion still gives a divergent motion, albeit at a reduced speed.

In a plasma, the situation is very much more complicated. It is
possible for an excess of positive ions to persist along the path of
the electron beam, the negative ions having diffused away rather
more rapidly, and this will give rise to a focusing effect. But this
is outside the scope of the discussion prompted by the quotation
given.

18

(a) A telephoto lens, like a telescope, makes far objects appear
near by giving rise to an angular magnification. Let us approximate
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a horse by a rectangular body with a vertical leg at each corner.
Suppose the separation of the forelegs, and of the back legs, is
0.5 m, and the distance between front and back legs is 2.0 m. If we
observe the horse, head-on, when it is 10 m away, the gap between
its forelegs will subtend an angle of 1/20 at the eye, while the gap
between the hind legs subtends 1/24. It is this difference which gives
the impression of the length of the horse. If the same horse is 100 m
away the same two angles become 1/200 and 1/204, which are not
very different. However, if we use a telescope with an angular
magnification of X 10, the angles become 1/20 and 1/20.4. The ap-
parent size of the front is the same as that of a horse standing 10 m
away, but now its hind legs appear to be only 0.2 m further back.
A very short horse!

(b) In order to reduce image defects such as astigmatism and
field curvature in a camera lens, an aperture stop is often placed on
the optic axis a little way in front of the lens, as shown in the
diagram. The result is that images of off-axis points are formed
by a restricted area of the lens, which is itself off axis. The image
formed by a narrow cone of rays passing through the centre of the
lens would be at P. It is clear from the diagram that, in addition
to focusing the cone of rays which actually forms the image, the
lens must also deflect its principal ray, acting, in effect, like a smali-
angle prism. The amount of this deflection will be determined by
design parameters of the lens already fixed, and the off-axis pencil
forms its image at P’, closer to the axis than P. It is also fairly clear
that, the larger the object, the more eccentric will be the patch of
lens used to form the image, and thus the larger the error PP'. The
magnification is thus progressively reduced as we move further
away from the axis. This is barrel distortion. It follows that the
effect will be particularly noticeable with a wide-angle lens.

-
—-
-~
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19

Initially we have
mvi/r= Gm?/4r?. (1)

The final system is most likely to break up if the explosion increases
the velocity of one component in the direction in which it is moving
at the time. Call the increased velocity vs. The centre of mass now
has a velocity (v — vr)/2, and the velocity of either star referred to
axes in which the centre of mass is stationary is, say,

(v+uv)2=v0". (2)

The system will break up if the new kinetic energy is greater than
the work needed to separate the components to infinity, i.e. if
mv’? > Gm?/2r. Using the relations (1) and (2), the required con-
dition becomes

ve= (242 - Dv = (2/2 - 1)(Gm/4r)'2,

The above argument assumes that the mass lost as a result of the
explosion is so small that it has no effect on the result. If this quan-
tity is denoted by ém, then an analysis on exactly the same lines
gives the condition vg/v =22 — m/m)'/? — 1, thus showing that
the assumption was valid.

20

The earth is not a sphere, but is, approximately, an oblate
spheroid, with its equatorial diameter ¢ about 21 km bigger than its
polar diameter b. The equation for an ellipse can be written as
x=a cos 8, y=>b sin 8. Writing r* = x* + y> and a— b=45, and
neglecting squares of 8/a, this can be written as 7= a— § sin? 8
where ¢ is the latitude. This gives r3o — rso = 7.4 km for the dif-
ference in the radial distances of points at latitudes 30° and 50° if
both were at sea level. However, we are told that along the course
of the Mississippi, the difference is only 5§ km. The extra 2.4 km is
the head of water available for making the river low southwards.

21

Ignoring, for the moment, the presence of the thin films, the
arrangement will produce Fraunhéfer diffraction fringes on a
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screen in the focal plane. The intensity in terms of the angle of
diffraction @ is given by the well known result

Joc (2a sin¢) 2
¢

where ¢ = 2rasin 8/\ and a s the slit width. The first zero on either
side of the bright central fringe is at 2xa sin §/\ = » or, in terms
of distances on the screen, at x= * \f/2a, where f is the focal
length of the lens. If white light is used, then the presence of \ in
this expression shows that little more than the central fringe will be
observed.

However, the thin films described act as an interference filter.
Repeated internal reflections inside the silica film (thickness d,
refractive index u) will give rise to constructive interference only if
2ud =n\ with n=1,2,3.... For the values specified, A = 12000,
6000, 4000, 3000... A. The first and last wavelengths are in the
infrared and ultraviolet, respectively, so that the filter will transmit
6000 A (yellow) and 4000 A (blue).

The effect observed will depend on the meaning of the phrase
‘half-reflecting’. If this is taken literally to mean a reflection coeffi-
cient of 0.5, then intermediate wavelengths will also be transmitted
with appreciable intensity and the result will not be very different
from that observed for white light. The ratio of maximum intensity
at the wavelengths specified to minimum intensity in between is
equal to (1 + R)%/(1 = R)?, where R is the reflection coefficient.
(This is another standard result, but is not difficult to prove by sum-
ming the infinite series of vibrations whose amplitudes decrease in
geometrical progression while their phases increase in arithmetical
progression.) For R = 0.5, the ratio is 9: 1 and the transmitted band
of wavelengths is very broad. But if R is increased to 0.9, the ratio
becomes 360: 1 and, moreover, the transmitted waveband is quite
narrow. There will thus be two diffraction patterns in the visible
part of the spectrum, one blue and one yellow, their central maxima
being coincident. The first zero is thus at x = 0.67 mm on the screen
for the blue fringes but at x = 1.0 mm for the yellow set, and a few
coloured fringes will be seen before they merge. Unfortunately, in
order to obtain high reflection coefficients with silver, the films
must be made thicker, so that the absorption increases and the
fringes will be faint.
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22

The ground-state wavefunction for hydrogen is

Y(r)=(xa’)"""? exp(- r/a)
where the Bohr radius is

The potential energy is

2

e’ 1
Viry= —-—— -
(r) dxeo 1

and the ground-state energy is

Thus for r > 2a the value of V(r) exceeds E. An observation of the
proton—electron spacing 7 may result in any value, but the act of
measurement of 7 disturbs the system. Since r does not commute
with the Hamiltonian, the radius and energy cannot simultaneously
be measured. Enough energy will be put into the system to raise the
energy above the potential energy at any point where the electron
may actually be observed.

23

Let a, b denote the inner and outer radii of the annular space bet-
ween the rod and the cylinder and V the potential of the rod relative
to the cylinder. Then the field F = V/rin(b/a). If the polarisability
of a particle is «, then the force on it is «F3F/dr. The equation
describing its radial motion is thus

m d?r _ al?
dt*  r*[In(b/a)]?
the solution of which is

2 .2\172 172
g = Tolro=r’) (ﬂ) m(é).
V o a

m is the mass of the particle, and the initial conditions r = ry,
dr/dt =0, at ¢t =0 have been applied. If we now set ro=>0,r=a,
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this gives 7, the time needed for all the particles to reach the central
electrode. If the flow velocity is v, then the axial distance travelled
in this time is v7 and, if all the particles are to be collected, this
must equal L, the length of the cylinder. Hence we obtain

£ _ b(bz _ a2)1/2 (E)I/Z ln(g).

v V o a

24

For any spacecraft in a circular orbit, GMm/r? = mr»?. For a body
on the surface of the earth, GMg/rf = ge = 10 ms~2. With the
numbers given, we find w = 10.4 rads ™!, i.e. the period is approx-
imately =/5 seconds—somewhat uncomfortable for the intrepid
astronaut! We can also deduce that the linear velocity in orbit is
approximately 10’ ms~! = 0.03c—high, but not relativistic.

For a person at the mass centre of the craft, GMm/r’ = mro?
also, i.e. she will, indeed, float. If » changes to r — x, the gravita-
tional force becomes GMm/(r — x)2. If sideways motion across the
vehicle is prevented, and if the vehicle mass is large compared with
the mass of the person, then w will remain constant, and the force
needed to maintain the astronaut in the new, smaller, orbit will be
m(r — x)%w. This is no longer equal to the gravitational force. The
difference, approximately 3mxw?, will accelerate the person
towards the centre at a rate 3w2x. This will give rise to a velocity
J3wx. At the end of the tunnel (x = 50 m), this is equal to 900 m s~!
(about 2000 mph in more homely units). On the way to this unfor-
tunate conclusion there will be a Coriolis acceleration sideways
across the tunnel equal to 2/3w’x. This will reach the value gg
before the victim has moved more than a few centimetres.

The orbit as described is indeed stable. The differential radial
force calculated above—the so-called tide-raising force—will pro-
vide a restoring couple if the attitude is disturbed, as can be seen
clearly by drawing a diagram.

25

The height is readily found by simple geometry; it is, to a good
approximation, 4 = d?/2r, where d is the range (500 km) and r is
the radius of the earth (6400 km). The height is 19.5 km.

A crucial question is whether the cable can support its own
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weight. This requires the tensile strength to be greater than pgh.
Estimating the density of steel at 8 x 10® kgm ™3, and that of kevlar
at 1.2x10°kgm™3, we obtain pgh=1.59%10°Nm~2 and
0.28 x 10° N m~2 respectively. Thus steel is barely strong enough,
while kevlar has a comfortable factor of safety (= 7). Some im-
provement could be obtained by making the diameter of the cable
taper downwards.

The design problem involves a number of considerations inter-
related in a complicated way. The total load to be supported =
equipment + cable + fabric of balloon: only the equipment is a
fixed quantity. Horizontal forces due to wind drag on both balloon
and cable are important. Their effect would be to make both the
position and—more importantly—the height of the transmitter
very variable. Their effect could be reduced by making the total
buoyancy much more than sufficient to support the load. The
buoyancy, the drag force and the weight of fabric all depend on the
balloon size. The cable diameter will depend mainly on the excess
buoyancy, i.e. on the drag forces. The total buoyancy will depend
on the relative densities of air and helium at 20 km altitude. The
temperature of the balloon, different by day and by night, will
affect both the buoyancy and the mechanical properties of the
fabric. Power supply to the transmitter would present a problem,
and the hazard to aircraft should not be overlooked.

26

When displaced a distance x towards one of the plates, the sphere
finds itself in a position where the potential is Vx/b. It therefore ac-
quires an induced charge, sufficient to keep its potential at zero (it is
earthed). Its capacitance is 4x¢oa, and so the charge is 4weoaVx/b.
Being in a field V/b, it experiences a horizontal force 4xeoaV?x/b?
towards the nearer plate. The tension in the wire has a horizontal
component equal to mgx/l/, and the system becomes unstable when
these are equal. This gives V2 = mgb%/4xncoal.

(There will also be an induced dipole on the sphere, of magnitude
4xeoEa’, where E = V/b, the field strength. This will interact with
the image dipoles in the two plates to produce a net force towards
the nearer one. Its magnitude can be shown to be 3(dxeo)a®V2x/b’,
which is smaller than the monopole interaction in the ratio (a/b)*
and is thus quite negligible.)
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27

(1) The radius of the focal spot is x=0.61f\/a, where fis the
focal length of the lens and a is the radius of the laser beam. This
gives x= 1.8 x 10~¢ m. If we are to neglect conduction, the input
energy must be reradiated from a spot of this size. The energy
radiated from an area A at temperature T is e0 AT*, where ¢ is the
emissivity. Setting ¢ = 1, the resulting value of T is approximately
6.4x10°K.

(ii) Consider a spherical heat source, radius r;, temperature 73,
in an infinite medium with 7T = T, at infinity. In the steady state,
the heat flow through any spherical shell concentric with the source
is given by Q = — x4xr? dT/dr. Integrating, and using the bound-
ary condition at 1, we obtain Q = 4xxr1(T1 — T»). If the piece of
lead is treated as a semi-infinite solid, with the source in its plane
face, O will be about half this quantity.

The radiation loss is approximately xrio(T${ — T3%), allowing for
incident radiation from the surroundings at T. Since, in this case,
Ty — T will be much smaller than either 7 or 7« (on the absolute
scale), we can write this approximately as #rio(T) — T=)4T>. The
ratio of conduction loss to radiation loss is thus x/or; 7>, and this
is of the order of 107. The radiation loss can thus be ignored. Set-
ting 27xr(T) — Tw) = 1072 W, we have T1 — T =2.9K.

28

The increased pressure below the wire will lower the freezing point,
so that some ice at 0°C will melt. The melt water will flow round
to the top of the wire and refreeze. The basic assumption is that the
process that determines the rate of this sequence of events is the
conduction of heat across the wire. The thermodynamic relation
quoted serves to determine 87, if 6p = Mg/A where A is the area
under pressure (= 0.2 % 10"*m? in this case). The rate of heat
transfer by conduction is xA87/t (1=10">m is the vertical
thickness of metal). The rate of heat production is given by the
amount of ice melted per second, multiplied by the latent heat, i.e.
Lp AV (p is the density of ice, V is the velocity of descent). In the
steady state, the rate of heat production will equal the rate of heat
transfer. Putting these relations together, we obtain

Ve xMgT Ap
tLZA 53
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where the specific volumes v have been replaced by 1/p and the
approximation that Ap << p has been made. The numerical result
is 6.4 10" ms~! =23 mm/hour.

(The above simple analysis represents the accepted doctrine on
this problem. Unfortunately, it appears to be wrong. A more
detailed analysis, made since the question was set in the 1964
examination, has shown that the thermal conductivity of the ice
and the thermal resistance of the film of water cannot always be
neglected. On the other hand, the heat transported by the moving
water, the effect of the finite viscosity of the water and the heat
generated by the work done all give rise to very small effects. But
even when experimental conditions are chosen so that heat conduc-
tion across the wire is, indeed, the most important process in deter-
mining the speed of descent, experimental results can still be up to
ten times smaller than predicted by the appropriate theory.)

29

The force between the magnet and the superconductor can be
treated by the method of images, familiar in other contexts. The
surface of the superconductor is treated as a mirror and, if the im-
age has the same polarity as the object, considerations of symmetry
show that there will be no component of field normal to the sur-
face; that is, the field of the real magnet does not penetrate into the
superconductor, as required. Thus the forces between the magnet
and the superconductor are the same as those between the magnet
and its image. They can be characterised by an interaction energy
which can readily be calculated from first principles—e.g. by sum-
ming the pair-wise interactions of the four poles. If p is the dipole
moment and A is the height of the magnet above the surface, the
energy is (po/47)[p%/(2h)%). There is also a gravitational energy
mgh, where m is the mass of the magnet. The equilibrium position
is obtained by minimising the total energy, i.e. by setting

2

d #o _P” 1\ _
dh(mgh T ar (Zh)’) =0.

This gives i = Buop?/32xmg)Y*. The result is 1.06 cm.
The above tacitly assumes that the equilibrium position is with
the dipole axis parallel to the surface. This is fairly clear from



The Solutions 65

symmetry considerations, but a complete treatment gives

o d*(1+sin6)
4x 2n)?

for the energy, where 8 is the angle between the dipole axis and the
surface. This is clearly a minimum when 8 = 0.

30

This question is not sufficiently precisely formulated to permit an
unambiguous answer to be given. For the simplest possible arrange-
ment, we may envisage a large hollow conducting sphere, at earth
potential, with a hole at one point, through which the beam of elec-
trons enters, and another, diametrically opposite, through which it
leaves. The 10 cm sphere is placed at the centre. The electron beam
must be presumed to originate at a cathode which is held at a poten-
tial of — 1000 V relative to earth. Under these conditions, charge
will accumulate on the sphere until its potential is equal to that of
the electron source, i.e. — 1000 V. If the radius of the outer sphere
is much greater than 10 cm, the capacitance of the inner sphere is
4xeeor where r is its radius. If e = 1, the final charge on it will thus
be 4weo Vr, with V=103V, i.e. Q=1.11 x 1073 C. The field at its
surface will then be Q/4xeor? = 10* Vm™~!. The assumption about
no loss of charge is quite unrealistic. Any conductor bombarded by
1000 V electrons will emit secondaries, which will be repelled by the
charge on the sphere. This charge will build up until the rate of
escape of secondaries just balances the rate of arrival of the
primaries. The details will depend on the secondary-emission
characteristics of the metal, but the outcome is likely to be a final
potential much less than 1 kV.

31

Assume that the grain size of the emulsion is so small that it does
not affect this problem. Then to locate the edge of a particle of rock
with a resolution of 10! mm, a density of tracks of at least
100 mm 2 will be required. If these reach the emulsion they must
have originated in a layer of water not more than ‘a few’ (=5)
microns thick, i.e. a density of disintegrations of at least
2 % 10* mm 3. Since half of the tracks will go downwards and not
reach the emulsion, we must double this density, i.e. to

4% 10* mm™3.
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The tritium will decay as n=nmexp(—at), with a=
6.5%10"5h~! to give the specified half-life. The number of
disintegrations is then dn = an dt. With dn=4x10%and d¢=1h
we obtain n=6x 10°mm =6 x 102 cm~>.

Practical difficulties would include the problem of preparing a
sufficiently smooth surface without disturbing the structure under
investigation; effects of the finite grain size of the photographic
emulsion; the minimum dosage calculated might give a ‘spotty’
picture, with a lack of resolution; problems of doing all operations
at sub-zero temperatures; problems of radioactive contamination.

32

We assume that the concentration of free electrons is small. If this
were not the case, the field strength would vary with position, and
more information would be needed. The lines of force will then be
as in the diagram, which is drawn for E;, > E;. If the electrons can
be said to ‘drift’, this implies that they collide frequently with the
gas atoms and their average paths will thus follow the lines of
force. If the direction of the field is such that they move from E,
to E», then clearly only a fraction E>/E; will penetrate the screen,
the remainder impinging on the wires. If the sign of the fields is
reversed, all of them will pass through. If the gas pressure were
greatly reduced, the electrons would not ‘drift’ but would be accel-
erated by the fields. The fact that their mass is finite means that
they would not be able to follow the curved field lines, but would
move on paths more nearly straight. In the first case above, i.e.
electrons moving from E, to E, a greater number would penetrate
the screen, and in the second case a smaller number. In high fields,
and any vacuum less than perfect, the collision of the fast electrons
with residual molecules could produce electron multiplication, and
eventually an avalanche. The possibility of the emission of second-
ary electrons from the wires must also be considered, if the potential
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drop along one mean free path is large enough. If the drift is from
E; to E; this would have the effect of increasing the apparent
fraction reaching the E> region. If the wires are very fine, then the
high local field near their surface may give rise to field emission,
independent of the impact of electrons.

33

In this application of the uncertainty principle, AxAp = #, we can
write A x = 6p and A p = I8y, where I is the moment of inertia of the
pencil about its tip (= m/?/3). Thus

oo = 3h/mi>. (1)

Since 6(¢) = 8o cosh(t/7) + 6o sinh(¢/7), we estimate the greatest
time for which it can remain balanced by calculating the minimum
value of 8(¢) subject to the condition (1). This is a standard pro-
cedure. (The minimum of f(x, y) = ax+ 8y, subject to xy=c,
occurs at x = ( 8c/a)'’? and has the value 2(afBc)!/2.) The result is

Om = 2[cosh(¢/7) sinh(¢/7) 3hr/mi*] /2
which can be rearranged as
sinh(2t/7) = mi*0% /6hr. (2)

Taking /=15 cm, the period is 7=0.1s. With m=5g and any
reasonable value of Oy, it is clear that the right-hand side of (2) will
be very large, and we can therefore write

sinh(2¢/7) = Jexp(2t/7)

and thus
2t/7 = In(mi*0%/3h7). (3)

If we adopt 6, = 0.01 rad as the limit at which the pencil can be said
to be still balanced, equation (3) gives t=3.8s. If we take
0m = 0.1 rad (= 6°), this only changes by a small amount, to 4.0 s.

34

The angular frequency is w = (g//)"/2. If A is the amplitude, the
energy of the oscillation is £ = mA2w? and the tension in the string
is T'= mg + m(Aw sin wt)?/l. Since the string is shortened slowly we
are justified in calculating the work done by using the time-
averaged value of T, which is T= mg + mA2w?/2l. The work done




68 Thinking Like a Phystcist

in shortening the string by &/ is thus mgdl + mA2w?6l/2l. The first
term increases the gravitational potential energy of the bob, while
the second term adds to the energy of the oscillation an amount
OE = — mA*w?8i/2l (the negative sign appears because &/ is
negative). Thus 6E/E = —6//2l. Since 2z f= (g/I)!/?, we also have
8f/f= —bi/21 and so 8E/E = 4f/f, which establishes the desired
result.

3$

Suppose a ‘book’ contains 60 pages with 300 words per page and
5 letters per word: this gives approximately 10° characters. The
total number of different characters available, including letters,
numbers, stops and spaces is approximately 40. Thus the probabil-
ity of producing any specified arrangement of 10° by chance is
(1/40) 100000 ~ 1(—160000  § o (160000 {rials are needed to give an
even chance of success.

The age of the universe is 7= 10'° years = 10!7s. The size of the
universe is L = ¢T =3 x 102° m. The size of a small microchip is
I23%10"?m. Thus the number of micros required to fill the
universe is approximately (L//)® = 10!°2. The time for a bit instruc-
tion is £ 2 //c=10""s, and for 40 characters we need 6 bits/
character. Thus the time required to produce a character is
t' =6x 107! s and the number of characters that a micro could
generate is 7/t’ =2 % 103, The number of attempts at a book of
103 characters is thus approximately 102® from each micro. The
total number from all the micros is thus 10'3°—which is infinites-
imal compared with the requirement of 10!699%,

If we invert the question, we could ask what is the maximum
number of specified characters that could have been produced. The
answer is n, where 40™ = 10%, i.e. n = 81: not a book, but a phrase
half as long as Huxley’s statement.

Acceptance of some errors would have no effect. If there were
1000 permissible errors in the book, it would mean that only
(10° - 1000) characters were specified—a negligible change. The
second question is unanswerable. By way of illustration—it would
take 40% = 2.5 x 10% attempts to have an even chance of producing
a specified four-letter word. But the number to produce any four-
letter word depends on the number of meaningful combinations of
four letters that exist (in English?).
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36

Let vy, vy be the initial transverse and longitudinal velocities respect-
ively. The corresponding accelerations are 0 and Ee/m = f. If t is the
time of flight, the velocities at the aperture are v, and v, + ft = ft.
At the aperture, the inclination of the trajectory to the axis is
6 =tan"'v,/ft, and the point of impact is a distance vy from the
axis. All trajectories, extrapolated backwards, therefore cut the
axis at a point a distance X from the aperture, where v,¢/X = tan 6.
These relations give X = ft2. However, the real distance travelled
parallel to the axis is d = vt + ft2/2 = ft?/2. Thus X = 2d.

The application of an axial magnetic field leaves the axial motion
unaltered, but the motion in the yz plane turns into a circle of
radius muv,/Be, which is traversed in a time 2xmB/e = 7, say. The
trajectories thus become helices, which project on to the yz plane
as circles, with radii «v,/B, all passing through the point (0, 0). The
magnitudes of the impact velocities are unchanged, but the plane
containing the x and y velocities on impact no longer necessarily
contains the x axis also, and so the concept of the ‘virtual’ image
is not valid. However, since r is independent of v, a suitable choice
of B ensures that all electrons complete an integral number of
cycles in travelling the distance d. Thus a ‘real’ image is formed at
(0, 0) for these values of B.

37

In copper the protons (and the neutrons) are not stationary, but
move around with ‘Fermi momentum’ as a quantum mechanical
consequence of their confinement to the nuclear volume. When one
of them happens to be approaching the incident proton, the
threshold momentum will be reduced. Suppose the Fermi momen-
tum is x (small compared with m, the mass of a nucleon). (All
quantities are expressed in the customary units, with ¢=1.) Then
the initial state has one proton with momentum p and total energy
E, and one nucleon with momentum — x and total energy m. (The
kinetic energy will be x2/2m, with x small, and so can be
neglected.) The final state has four moving particles, all of about
the proton mass m. At the threshold, all are stationary in the
centre-of-mass frame and thus all have the same momentum, p,,
and the same energy, E», in the laboratory frame. The two conser-
vation laws thus give py — x=4p, and E; + m = 4E,. We also have
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the general relations E} = p?+ m? and E3 = p}+ m?. By mani-
pulating these equations we can obtain 7m? = mE; + xp; — x2/2.
Since x is small, the last term can be neglected, and, in view of the
relation E% = p} + m}, we can write p; = E; in the penultimate
term. This gives E;=7m/(1 + x/m). For x=0, this becomes
E; = Tm; hence p; = /48 m = 6.5 GeV/c, as stated. As x increases,
the threshold energy E; and thus the threshold momentum p,;
decrease: py =4.8 GeV/c when x=0.35m=0.33 GeV/c.

The reaction probability for incident protons of small momen-
tum will depend on the chance of meeting a nucleon of high
momentum—i.e. on the shape of the ‘tail’ of the distribution curve.
Although nucleons obey Fermi statistics, we can probably use a
Boltzmann-type distribution for the tail; thus the reaction prob-
ability will fall off rapidly with decreasing incident momentum.

38

Let v denote the velocity of sound, and av that of the rocket, with
a > 1. Consider a sound wave emitted from the rocket at t=0,
when the rocket is at O in the diagram. It will arrive at a point P,
with coordinates r, # as shown, at a time ¢, =r/v. In a time 7, the
rocket has moved to O', with OO’ = avr. Another sound wave,
emitted at this instant, arrives at P at a time ¢, = 7 + R/v, where R
is the distance O’P. The time interval between the two arrivals, i.e.
t> — t; = A, say, is then 7+ R/v — r/v. We also have the geometrical
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relation R2=r?+ a?v%r? — 2ravr cos 6. Now let us choose 8 so
that cos 8 = 1 /«. Since a > 1, this is always possible. The relation
can then be written R? — r? = a?v?r% — 2rvr. For small 7, R?2=r?
and R -r’=(R-r)(R+r)=2r(R-r). This gives R-r=
av?r?/2r — vr. We can now write A = 7+ (R — r)/v as A = a2vr?/2r,
i.e. A is the second order of small quantities in 7. Thus, to a first
approximation, all sound waves emitted in the neighbourhood of
O will arrive at P at the same time. There will therefore be a shock
front at P. This conclusion does not depend on giving any par-
ticular value to r, so that all points along OP will experience the
shock wave. The locus of points such as P is defined by cos 8 = 1 /a.
It will thus be a cone, of semi-angle 6, with OO’ as its axis. This
will cut the surface of the ground in an ellipse.

39

If the rotor, of radius R, gives a downward velocity v to a column
of air initially at rest, the momentum transferred per second will be
mv, where m, the mass of the air, is #R2vp. If the helicopter is to
be airborne, this must equal Mg. Inserting the values given, we ob-
tain v = 4.5 ms™!. Neglecting energy losses, the energy transferred
per second to the bulk motion of the air is } mv?, which equals
4.5 kW in this case. For the system to be practicable, the man must
thus generate about 5§ kW continuously. Making an estimate from
the time taken to run, fast, up a long flight of stairs, it appears that
the maximum rate of energy production by a man is of the order
of 1 kW. The proposal does not, therefore, look very hopeful.

40

The time taken by the particle to fall through the beam is readily
found by elementary methods. It has a maximum value of
37 x 1073 s if the path happens to be along the diameter of the
beam.

The electrostatic capacitance of the particle is proportional to its
radius (equal in ESU) and is equal to 5.5x 107 !SF. Hence to
charge it to 3 kV we need 1.65 x 107 !2 C. The current flowing to
it is initially I(r/R)* (r and R are the radii of the particle and
the beam and I is the current in the beam). This is equal
to 6.25x 1071% A, At this rate, the time of charging would be
1.65% 1072/6.25 x 107 '°=2.64 x 10”5, In fact, as the particle
accumulates charge, it will repel some of the protons sideways, so
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that the rate of charging will decrease. However, the charging time
of about 2.5 %1073 s is so much smaller than the time of fall,
37 x 1073 5, that, for most trajectories, the particle will be fully
charged to 3 kV by the time it leaves the beam.

In addition to charge, the particle will also collect energy and
momentum. The energy extracted from the beam is equal to QV.
Of this, 3 QV is stored in the electrostatic energy of the charged
particle and the other } QV appears as heat. This amounts to
2.5x107%J. Assuming the density of graphite to be about
3 x 10® kgm 3, the resulting temperature rise is 2 K. This will be
the average over the particle: locally and temporarily, the rise may
be greater.

The velocity of the incident protons is found by equating my?
to eV, and is found to be about 7.6 x 10° ms~!. Conservation of
momentum shows that, if the proton is absorbed, it will impart a
velocity of approximately (m/M)v to the particle. Late arrivals will
be moving more slowly on impact, but we must then take account
of the electrostatic repulsive force between the approaching proton
and the partly charged particle. Even when the particle is fully
charged, this effect will persist in the quasi-elastic collisions. For a
proton approaching head-on, and repelled along the same line, the
velocity increment of the particle is 2(m/M)v. This will fall to zero
for off-axis collisions. We may therefore reasonably assume an
average velocity increment of (m/M)v for all the protons in a beam
of cross sectional area 7r2 for the whole of the time ¢ that the parti-
cle is in the beam, i.e. about 30 ms for an average trajectory. The

resultant velocity is thus
rN>T . m
=) =t—v
R/ e M

where e is the proton charge. This gives a value of approximately

20cms™!,

41

Let w be the angular velocity of the axle (a constant) and 6 the
deflection of the bar from the vertical. Then the relative angular
velocity is w — 6, and the frictional couple is G= G(w - #). Since
w > > 0 we can expand this as a Taylor series about w and write

G = G(w) — 6(dG/dw)s=0 + ... = G(w) - G (w).
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In equilibrium, with the bar at rest but the axie rotating, we have
the relation

G(w) + 0= Mglsin g, t))
where M is the mass of the bar and 2/ is its length. In general,
B'=G(w—6)— Mglsing
= G(w) — G(w)0 — Mglo
or, using (1),
I6 = Mgl (80 ~ ) ~ G(w)b.
Writing 6 — 6o = ¢, this becomes
1$ + G(w) + Mgip = 0.

If G(w) < (4IMgl)'/?, this represents an oscillation about ¢ = 6q;
o_therwise, an exponential relaxation towards 6. In case (a),
G(w) > 0 and the amplitude of the oscillations will decrease
exponentially with time. In case (), G(w) < 0 and the amplitude
will increase exponentially.

2

In the laboratory system of coordinates the initial energies of the
two particles are Ep and mc?, and their total momentum is po + 0,
where E, and p, are related by E3 = p3c? + m?c®. In the centre-of-
momentum system, the total energy is E¢ (to be determined) and
the total momentum is zero, by definition. Using the concept of in-
variant mass, we have

(Eo + mc?)? - ¢*p = (E)?

i.e.
(E§)? = E} + 2Eymc? + m*c* - c*p}
= 2Eymc? + 2m3c*
using the relation between E; and pe quoted above.
After the collision, the least energetic configuration will be with
three electrons and one positron all at rest in the centre-of-

momentum system, i.e. E{ = 4mc2. The conservation of energy
requires that E{ = Ej, i.e.

16m2c? = 2Eymce? + 2m3c*
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which gives Eg = 7mc2. Thus the kinetic energy of the initial elec-
tron must have been E, — mc? = 6mc?.

43

Case (1). Inside the cavity the field will be uniform, and outside,
a dipole field will be added to the uniform applied field. This is a
standard result. The potential is V= — Fz inside the cavity and
— Ez + P cos 8/r? outside, where E is the applied field and F, P are
to be determined (z = r cos ). The boundary conditions at the sur-
face of the cavity are (a) equality of the tangential components of
the field, which gives F= E — P/a?, and (b) equality of the normal
components of displacement, which gives F = ¢E + 2¢ P/a®. From
these two relations we deduce F = 3eE/(1 + 2¢), which is equal to
1.23E in this particular example. Breakdown will occur when
F=100kVcm™', i.e. when E = 81.3 kVcm ™! or when the applied
voltage is 40.6 kV. After breakdown, ions from the discharge will
accumulate on the surface of the cavity until the field inside falls
below the extinction value for the discharge.

Case (2). If the polyethylene has a small conductivity, the initial
field distribution (as above) will cause currents to flow, building up
a charge distribution on the surface of the cavity. Since there can
be no current flow normal to the surface, this process will cease
when the radial component of field outside 7 = a has fallen to zero.
The boundary conditions are now (@) continuity of the tangential
field, giving F=E — P/a® as before, and (b) zero radial field for
r > a. The second condition gives E +2P/a’* =0, and the two
together give F = 3E/2. The applied voltage for breakdown is now
33.3kV.

If a voltage between 33.3 and 40.6 kV is suddenly applied, there
will be no immediate breakdown but, after some delay, the situa-
tion will be as in Case (2), and breakdown will occur. The delay will
be of the order of the relaxation time for the dielectric. For a
notional parallel-plate capacitor, C = ecp.A/d and R = pd/A, where
p is the resistivity, so that 7 = RC = eeop, Which, using the data
given, is approximately 200 s.

44

‘Static friction’ implies a tangential force at the point of contact of
the two solids. The essence of rolling motion is that there is no
(macroscopic) relative motion of the two bodies at this point.
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Hence the forces do no work, no energy is dissipated, and the wheel
is not slowed down.

A more realistic treatment takes account of the fact that both
wheel and road will be deformed, to give a finite area of contact.
The forces acting across this (curved) area will have components
which are not vertical, and will not be symmetrical in a fore-and-aft
direction. There may thus be a resultant horizontal component
opposing the motion.

A more useful approach is in terms of energy. The deformations
of the two bodies due to the high local stresses over the small area
of contact may differ in such a way that they give rise to localised,
microscopic slipping, resulting in energy dissipation. In addition,
the high local stresses will give rise to large local strains—too large
to be perfectly elastic. The fact that the behaviour is non-linear
would not, in itself, be of any consequence, but such non-linear
behaviour is usually accompanied by hysteresis effects, so that
some net work is done in a cycle of strain and, again, energy is
dissipated.

Even in the limit of very hard solids, very lightly loaded (a small
ball-bearing on a glass plate, for example), where the strains may
be almost perfectly elastic, they will still be non-uniform. Strain
gradients are, as a thermodynamic necessity, accompanied by
temperature gradients, and the resulting conduction of heat in-
volves a dissipation of energy (‘thermo-elastic damping’).

45

If we make the assumption that the optimum trajectory is a
parabola, with an initial slope of 45°, then arguments from elemen-
tary mechanics show that the initial horizontal and vertical com-
ponents of the velocity of the shot are each about 90 ms~'. The
horizontal recoil velocity of the cannon will thus be 4.5 ms™?. If the
restraining mechanism brings it to rest in, say, 3 m, its deceleration
will be 3.4 ms™~! and the corresponding force will be approximately
103 N—which is not impossible.

In order to discuss the vertical recoil in the same way we would
need some estimate of the effective mass of those parts of the ship
which move. It is easier to argue as follows. If we assume that the
length of the barrel is, say, 3 m, and that a constant force acts on
the shot while it is moving up the barrel, then its vertical compo-
nent of acceleration is 3 X 10° ms~2, which gives a vertical force of
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3x 10* N. This will also be the recoil force acting on the
cannon + ship. This also should be tolerable.

If, as is likely, the trajectory is more nearly horizontal than was
assumed above, then the initial velocity would have to be larger,
and the horizontal component would be larger still. This might give
trouble with the horizontal recoil.

46

The energy, W, is (EZ dV/8x taken over the whole of space (except
for a sphere of radius b — 0, around +gq). Thus

§TW = s E*dV+ S E* dV

P Q
where P, Q are the volumes inside and outside the sphere,
respectively.

Let us write E = E; + E>, where E; is due to the point charge +¢
and E, is due to the distribution — g. Then, within P, E; = g/s* and
E> =0, where s is the distance of element dV from the charge +gq.
Within Q, E; = g/s* as before, and E> = g/t?, where t is the distance
of dV from the centre of the sphere.

Now, EX=(E, + E;)+ (E1 + E;) = E3 + E} + 2E\E>cos8. From
symmetry, for every volume element where cos 8 = a, there will be
another similar volume element where cosf@= — a. Thus the
integral of the third term over space is zero, and so

8 W = S (E2+ E3)dV + § (E? + E3) dV
P Q

=s E%dV+SE%dV
P+Q Q

which is independent of the position of + g. Thus the energy of the
‘external’ field which appears in Q is compensated by a decrease in
the ‘internal’ field in P, as + ¢ moves away from the centre.

47

Mechanisms of energy dissipation are of two kinds. (1) Those con-
cerned with the vehicle itself, which absorb a finite amount of
energy. These are the heating, melting and evaporation of the struc-
ture. The heat shield is present to confine these effects to itself, and
to protect the rest of the vehicle. Calculations show that the total
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amount of energy that can be absorbed in this way is only a small
fraction of the kinetic energy. We must therefore rely mainly on
(2), those involving the interaction of the vehicle with its surround-
ings. These include radiation and interaction with the atmosphere.
The former is significant, but the latter is the dominant process. It
consists essentially of collisions with air molecules. Most of the
energy involved in these collisions is given to the air molecules: the
collisions are ‘elastic’. However, some will be inelastic and the
energy will remain in the heat shield, to give the effects discussed
under (1). The shield should therefore be designed to carry out this
function while protecting the rest of the vehicle. The fact that it
absorbs some energy is useful, but somewhat incidental: the crucial
point is that it should not melt or disintegrate. The principal design
requirements for the heat shield are thus

(a) a high melting point, and a high latent heat so that when it
gets hot—as it will—it does not melt;

() alow thermal diffusivity, i.e. low thermal conductivity, high
density and high specific heat, so that the heating effects are con-
fined as much as possible to the outer layers;

(c) as large a thickness as possible, for the same reasons of ther-
mal insulation. Increases in density and in thickness will both
increase the mass and there will be an upper limit on what is
allowable, for other reasons;

(d) high thermal and mechanical strength, to enable it to resist
the internal stresses set up by the differential heating without
mechanical failure.

(Order-of-magnitude quantitative arguments in support of the
above contentions can be given thus. We need, as a preliminary,
estimates of several quantities. (i) The velocity: if the orbit radius
is equal to the earth radius, then the velocity is given by mv?/r = mg:
hence v=10* ms™!. (ii) The size: say a sphere of radius 2 m. (iii)
The mass: about 10* kg—at least, this gives a mean density of
about 300 kgm 3, i.e. the vehicle floats fairly high in the water, as
observed. (iv) The ratio of the mass of the heat shield to the total
mass, m/M. The designer would keep this as small as possible, say
1/10. For mechanisms under (1) above, the energy to be disposed
of is 5x 107 Jkg~! referred to the whole vehicle, which is
5 % 10® Jkg~! of the heat shield. Most materials have specific heats
that are much less than that of water, and materials with high
melting points have latent heats that are a good deal larger than
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that of water. Taking the high temperature as 2000 K, this suggests
about 8x10°Jkg~! from the specific heats and about
2% 10% Jkg~! from the latent heats—say 3 x 10® J kg™ together.
This is quite inadequate, even with allowances for errors of estima-
tion, to match the 5 x 10® Jkg~! required.

For calculations under heading (2), we need an estimate of the
re-entry time. Considerations of the physiologically tolerable
values of acceleration are not relevant, since they predict only a
minimum time, which is much too short for our purposes. For pur-
poses of estimation, let us try 10% s. The necessary rate of energy
dissipation is thus 5§ x 102 W. With a surface area for radiation of
approximately 20 m? and a temperature of 2000 K, the rate of
radiation loss is about 2 X 107 W—appreciable, but not enough.

For an elastic head-on collision between the vehicle of mass
M and a molecule of mass u, the former with a velocity V and the
latter at rest, an application of the conservation of energy and
momentum leads to the conclusion that the kinetic energy of M will
be reduced by 2uV?2. For an average collision, we can halve this
figure. The loss of energy per second is thus pV?nAV=pAV?3,
where n is the number density of molecules and A is the projected
area of the vehicle. Now p at ground level is po=1kgm™3, but
decreases with height according to p = poexp(— h/ho), where hy,
the scale height, is ks T/ug = 10* m. If the vehicle starts at a height
of 100 km (= 10hy), p = poe~'° = 10"%pe. The energy loss rate is
thus 10° W. This is more than sufficient, even allowing for errors
of estimation. As the height decreases, p will increase, but ¥ will
decrease rapidly. The net effect will be complicated. However, it
may be possible to reduce the descent time below the estimated
103 5. This is desirable, since it gives less time for heat to penetrate
to the inside of the heat shield.)

48

Symmetry suggests that the hole will remain circular, and we
assume that the film ahead of the advancing edge is undisturbed.
Then, considering an angular segment 68, the accumulated mass
of liquid at the edge of the hole is 206672, The outward force act-
ing on this element is 27rdf. Since F=d(mv)/dt, we get
d(r?v)/dt = 4Tr/o = 2vdr, say, where v = dr/dt and v} = 2T /o. This
gives r dv/dt + 2v? = 2v3. If we assume that dv/d¢ = 0, apart from
an initial transient, we see at once that v = vo = (27/0)2. If we
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write dv/d¢ = v dv/dr, we can integrate the equation exactly to give
vi=0v3( - rd/r*), where ro is defined by v=0 at r=ro. This
justifies the assumption made.

Note that an argument based on energy conservation gives the
wrong result. If we equate the kinetic energy of the advancing edge
to the surface energy of the film that has vanished, we obtain
1oAv? =2yA, where v is the surface energy, i.e. v=(4y/s)/* =
(4T/0)'? if we neglect the difference between surface tension
and surface energy. The error arises because the impact of the
advancing filament of liquid with the undisturbed film is not a
conservative process. Some energy will appear as turbulent motion
in the liquid.

The surface tension of soap solutions is of the order of
3% 1072 Nm™"'. The thickness of a soap film is a few wavelengths
of visible light (= 10~® m), and its density is that of water. We thus
obtain about 10 ms~! for the velocity.

49

We choose the positive sense of w so that the velocity of the point
of contact, v, is given by u + aw. The frictional force F=umg
is assumed constant. The motion of the centre is given by
u=uo—pgt, and the rotation about the centre by w=
wo — aumgt/I. Since I=2ma?/5, the latter expression becomes
w=wo— Sugt/2a. These combine to give v. = uo + awe — Tugt/?2.
This is equal to zero (i.e. slipping stops and rolling begins) when
t=2(uo+ awo)/Tug=7, say. The value of u at =171 is
awo (Suo/awoe — 2)/7; this gives the speed of rolling after slipping has
stopped. If uo/awo < %, the value is negative, and the ball will roll
backwards towards the cue. This corresponds to the imposition of
‘backspin’ as specified. If ug/awo > £, the ball will roll forwards.

To enquire whether this is possible, we consider an impulse Q
given to the ball at a point @ — x above the table, and in a direction
making an angle & with the horizontal (see the diagram), Then
miuy = Q cos § and Iwo = Qp, with p = asin(@ + ¢) and sin ¢ = x/a.
If we use the relation Sup = 2awo to determine the boundary condi-
tion between the two modes of behaviour, then, after a little
algebra, we get cos 8 =sin(@ + ¢), i.e.

_ 172
tan0=(1 x/a) .

1+ x/a
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Real values of # can be found for any x/a—except that x— a
would be a little difficult, in practice!

u
4————-—-—-—-—-—

—
F

30

The temperature distribution in the wire, in the steady state, is
given by the balance between the heat generated by the passage of
the current and heat losses (@) by conduction to the ends, (b) by
radiation to the surroundings and (c) by conduction and convec-
tion through the gas. Approximately,

Po_3%
ra’ 9x?

where x is the position, # is the temperature, p is the resistivity, a
is the radius, k is the thermal conductivity, ¢ is the emissivity, o is
Stefan’s constant and c is a coefficient giving heat losses through
the gas. The boundary conditions are 8 =6y at x = */, 38/0x =0 at
x = 0; p will depend on 6. A full solution is not practicable. If the
wire is long enough, then the high value of the melting point of cop-
per will ensure that near the middle—the hottest point—the loss by
radiation will dominate all the others when the fuse is on the point
of melting. Thus

kra® + 2xaloe(0* — 08) + c(6 — 6o)]

Ro/ma? =2maea (62 - 03).

If p is a known function of @, this gives I. in terms of 6., the melting
point of copper.
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If the current is suddenly switched on, the temperature near the
mid-point will rise according to

2
ra’ds %= 35 —2raea(0* - 6%)

where d is the density and s is the specific heat. This incorporates
the same assumptions as before—that there is a region near the cen-
tre where the temperature is almost constant, and that radiation
losses dominate. The equation is of the form 36/3¢ = p — q8*. Thus
0 will rise almost linearly at first, and will be asymptotic to the value
0= (p/q)'’* as t = oo. If this is only a little greater than 6., then
because of the asymptotic form of the curve, the time for the fuse
to blow will be large and will depend critically on the constants.

31

Let x denote the displacement of the bob, and y that of the hand.
Then mx = — mg(x — y)/l - fx, where [ is the length of thread and
S is a coefficient depending on drag forces. This gives

X+Bx+kix=k%y 0))

where k% = g/l and 8 = f/m. If the movement of the hand is to com-
pensate for the drag forces, y must be in quadrature with x as given
by k2y = 8x, and the motion will then be ¥ + k2x = 0. The solution
for xis x = xo exp(ikt), and thus we have k2y = Bx, ik exp(ikt), i.e.
the amplitude is yo = Bxo/k, or 8 = kyo/xo.

If the y motion now ceases, (1) becomes ¥ + 8% + k?x =0, the
solution of which is x = C exp(—Bt/2) exp(iwt) where w=k. The
amplitude will decay to 1/e of its initial value in a time
7=2/8 = 2x0/kyo. Inserting numerical values, we obtain 7= 255 s.

A knowledge of the diameters of the bob and the thread would
enable one to decide which was contributing most to the drag (prob-
ably the bob) and whether the flow was ‘streamline’ or ‘turbulent’
—i.e. the value of the Reynolds number. If the former, it would be
possible to make an estimate of the viscosity—not very reliable,
since Stokes’ law applies to a steady state, and here the velocity is
changing continually.

S2

There are two parts to this problem: (a) to develop the maximum
angular velocity about a vertical axis and (b) to remain airborne for
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as long as possible. The second is simpler: the time available is
t =2(2h/g)"?, where A is the height to which the performer can
jump in the circumstances. The first involves the conversion of
translational kinetic energy into rotational kinetic energy; since
the change is impulsive, the two cannot be assumed to be equal.
Considering only motion in a horizontal plane, we have a body of
mass m, with a moment of inertia about a vertical axis through the
centre of mass of mk?, and moving with a velocity v. At #=0, one
point of this body, a distance  from the trajectory of the centre of
mass, is brought to rest: the skater digs her toe into the ice. The
result is a rotation about this fixed point with an angular velocity
w given, from the conservation of angular momentum, by
mur = Iwo = mwo(k? + r?), i.e. wo = vr/(k* + r?). wo has a maximum
value of v/2k, if r is chosen to be equal to k. If the point of contact
of the toe with the ice does not remain stationary, but moves for-
ward with a velocity u, then it is not difficult to show that wp
becomes (vo — u)r/(k*> +r?). Thus the value vr/(k*+r?) is an
upper limit for wo.

However, by muscular effort, the centre of mass can be moved
to lie on the axis of rotation, which is assumed to be fixed in space.
This requires a force along the line from the centre of mass to the
axis. The angular momentum is thus constant, and the angular
velocity increases to w=uvr/k%. (The energy increases from
m(k? + r*)wd/2 to mk*w?/2, the difference being equal to the work
done by the muscles.) There is thus no theoretical limit to the value
of wthat can be achieved by increasing r, but anatomical difficulties
would limit r to a value roughly equal to k. This would give
w = v/k, which is twice the maximum value obtained above for wp.

Once the skater is airborne, the angular momentum must remain
constant, but it is still possible to increase the angular velocity if the
moment of inertia can be reduced—e.g. by drawing in towards the
axis of rotation any arms or legs which have previously been
extended. We may thus write w = v/ak where, in all likelihood,
l<a<2. The number of turns possible, n, is thus
wt/27 = v(2h/g)*mak. To obtain a numerical estimate, we set
h=1m,v=8ms !andk=0.3 m. This gives a value of n between
2 and 4, depending on the value taken for a—which is not
unreasonable. This theoretical model may bear little relation to
reality, but it does indicate that (i) £ should be kept small, i.e. arms
close to the sides or vertically upwards, (ii) it would be more pro-
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fitable to increase v rather than A, since the latter occurs as a square
root, (iii) if it is indeed possible to reduce «, this would pay off very
well.

The model completely ignores the fact that the external forces
(on the feet) are not acting in the same plane as the motion of the
centre of mass.

53

(i) A table of first differences shows that the third entry is
anomalous and suggests that 4468 is probably a transcription error
for 4408. I would take the risk of making this ‘correction’.

(ii) The apparent resistance (V/i) increases with current. Self-
heating would give a small temperature rise, proportional to i2. Try
plotting V/i against i%; a good straight line results, confirming the
hypothesis, and gives an intercept of Ro=1.1000 + 0.003 Q at
i=0.

(ili) This should be used as the value of Ro.

(iv) At a temperature T,, at which R=R,, it would be
reasonable to choose a measuring current such that the extra
voltage due to heating would be equal to the uncertainties in V;, i.e.
1 uV. The graph shows that this current is about 2.2 mA. It would
then be necessary to subtract 1 uV from all measured values of V.

At other temperatures, there is no unique ‘best’ procedure. One
possibility would be to choose i/ so that the temperature rise due to
self-heating would be the same as at Ty. This would require that
i#Rr =i} Ro, thus giving ir if ip=2.2mA. It would then be
necessary to increase the 1 uV correction by a factor ir/fip to allow
for the change in measuring current, and by a factor (dR/dT)r/
(dR/dT)r, to aliow for the change in resistance. Thus the correc-
tion to be subtracted from V would be (Ro/Rr)V*(dR/dT)r/
(dR/dT)r, uV. This argument assumes that the temperature rise
due to self-heating depends only on i’R, whereas it will also be
affected by the thermal resistance to the surroundings. This will not
necessarily be a constant, and in some circumstances may change
quite rapidly with temperature.

Instead of choosing i so as to keep the temperature rise due to
self-heating constant at all temperatures, an alternative procedure
would be to choose it so as to keep the resulting voltage correction
constant.
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5

(a) The annihilation of a particle of rest mass m; will make
available an energy AE = mc?. If this energy is given to another
particle of rest mass m2, which thereby acquires a momentum p,
we have the relation

(AE + mac?)? - p*c? = (myc?)2.

In the particular case envisaged in the problem, m; = m, = m. This
leads to the result p = [3 mc. If there are initially N protons and N
antiprotons available, this process can be performed N times. If all
the N particles ejected can be persuaded to leave the spaceship in
the same direction, the effect will be to give a total momentum
J3 Nmc to the ship.

(b) If we consider the mutual annihilation of two particles, each
of rest mass m, a similar argument shows that the (scalar) total of
the momentum thereby produced is 2mc. There will, in fact, be two
photons proceeding in opposite directions (since the vector total
must be zero). With the aid of a deep paraboloidal mirror made of
a material that can reflect high-energy gamma rays (!) all such
photons can be collimated into a beam carrying a momentum
2Nmc. The spaceship will have an equal momentum in the opposite
direction. This is larger than the result of (a).

The above arguments are strictly valid only if the increment in
the velocity of the spaceship is much less than ¢. If this is not the
case, the total number N can be conceptually subdivided into small
groups for which it is true, and the total effect of the momentum
increments between successive inertial frames can then be calculated
as an integral. The advantage of (b) over (a) applies at every stage
and therefore also overall.

35

Let 771 be the rate of mass transfer (= 1 kgh™!) and 4 the height
through which the sand falls (= 10 cm, say). The time of fall is
(2h/g)'"? = t;, and the mass in flight at any time in the steady state
is m(2h/g)"/%. This quantity will not be weighed, so there will be
a corresponding reduction in the apparent weight of m(2gh)'/?.
However, the velocity of impact is (2gh)'/2, and thus the rate of
arrival of momentum at the scale pan is m(2gh)'/2. This will give

rise to an increase in the apparent weight which exactly cancels
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the former reduction. This result could have been established on
general grounds, since the centre of mass of the system is not sub-
ject to any acceleration in the steady state.

However, we must also consider the possibility of starting and
stopping transients. When starting, the mass in flight increases
linearly for a time #f=0.14 s, by which time the apparent weight
will have fallen by rm(2gh)'/? = 39 mg. Although the balance could
easily register a constant change of this magnitude, its short dura-
tion means that more detailed calculations are needed. The moving
parts of the balance constitute a system that can oscillate about a
stable equilibrium. Its motion will be described by 16 + 86 + k6 = 0,
with an obvious notation. Since it is usual for the motion to be
critically damped,

8% = 4kl (1)
and the appropriate solution of the equation is
6= (A + Bt)exp(— B/21). 2)

The initial condition @ =0 at # = 0 means that 4 = 0. Differentia-
tion of (2) gives

6 = B(1 — Bt/2Iexp(— B/2I)t 3)

and so @ at 1 =0 is equal to B. The transient motion of interest is
caused by an out-of-balance force which rises from zero at ¢t =0 to
mQgh)'? at t=t;=(2h/g)"?, and is zero thereafter. This con-
stitutes an impulse mh; hence an impulsive couple mhl acts on the
system, where / is the length of the balance arm. The effect is to
produce an initial angular velocity mhl/I before any significant
movement takes place—i.e. B in equation (3) is equal to mhl/I. The
maximum excursion, when the system comes momentarily to rest,
is given by setting 6 =0 in (3). It occurs at #o=2I/8 and its
magnitude, from (2), is 2mhl/ef = 6.

To obtain numerical values for these quantities, we set
h =1=10 cm as before. We take 7 to be 2M/*, where M is the mass
in each pan, i.e. 1 kg. We could find 8 from (1), if we knew k. This
is related to the sensitivity: if an additional load ém on one pan
produces a deflection 86, then clearly k66 = 6mgl. It is stated that
the balance can detect ém = 10~% kg. For a traditional chemical
balance, with a pointer moving over a scale, the limit for 66 would
be about 103 rad; this gives k= 10"%. From (1), 8=2.8 x 107%;
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this gives 7o = 140 s and the deflection 6 = 8.4 x 10~2 rad. This is
comfortably larger than the 10~2 assumed as the limit of detect-
ability, and so the transient would be detectable. However, a tradi-
tional balance capable of taking 1 kg and detecting 10~? kg is
rather rare. Modern balances with optical or electronic systems
could probably do better. If, for a given ém, we can reduce 80 by
a factor f, then k increases by a factor f, and so 0., decreases by
Jf. Thus the ratio of the actual deflection to the smaliest detectable
deflection increases by [f. The period is also reduced by Jf.

S6

The curve adopted by the wire is a hyperbolic cosine, but since the
sag will be very small it will be sufficiently accurate to approximate
this by a parabola. We take its equation as y = ax?. Then the slope
at the ends is 2axo. If M is the total mass and T is the tensile force,
then clearly Mg =2T2ax,. But M=pA2x, (A is the cross-
sectional area) and T= oA, so a = pg/20 and hence yo = pgx3/20,
where yo is the height of the ends above the middle. For the values
given, yo =9.87 cm.

For the second part, the strain ¢(= 6///) can be written either as
66 (B is the expansion coefficient) or as ¢/E (E is Young’s
modulus). Taking 69 = 30°C, the equality of the two expressions
gives 0 = 6 X 107 Nm ™2, which is only 3% of the breaking stress—
thus giving a comfortable margin of safety.

57

If the rubber is incompressible, the volume of material must be a
constant, i.e. 7t = r§to. The excess pressure, when the balloon is
inflated, will be p = 20¢/r. Substitution of these two results into the
equation given for ¢ leads to the relation

_2E 1o [ro_ (ro
T [" (r)]

71/6

This has a maximum at 7/ro = = 1.38 and goes to zero like ro/r
as r/ro goes to infinity. The maximum is rather flat: 1/x — 1/x’ has
a maximum of 0.62 at x = 1.38, and has only fallento 0.49 at x = 2.
Thus the increase in ¢ for higher values of \ causes the curve of
p = p(r/ro) to rise again.

The slope of the curve, i.e. dp/dr, decreases at first, so that it
becomes progressively easier to increase the size of the balloon.
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This is particularly obvious if the supply of air is from a reservoir
whose volume is considerably larger than that of the balloon (e.g.
the lungs in the case of a toy balloon). At the maximum a large,
discontinuous increase in volume can take place, provided that the
reservoir is large enough to make the accompanying decrease in
pressure quite small. This phenomenon is well known to parents of
small children at Christmas parties.

58

If there were no effects due to the walls of the cube, each neutron
would be captured and would give rise to k£ new neutrons after a
time NA/v. Thus n neutrons become kn neutrons in a time N\/v,
i.e. dn= (k- 1)n when dt = N\/v or dn/dt = nv(k - 1)/NX.

In fact, neutrons will be lost through the sides of the cube. A
standard result of gas kinetic theory is that the flux of particles per
unit area per unit time is pv/4, where p is the number density of par-
ticles. The neutrons will be lost across a total area of 6.2 and the
density will be n/L3, where n is the number of neutrons in the cube.
Thus, from this effect, dn/dt= — 3nv/2L. Combining the two

results, we get
dt AN  2L)°

Clearly, a chain reaction will take place if (k— 1)/AN > 3/2L,
i.e. if L > 3XN/2(k - 1). Inserting the values given, we obtain
L = 375 m. This enormous size arises through the use of the value
of k appropriate to pure *®U. In a real reactor, the value of
k would be nearer to 2.0, which gives L = 15 m. The critical size
can be reduced further by surrounding the core with a layer of
material which effectively reflects the neutrons without appreciable
absorption.

39

-

Assuming spherical symmetry, the value of g at a depth ér below
the surface will be G(M — 6M)/(r — 6r)%, where M =$7r’pm (om is
the mean density of the earth) and M = 4xr28rps(ps is the density
of the surface layer). If this is to be greater than GM/r?, we find
that ps < % pm.
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A more general treatment is as follows. We have

gr)y= r—ci So 4rz%0(z) dz

where p(z) is the density at radius z. The variation with depth is

dr
Integrating by parts, we obtain

d_g=4qr(;(p(r)—r—23 §; 22p(2) dz). (D

dg 2 ro(r) 2 S’ 2} dp
5_4 -~ < | LT d .
dr wG(p(r) 73 TP ) 3z dz

If this is to be negative at » = R, we must have

R 3 dp R 30 (R)
So 2 Ldz< -8

where R is the radius of the earth. This clearly requires that dp/dz
be negative and sufficiently large in magnitude over some part, at
least, of the range of z.

If we require g to increase with depth at a/l depths (instead of
just near the surface, as above), we can find the limiting condition
by setting dg/dr < 0 in (1). This gives

rPo(r) -2 go 2%p(z) dz 0.

Upon differentiation, we obtain po(r) = k/r (k is a constant) as the
limit. Any faster increase in p with depth will give the desired result.

60

Let us make an obvious change of coordinates: assume that I am
at rest, and that the falling rain makes an angle # with the vertical
where tan 8 = v,/v,, v, being my speed and v, the speed of the rain.
We denote the intensity of rainfall, in drops per unit horizontal
area per unit time, by n. Consider an element of surface, area S,
whose normal lies in the xZ plane. Let ¢ be the angle between this
surface and the vertical. From the diagram, it is clear that the rain
falling on this surface in unit time is

nSsin(@ + ¢)/sin(w/2 — 6) = nSsin¢ + nScosptané.

Ssin ¢ is the vertical projection of S and Scos ¢ is the horizontal
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projection. The result can therefore be extended to the whole body,
provided that no part of my anatomy is sheltered from the rain by
some other part. The total rate of wetting, in drops per second, is
thus n(S; + Sy tan 8), where S; is my plan area and Sy is my front
elevation. This rate of wetting continues for a time L/v,, where L
is the distance to be travelled. Using the relation tan 6 = v;/v;, the
total wetting for the trip is nL(Sz/vx + Sx/v;). For an order-of-
magnitude calculation, take S; = 10 S,; v is given as 10 ms~! and
vy Will not exceed this! Thus the second term dominates, and is
independent of my speed, vy. Clearly, I should move as fast as I
can, but it will not have a great deal of effect on my wetness.

b 4

VY

The motion consists of two alternating phases: (a) rocking on a
corner and (b) rolling on a side. The transition from rocking to
rolling takes place when one corner is vertically above another, i.e.
14 times per revolution. The path of the centre of mass is an arc
of a circle, concave downwards, in (a) and part of a cycloidal
curve, concave upwards, in (b). At the transition, there must be no
discontinuity, either of displacement or velocity of the centre of
mass. On this basis it is possible to carry out a complete analysis
of the motion. It is not difficult in principle, but is long and
complicated.

Fortunately, for present purposes it is not necessary. The transla-
tional velocity will be almost constant throughout the motion: call
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it v. The only time at which the centre of mass is being accelerated
downwards is during the rocking phase. It is then moving on the
arc of a circle whose radius is r = b/2cos(w/14) where b= 3 cm, as
defined in the problem. This expression is approximately equal to
b/2. The value of the downward acceleration is v?/r, and this calls
for a downward force mv?/r. Since the contact between coin and
table cannot transmit a tensile force, the maximum value of the
downward force is mg. Thus the maximum velocity is given by

vi/r=g,i.e. v=38cms™.

62

If the separation of the two surfaces is small compared with their
extent, we may assume that the radiant energy transfer is
o(T1— T3) = oAT4T? per unit area per second, and ignore com-
plications due to geometrical factors. The heat transfer via the rain
will be ms(T, — Tz), where m is the mass falling per unit area per
second and s is the specific heat. Thus

4o ATT? = msAT

for the required condition, i.e. m=1.5gm %s '—a very light
shower!

The effect of thin cloud would be to reduce the transfer of heat
by radiation. If it were not acting as a black body, the emissivity
of the cloud would be less than unity, at least in some parts of the
spectrum. If we assume that the temperature of the cloud base is
not significantly affected by the amount of radiation that it receives
from the earth, the heat radiated downwards would be less than the
oT% assumed above. There would also be a small contribution of
radiation from the upper atmosphere, transmitted through the thin
cloud. Since the relevant temperature would probably be less than
T, then, ignoring complications due to the possible presence of
sunshine, this would not suffice to make good the reduction.

63

A proton will go once round the ring in a time # = L/v (L is the cir-
cumference, v is the velocity). In this time the total charge will have
passed any one point, i.e. the current is /= Q/t= Qu/L. Thus
Q=IL/v=9.5%x10"°C.

The number of protons is Q/e (e is the electronic charge) and
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each has an energy eV. The total energy is then QV, with
V=24x%10°V, i.e. the energy is 2.28 x 106 J.

If M is the mass, s is the specific heat and A#f is the temperature
rise, the energy is MsA#f, giving Af = 60 K. This assumes that the
heat is distributed uniformly throughout the block—which is quite
unreasonable since the whole process will last only a few micro-
seconds.

64

For the moon in an orbit of radius r, we have GMm/r* = mrw?, if
M >> m. For the rock of mass g, in an orbit of radius r - a, we
have

where F is the force of contact between the rock and the moon. If
the rock is to be lifted off, F= 0. Eliminating w between the two
equations, we obtain

M_r_ (¢-a ..l(z’
" )

a®3r*-3ra+a®> 3\a

as required.

65

In metallic conduction the electrons are scattered by the ions under
the influence of random thermal motion. The averaged effect of
these collisions may be represented by a force opposing the motion
and proportional to the drift velocity §. The equation of motion for
an electron (mass m, charge e) in an applied electric field E is then

mdo/dt + kv = eE. 1)

This has the steady-state solution v = eE/k. If the number density
of electrons is N, then the current density is

j= Nei = Ne*E/k = oE (2)

where ¢ = Ne?/k is the conductivity.

In the experiment described, consider an element of wire moving
with a constant speed «. The drift velocity in a frame of reference
moving with the wire will be zero, since no applied field is present.
It is therefore « in the laboratory frame. After the wire is suddenly
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brought to rest, at ¢ =0, say, the collisions cause the drift velocity
to decay according to mdv/dt + kv =0, i.e., since v=u at t=0,
0 = uexp(— kt/m). The corresponding current density is j = Nev,
and the total current that flows is

0=A S j(t) dt = AmNeu/k
0
where A is the cross-sectional area. We now substitute for & from
(2) and introduce the resistance of the wire, R=1//6A (/ is the
length), and find Q = u/m/Re.
With the values given, e/m =2x 10" Ckg™'.

66

pm———

Consider the motion of a thin layer of water lying at a distance bet-
ween y and y + 8y from the solid surface. It can be considered
to be moving with constant velocity, so the combined effects of
gravity and viscosity must give zero resultant force. This gives
7d%v/dy? + pgsina = 0, where v is the velocity at y. This can be in-
tegrated immediately, with v=0 at y=0 and dv/dy=0 at y=d,
to give

: 2
p = LESIN (yd_z_),
17 2

The volume rate of flow is then [§vdy, which gives the desired
result, namely g = (pgsina)d>?/3n. By considering the flow into,
and out of, a slab of thickness dx perpendicular to the flow direc-

tion, we obtain
dd dx=— %9 ox

at ax

which leads immediately to the equation quoted. The correctness of
the solution given can be shown by differentiating it with respect to
d, first with ¢ constant, and then with x constant.

We obtain

dx . ,
n 3 2pgtdsina = F'(d)

and

0-— pgsina(Zdt + d? g—;) = F'(d).
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Hence
ax 3 . at
oA -0
n 8d+pgd sin o %d
from which the desired result follows if we multiply by
(dd/dx)(ad/at).

If we now choose F(d) = Kd, where K is a ‘constant’ with the
dimensions of a viscosity, then, at ¢ = 0, d = »x/K, which meets the
boundary conditions specified in the example. The equation for d
then becomes pgtd?sina + Kd = nx. When ¢ is large enough, the
first term will dominate the second; for x =1/, d = (9!/pgtsina)'2.
With the numerical values given, d =2.06 X 10~ m.

67

For a parallel-plate capacitor, we have C = eep4/d where A and d
are the area and separation of the plates. When a current is flowing
in a circuit consisting only of a capacitance C and an inductance
L, then, if Q is the charge on the capacitor at any time, we have

2
‘L—t?+%=o. (1)

If the plates of the capacitor are vibrated sinusoidally, we can write
d=do+ dysint

so that
1/C=(do+ disinQt)/Aeeo = 1/Co + nsinQt

say. Equation (1) then becomes
d’9 0 -
- - . 2
4 +LCo (nQ/L)sin ¢ (2)

We write 1/LCp = w?, where w is the resonant frequency with the
plates at rest. To solve (2) we first obtain a zero-order approximation
by setting n = 0. The result is Q = Qo sin wt. Using this solution on
the right-hand side of (2), we obtain the first-order approximation

d2Q 5 . nQ

- %%0 [cos(w — @)t — cos(w + )] . 3)
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In general, this gives sinusoidal solutions for Q with frequencies
w— 0 and w + Q. However, if Q = 2w, the first term in (3) becomes
cos( — wt) = cos w! and we have the special case in which the solu-
tion involves ¢sin w? and is, in fact

Q=ZTQ£ tsinwt+l—gwg§z cos 3wz,
The current 7= dQ/d¢ includes a (small) term in 3wf and also a
component (nQo/4wL)(1 + w?t?)?sin(wt + ¢), with tan ¢ = wt.
After a few cycles, the amplitude becomes proportional to ¢, and
the phase has changed from 0 to x/2.

68

A non-zero longitudinal polarisation of a particle corresponds to a
non-zero expectation value (.5 - p), where S is the spin vector of the
particle and p is its momentum. These are pseudo (or axial) vector
and true (or polar) vector quantities respectively, so S:p is a
pseudo-scalar. The strong nuclear interaction conserves parity, and
parity conservation requires that the expectation of a pseudo-scalar
such as S+ p must be zero. Hence there can be no longitudinal
polarisation.

On the other hand, the polarisation transverse to the scattering
plane is measured by {.§ * pa A pv), where p, and py, are the momen-
ta of projectile a and product b. Since p, A py is a pseudo-vector,
S+ pa APy is a true scalar and its expectation value does not vanish
as a consequence of parity conservation. Hence a transverse
polarisation is allowed.

The event of ‘left scattering with up polarisation’ is related to an
event ‘right scattering with down polarisation’ by rotation through
w about the incident momentum p, as axis. Rotational invariance
of the interaction requires that the numbers of these two events be
equal.

69

In statistical mechanics, entropy is frequently introduced by con-
sidering arrangements of distinguishable elements, like a pack of
cards. Since there are 52 cards in a pack (excluding the Joker!) it
would seem that there are 52! ways of arranging them, and the
definition of entropy would suggest that S = kg In 52! If we now
choose a particular arrangement, then there is only one way to
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order the cards: S=kglnl=0 and hence the entropy has
decreased.

However, entropy is concerned with the states of physical
systems—states which are accessible, within certain constraints, as
a result of the thermal energy of the system. The entropy is then
a function of temperature as well as other variables, i.e.
S=S8(T, X). To achieve a cooling, the entropy is reduced, at con-
stant temperature, via the variable X (e.g. mechanical work,
magnetic field) and then, keeping the entropy constant, X is
changed and the temperature is thereby reduced. Since it is difficult
to imagine a pack of cards, left to its own devices, shuffling itself
through all possible arrangements at any temperature, the concept
of entropy is inappropriate.

It would seem to be inadvisable to invest in a refrigeration system
based on such a principle.

70

Let us choose the x axis along the direction of the field. We then
write the field as (Ey + E1x)cos w!f, and consider the motion of an
electron situated initially at x = 0. This will be described by

mx = e(Eo + E1x)cos wt. (1)

For a zero-order approximation, we neglect E1x compared with Eo;
hence mio = eEocoswt, i.e. Xo= — eEpcoswt/mw?. For the next
approximation, we write x = xo + X1, which defines x;. Substitu-
tion in (1) gives

mxg + mx, = e[ Eq + E;(xp + x1)]cos wl.

But mx, = eEycos wt, and therefore mx; = eE(xo + x1)cos wf. We
now neglect x; compared with xp in this expression, giving

mx, = eE1xocos wt = — (e*EoE1/mw?) cos? wt. (2)

This could be solved, and gives for x a result of the form
x1 = pt? + q cos 2wt. Thus in addition to oscillatory motions, there
is a steady force, producing the accelerated motion pt2. To find p,
we merely take the time average of (2) over one cycle to obtain the
force — e2EyE;/2mw?. This could be written as (— e?/4mw?)3(E?)/dx
—neglecting a small term in E}—where the negative sign shows that
the force is always directed towards a place where the field is
weaker, and eventually towards a minimum where 3(E?)/dx = 0.
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1

Consider first an equilibrium situation, where there is no ventila-
tion and a definite amount of liquid is present. The amount of
mercury needed to reach the hazardous threshold quoted in a room
of 300 m? capacity is 15 mg. For benzene, the amount is about 9 g.
Thus ‘a few grams’ of mercury would easily be sufficient to produce
dangerous concentrations—in time—but the verdict on benzene is
more doubtful.

However, a more realistic treatment takes account of the rate of
ventilation, the rate of evaporation and, perhaps, the rate at which
the liquid is replenished. The rate of evaporation can be estimated
in two ways.

(i) Consider a liquid in contact with its saturated vapour. In
dynamic equilibrium, the rate of evaporation will be equal to the
rate of impact of vapour molecules on the liquid surface. From
kinetic theory this is n0/4 atoms per unit area per second, where n
is the number of atoms per unit volume and v is given by
(3kaT/m)'’?, m being the mass of an atom. The mass rate of
evaporation is thus imn(3ksT/m)"2. In the gas law, pV=RT, V
is the volume occupied by Z atoms at a pressure p(Z is Avogadro’s
number). Thus n= Z/V and the evaporation rate is

m_Z(?:Iq;T)"2 _mZ p (3k1;T)“2 _p (3m )"2

aV\ m 4 RT\ m "4 \kaT

Setting p equal to the saturation vapour pressure for mercury, we
obtain a value of approximately 8 x 10~° kgm~2s™!. This is likely
to be an overestimate.

(i) An alternative, empirical estimate can be made from the
observation that a small droplet of mercury, lying on a bench, lasts
for a long time. If we assume that the rate of evaporation per unit
area is constant, even for very small drops, then it is easy to show
that the radius decreases linearly with time, and that if a drop with
an initial radius rp finally disappears in a time 7, then the mass rate
of evaporation per unit area is pro/7(p is the density). If we assume
that a millimetre droplet of mercury has not completely disappeared
in two weeks, then we can calculate an upper limit to the rate of
6 x 10"¢kgm~2s~!. This is a good deal smaller than the kinetic
theory estimate; the discrepancy is discussed further below. For
order-of-magnitude calculations we may take 1073 kgm~2s~1, i.e.
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1073 mgem~%s™!. ‘A few grams’ of mercury will have a surface

area of the order of 1cm?, so that the rate will be about
1073 mgs™!.

This must be set against the rate of ventilation. Standard practice
calls for three air changes per hour, and a room which is ‘not
specially ventilated’ is unlikely to have more. To present a worst
case, assume one change per hour. In the present example, this
means 0.88 m3s~!. If the mixing is complete, this would give an
average concentration of mercury of 0.012 mgm™3. This is indeed
less than the danger level of 0.05 mgm™3, but the factor of safety
(=4) is not large enough to allow comfortably for possible errors
in the calculated rate.

Calculations on benzene can be carried out along similar lines.
The kinetic theory estimate of the rate of evaporation is
22kgm~2s7!, i.e. 2.2 gem™%s™'—which is very large, and quite
unrealistic. An empirical estimate, as in the case of mercury, sug-
gests a value smaller by a factor of 10%. Two effects will contribute
to the discrepancy: the surface layers will be cooled by the evapora-
tion and—more importantly—the surface will be covered by a layer
of saturated vapour. Diffusion of vapour through this, into free
air, is likely to be the rate-determining process. The theoretical rate
might be approached in the case of evaporation into a high
vacuum, with sufficient heat supply to provide the latent heat of
evaporation (almost 1 kW per cm? of surface!).

In the circumstances of the problem, the evaporation rate will
clearly be very high, and a different approach is more helpful. We
saw above that about 9 g of benzene are sufficient to produce a
dangerous concentration, and the discussion suggests that, if this
were in an open dish, it could all evaporate in an hour. If this were
an isolated event, the ventilation would keep the concentration
below the danger level over most of the volume for most of the
time. However, if the nature of the work in progress required that
the benzene be replenished frequently, then there would be cause
for alarm.

As a consultant physicist I would—true to type—ask for more
information before giving an opinion. I would need data on the
actual rate of ventilation and on the nature of the operations in-
volving benzene; and I would perform some simple measurements
on the rate of evaporation of benzene. I would be fairly confident
that the danger from mercury was not serious—but it would be very
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easy to observe the rate at which droplets disappeared, and this
could be done to confirm the opinion.

72

The thermal conductivity of a gas is kK = nkg\¢/2 (n is the number
of molecules per unit volume and A is the mean free path). We
also have \=1/xna’ (a is the molecular diameter) and é=
(3ksT/m)'/2. These relations give k = cT'/2, where c is a constant
which can be evaluated if we assume a value for a: 2 x 107%m
would be reasonable. The rate of heat flow is Q = k4 dT/dx, where
A is the cross-sectional area of the column. In the steady state, Q is
independent of x; hence QI = 2cA(T?/% — T§’%), where { is the length
of the column and T3, T; are the temperatures at the top and bottom
respectively. Inserting the values, we obtain 0 =2.5x10"3Js™;
the boil-off rate is about 3 cm? per hour.

The above answers the question asked, but it is perhaps worth-
while to point out that other effects—such as heat conduction down
the walls of the Dewar—may be equally important.

3

The basic assumption is that the distribution of disintegration
energies is fairly flat and—in the limit—that the number per unit
energy range is a constant. Then, since Eo 773 dE & 7712 d7,
and hence the distribution in terms of 7 is given by dN = ¢;77 "2 d7,
where ¢, is a constant.

Consider now only one particular decay process with a mean
lifetime of 7,. The probability of observing such a decay in a time
dt is

P(t)dt = (1/rx) exp(—t/7,) dt.

For all the possible decay processes, the probability is found by
summing over all values of n, with each term weighted according
to the number of the corresponding species present. This weighting
factor is just the expression found above,

dN=¢c;7~ " d7r 4}

with m = 1.2, For a continuous range of 7, this sum can be expressed
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as an integral, i.e.

P(t)dt=dt r, clr""(%) exp (:—t) dr

0 T

=dtc s

77 1+™) exp (—_-f) dr.
0 T

We now introduce a new variable x, defined by x = 7/f. Then

x~(1+m) exp (_—l) dx.
x

Pydt=dtcit™™ 50
For a given m, the integral is just a number, so that P(t)dt=
cat™ ™ dt (c2 is a constant), which is equal to caz~ ! dt in this case,
as required.

(By way of a bonus we may note that if m > 1, expression (1)
becomes infinite if integrated over all values of 7 from 0 to co. Thus
it cannot be completely correct, but must be modified at small
values of 7. It can be shown that this change does not alter the main
character of the results.)

4

Let V denote the voltage of the source and R the resistance of the
motor. Then the current when the motor is stationary is V/R. Let
B be the back EMF when running at full speed. The current will
then be (V- B)/R, and this is stated to be V/IOR. This gives
B=0.9V. The power dissipated is I°R = (V/10R)?*R =0.01V?R.
When running at half speed, the back EMF will be halved, since the
same coil is rotating at half the speed in the same magnetic field.
It will thus be 0.45V. Since we are told that the speed is propor-
tional to the torque, and since the torque is proportional to the cur-
rent, in the same field, the current will also be halved when running
at half speed. It will thus be V/20R.

(a) If the speed reduction is caused by a series resistor r, we have

| 4 _ V-045V
20R R+r

from which r=10R, and the power dissipated is I’R=
(V/20R)%(R + r) = 0.0275V?/R. However, most of this will be
dissipated in the series resistor and only (V/20R)2R = 0.0025V?/R
will appear in the motor.
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(b) If the transistor is used, the mean current again has the value
appropriate to half-speed running, i.e. V/20R, but this is achieved
by allowing the full current (V' — 0.45V)/R to flow for only a frac-
tion f of the time. Thus

v _V-04sv
20R R

whence f=1. The power dissipated is now [(V —0.45V)/R]?R
for a fraction f of the time, and zero for the remainder. The mean
power is thus (0.55V2)/R x & =0.0275V?/R. This is the same
as the total dissipation in part (a), but now it all appears in the
motor. Compared with the full-speed value, method (a) reduces the
dissipation in the motor to 1 while method (b) increases it by a
factor of 2.75.

18

We consider the field due to Q when at a distance 4 above the
surface, and then let d — 0. The method of electrical images is
standard textbook work. For a charge near to a plane dielectric
boundary, there are two images, one (Q; ) at a distance d below the
surface and the other (Q:) coinciding with Q. The field at any point
outside the oil is the same as that which would be produced (with
no oil present) by Q and Q,. The field at any point inside the oil
is the same as would be produced by Q, if the oil extended
everywhere to infinity. The values of Q1 and Q, are found by
writing down the boundary conditions at the interface. The results
are

_ _e—1 _ 2
Q1= e+lQ Q2-e+1Q'

As d — 0, the field outside tends to the field, in vacuo, of a charge

Q+ Qe

1 20
E=—
47eg €+ 1

at a distance r. The field inside the oil is that of Q,, i.e.

1 20 1
p

1
2

- 47eoe €+ 1

which is the same.
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It is obvious that either of the two possible symmetrical positions
are positions of equilibrium. From a consideration of the effects of
a small displacement from equilibrium, it is clear that positions
with the charges g at 45° to the horizontal and vertical are unstable,
and it follows that the others, with the g in the horizontal and ver-
tical positions, must be stable. At intermediate positions there will
be a net couple—but no perpetual motion!

76

There are four essentially different possible equilibrium configura-
tions, as shown in the diagram. Consider (a) first. Insert an
imaginary, massless, gas-tight, frictionless piston to divide the
cylinder into two parts, A and B, and consider an infinitesimal
movement of the piston to the right. This will cause the bubble
on B to grow, and so decrease its radius. Thus the pressure in
B (=4v/R) will be larger than its original value. Similarly the
pressure in A will have been reduced, so the pressure difference acts
to restore the piston to its original position, i.e. the situation is
stable. Similar arguments applied to (b) and (¢) show that the
former is stable and the latter unstable. Case (d) is more subtle.
The curvature of both films decreases when the piston moves from
A to B, i.e. the pressure on both sides is reduced, and it is not clear
which is reduced by the greater amount.

If we note that, in this case, the two spherical caps together form
a complete sphere, the algebra of a formal approach becomes tract-
able. The pressure is p =II + 4v/R (Il is the atmospheric pressure)
and the total volume of gas is V= Vo + 4xR3/3 (V, is the volume
of the cylinder). The total energy is thus E= pV + 8xR%y. The
equilibrium configuration can be found by setting dE/dR =0 and
solving for R. The equation is a quartic, but fortunately there is
no need to solve it. The solution will correspond to a stable

(o) ) 1 (

(o) ()

) (L
(¢) (@)
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equilibrium if E is a minimum, i.e. if 32E/dR? is positive. The
expression for 32E/dR? is of the form aR + b + ¢/R?, where all the
coeflicients are combinations of physical magnitudes already defined,
and must be positive. Thus d2E/dR? is positive for all positive
values of R, and the equilibrium, wherever it may be, is stable.

17

(@) The number of electrons hitting unit area of the dust particle
in unit time is 1 nve, where 0. is the mean velocity of the electrons.
This is a standard result in kinetic theory. A similar expression
appears in the case of protons, with mean velocity v,. Hence the
initial rate of accumulation of charge on the particle will be
xrine(v. — 0p), where r is its radius. If the temperature T is suffi-
ciently high, we can use the equipartition theorem to give

2
tmevk=1my} =3ksT.

(;E) 172

Since v, = , the rate of accumulation of charge is

“;—? = 7r’ne(3keT)""*(mc'/? — mg'"?).
Clearly the particle will become negatively charged.

(b) When the particle is charged, approaching protons will be
accelerated and electrons will be retarded. When a balance is event-
ually reached, it can be described by equating the impact velocities
of the protons and the electrons. Since the potential at the surface
of a sphere of radius r, carrying a charge Q, is Q/r, the impact
velocity of an electron will be [2(mcv2/2 — eQu/r)/m.} /2, with a
similar expression for a proton, but with a positive sign. Qn, is the
total charge at this stage. Equating the two expressions, and setting
the mean kinetic energies remote from the dust particle equal to
3 ks T as before, we obtain

€0m _ 3ksT mp—me _ 3ksT
r 2 mp+me 2 °

The potential is thus Qn/r=3ksT/2e.

(¢) The order of magnitude of the time scale can be found by
dividing the final charge Om by the initial rate of charging, as given
above. If we set numerical constants approximately equal to 1, and
mp >> m., we obtain

(ksTm.) 2
TEI—— .
nre
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18

The simple lens formula gives v = uff(u — f) = f+ f*/u + .... If the
radius of the objective lens or mirror is R, then if the observing
screen is misplaced by 8v, the radius of the ‘geometrical’ image of
a point source is Rév/v. In the present case, v = f since the star is
effectively at infinity, and v = f%/u: thus the image size is
Rf/u= Rf/3.8 x 10%. Only if this quantity is larger than the size of
the image arising from other effects would it be necessary to
refocus. These other effects are as follows.

(i) Atmospheric turbulence. This limits the resolution to about
1 arc second, i.e. to about 5 x 10~ rad. The corresponding image
size is 5 X 1078f, and the out-of-focus image, Rf/u, is bigger than
this if R >2x 10 m.

(i) Grain size of the emulsion. This may be taken to be
10 um = 10~° m. The limit is thus given by Rf/3.8 x 108 =107°, If
the lens is operating at f/5 (which is reasonable) this gives R > 27 m
as the criterion for refocusing.

(c) Diffraction. The radius of the Airy disc is 1.22\f/R; for
lenses operating at f/5, this becomes 6.1\, independent of the
absolute size. Taking A = § X 10”7 m, we find that the out-of-focus
image size is larger than the Airy disc if R > 15 m.

Thus the resolution is normally limited by atmospheric tur-
bulence, but even if the effects of turbulence and grain size could
be eliminated, we may conclude that for any real telescope, with
R < 15 m, refocusing would not be necessary, because diffraction
effects are more serious than the out-of-focus blurring.

79

For convenience, we take the temperature of the surroundings as
the zero of the temperature scale, and assume that the milk is at this
temperature. All specific heats are taken as unity; this will intro-
duce no great error. We also assume that the rate of loss of heat
to the surroundings is proportional to the temperature excess above
the surroundings, i.e. 6Q = méf = — «fdt, where m is a mass and o
is a constant depending upon the conditions. This means that cool-
ing while waiting is exponential, of the form 8 = 8¢ exp(— at/m).
The change of temperature on mixing is found by elementary
methods.

We then consider two sequences, starting from the same state.

(@) Add milk and then allow to stand for a time ¢. The final
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temperature is readily found to be

- Mao _aat
0a = M+m e}W(M+m)

where M, m are the masses of coffee and milk respectively.
(b) Allow to stand for the same time and then add the milk. We
find

_ Mb,
M+m

The difference 6, — 6, can be simplified if we are justified in
expanding the exponentials: this is very plausible. We find

7% exp(— apt/M).

An obvious assumption that we can use to simplify this expression
further is that the rate of loss of heat is independent of the mass
of liquid, i.e. as = ap = «, say. This gives

0. — 0, = mboat
a= v (M+m)I

which is positive, i.e. procedure (b) gives the lower final temperature.
For a little greater refinement, we must consider the mechanism of
the loss of heat. Radiation losses will be small at these low
temperatures. The conduction to the bench will be small because of
poor conductivities and a small area of contact. Convection losses
will dominate, and an important feature here will be evaporation
from the surface. (The well known trick of putting the saucer on
top of the cup to keep the tea warm confirms this hypothesis!)
Since, with the larger volume of liquid, the surface will be closer
to the top of the mug, we might expect o, to be larger than ap.
As a most improbable—but mathematically convenient—extreme
case we could set o proportional to the mass of liquid. This
would clearly give 0, — 0, = 0. It seems likely, therefore, that any
more reasonable assumption would not alter the conclusion that
oa - 95 > 0

It ¢+ were so large that it was not justifiable to expand the
exponential in series, the conclusion would be the same, but less
obvious; but—except as an academic exercise—the problem would
then have ceased to exist.
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80

There are two possible regimes that can exist. The first, and most
likely, occurs when the diffusion of vapour along the tube is the
rate-determining process. The assumption is that the partial
pressure of the vapour at the meniscus is equal to the saturation
vapour pressure. We can also, plausibly, assume that the vapour
pressure at the open end is zero. For simplicity, we also assume that
everything is at room temperature when the experiment begins,
with the tube full. If, as suggested, all changes are slow, then the
pressure gradient of the vapour at time ¢ will be ps/x, where p; is
the saturation vapour pressure and x is the distance of the meniscus
below the open end. The rate of mass transfer by diffusion will
then be equal to cA p;/x, where A is the cross-sectional area of the
bore and c is a constant. This loss must be made up by evapora-
tion, and so must also be pAdx/dt (p is the density). Thus
dx/dt = (cps/p)(1/x), i.e. xxt¥?if x=0at t=0.

If this state of affairs is to exist, the supply of heat must be suffi-
cient to evaporate liquid at the necessary rate. The liquid at the
meniscus will be cooled by the evaporation, so there will be a
temperature gradient across the walls of the tube. There will be a
critical value of the thermal resistance of this path which just gives
the necessary heat flow. If the resistance is less than this critical
value, the rate of evaporation will not be affected, since the liquid
temperature cannot rise above room temperature, and so the
vapour pressure cannot exceed ps. If the thermal resistance is
greater than the critical value, however, liquid will not evaporate
fast enough to keep pace with the rate of diffusion, and hence the
rate of descent of the meniscus will be reduced. With a given
experimental arrangement, this second regime is most likely to arise
when the rate of mass transfer by diffusion is high—i.e. in the early
stages when the tube is almost full. When ¢ is small, therefore, x
will increase more slowly than t!”2. It is at this stage also that the
assumption of a quasi-steady state is likely to break down.

81

The word ‘rapidly’ used in this context suggests a speed of the order
of 1 ms~!. We can thus estimate the Reynolds number R = pv!/y.
The density is p = 10% kgm ™3, the velocity is v = 1 ms™!, the linear
dimension is / = 3 x 10~ m and the viscosity is = 10”3 kgm~'s~!.
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This gives R =3 x 10°. The critical value for the transition to
turbulent flow is about 10—100, and the calculated R is comfort-
ably larger than this. We can therefore take the drag force to be
cpAv?, where cis a constant of order unity depending on the shape
of the body concerned and A is the cross-sectional area, of order /2.

The propelling force arises from the reduction in surface tension
at the tail. If it were reduced to zero, the unbalanced forward force
would be of order v/, where v is the surface tension. This is an
upper limit: we write it as fy/, with f < 1. The steady-state velocity
is thus given by fyl=cpl*v®: With c=f=1 this gives
v = 0.2ms" . This is still big enough to make R larger than the
critical value.

If, as implied, the motion is confined to the surface, then the
‘wave-making resistance’, rather than the drag force as above,
might turn out to be the dominant factor.

82

We denote the radius and mass of the earth by R and M, and the
radius of the satellite orbit by r. The velocity of the satellite, v, is
given by v? = GM/r = gR?*/r. Time dilation reduces the clock rate
by (1 — v¥/c?*)V"2=1- gR?*/2c*r. The difference in gravitational
potential between the satellite and the surface of the earth is
A¢ = GM(1/R - 1/r)= gR*(1/R — 1/r). This will increase the clock
rate by (1 + A¢/c?) =1+ gR?*(1/R — 1/r)/c*. The combined effect
is that the satellite clock rate differs from the earth clock rate by
a factor 1 + gR?*(1/R — 3/2r)/c?. Thus the satellite clock will lose
for r < 3R/2, but will gain at greater heights. The biggest possible
loss rate will be when r=R; its value is gR/2c*=3.8x 10719,
which is about 12 ms per year. For a typical orbit at a height of
about 200 km, the rate would be about 11 ms per year.

The best accuracy currently attainable with caesium clocks is of
the order of 1072, while the overall accuracy under laboratory
conditions is somewhat less, say 10~ . Thus the effect in an or-
dinary satellite (=3 x 10~!°) should be readily detectable.

83

The axial component of the magnetic field, B,, will induce a cur-
rent in the ring, which will interact with the radial component of
the field, B, —i.e. the ‘leakage flux’—to produce an axial force.
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The flux through the ring is
s B, dAsinwt = B, A sinwt.

The integration is over the area of the ring, A, although most
of the flux is in the iron. The induced EMF is wB,A coswt, and
the resulting current I is wB, A cos(wt — ¢)/(R?* + w*L?)'?, where
R is the resistance and L is the inductance of the ring, and
tan¢ = wL/R. The force is F= IB 2xr, where r is the radius of
the ring. B, also varies as B, sinw¢. The resulting force is thus

CIJE“ABJ_ cos(w? — ¢ ) sin wt 2xr
(R2+w2L2)l/2 .
The trigonometric terms can be written as sin{2w? — ¢ ) + sin ¢. The

former will produce vibrations of frequency 2w; the latter will give
a mean force

F_-_— CIJZEHBJ_ LAZ‘IH‘
2AR*+w’L?)
The quantities B, and B, are related. An application of Gauss’s

theorem gives 2xrB 6z =nrsB,, i.e. 3B,/3z=2B./r (z is the
height). The expression for the force thus becomes

w?AiL  9(B))?

4R*+w?L?) 3z
The field B, will clearly decrease monotonically to zero as the
height z increases, so that, provided the ring is not too heavy, there

will be some point at which the calculated force is equal to the
weight of the ring.
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The calculations are straightforward, albeit providing ample scope
for algebraic slips. The results are

(i) each magnet exerts a force on the other, of magnitude
3MaMz/x*, and in a direction perpendicular to the line AB. The
two forces act in opposite senses;

(ii) each magnet exerts a couple on the other. These are not
equal, and are both in the same sense. The couple acting on A is
2M\Mp/x3, while that acting on B is MaM3g/x3. However, the two
equal and opposite forces described in (i) constitute a third couple,
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of magnitude 3MaMs/x3, which is in the opposite sense to the other
two. Thus the net force and the net couple acting on the whole
system are both zero—as would be expected.

If follows that in any motion starting from rest, the centre of
mass must not move and the total angular momentum about the
centre of mass must remain zero. The two magnets will revolve
about their common centre of mass, and each will rotate, in the
opposite sense, about its centre. The couples are all of the same
order of magnitude (MaMpz/x?), but the moment of inertia for the
former motion is of order mx? (m is the mass of a magnet) while
that for the latter is md? (d is the length of a magnet). The first mo-
tion will thus be very slow compared with the second. A will rotate
twice as fast as B. The effect of the rotations is that M, develops
a component along AB, while Mg develops a component perpen-
dicular to AB. The result is a force between the two acting along
AB; consideration of particular cases shows this to be attractive—
as would be expected. The details of the motion will depend on the
relative values of x and d, but in the final state the two magnets
will be at rest at their common centre of mass, lying side by side
with unlike poles adjacent—the minimum-energy configuration.
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The period 7 is given by

72 3g _ M3 + M3
472 2 Mk - Mil,

where M,, M; are the two masses. If we denote the temperature by
0, then calculate d7/d8 and set it equal to zero, we eventually obtain

al’M? + (1> + 21 - 2al* -~ al) M- 1=0 )

where M = M,/M,, | = |/l and a = a;/a:.

If we now write M, = p1A111, M>=p:A3, p= pl/pz and
A= A;/A> =1 according to the specification, then (1) can be re-
arranged to give

ap®l’ +p(1 —2a)3 +p2R - ) -1=0. Q)

The available materials restrict the range of possible values of «
and p, but in principle / can take all values from 0 to +co. If we
denote the expression in (2) by y, then y = + o0 as / — o (since p
and « are both greater than zero for normal materials). For /=0,
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y= ~ 1. Thus there must be at least one real positive root of (2).
This means that for any chosen values of a and p, a value of
! = [/l which satisfies the given conditions can be found.
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The time-averaged force, (M + m)g, exerted by the man-plus-ball
system on the weighing machine will not be affected by interactions
within the system, but only by interactions between the system and
the outside world. Apart from possible minute effects due to air
viscosity, these do not exist, and so the reading is (M + m)g.

A more detailed argument is as follows. The time of flight of the
ball is = 2(2h/g)'”?, where h is the height risen. During this time,
the mass on the platform is M. If the whole cycle occupies a time
7, then for a time 7 ~ ¢, the mass on the platform is M + m. Thus
the time average of the weight would be [ Mgt + (M + m)g(r - )] /7.
But the velocity of the ball on impact is (2gh) /2, and there is thus
a downward impulse on the man of m(2gh)*/2. There will be an
equal impulse, also downwards, when he projects the ball upwards.
Thus the total impulse per cycle is 2m(2gh)*'/?; this is equivalent,
when averaged over the cycle, to a force 2m(2gh)'/%/r, which must
be added to the above expression. After simplifying and
substituting ¢=2(2h/g)'/%, the result will be found to be
(M + m)g, as before.
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(a) Let us replace the bars by point masses at their centres. Then
the attractive force between them is G(pA/)?/I*(p is the density,
/ is the length, A is the cross-sectional area). The stress at the sur-
face of contact is GAp>. Assume that the mean compressive stress
over the length of the bar is one half of this. Then the mean strain,
and hence the total contraction, is easily found. It is equal to
Gp2Al/2E. (E is Young’s modulus).

(b) The force between two elements with lengths dx, dy,
situated at x, y, one in each bar, is GA202 dx dy/(x + ¥)? (x and
y are measured outwards from the junction). The total force
on dx is found by integrating with respect to y from 0 to /. It is
Gp2A?* dx/x(x+1). This will cause a stress in the length of bar
between 0 and x of Gp2 Al dx/x(x + !), and hence a contraction of
this section by Gp* Al dx/E(x + /). This will be manifested as an
inward movement of the end of the bar. The total movement due
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to the forces acting on all elements like dx is given by integrating
with respect to x from 0 to /. It is (Go2Al/E)In2.

The ratio of the two results is 2In2 = 1.38. (The contraction is
of the order of 107! cm.)

The relative numbers of drops carrying a charge e, 2e, 3e... ne will
depend on the conditions of the experiment, and the relative
numbers chosen for measurement will also depend on the observer.
It is likely that big drops will carry a larger charge than small drops;
and while big drops will be more easily seen, and more likely to be
measured on that account, a careful experimenter will know that
small ones are more likely to give an accurate measurement. But
when all such factors are taken into account, it is likely that the
number measured which carry a charge ne will be a smooth func-
tion of n and, moreover, one which does not vary rapidly with n.
Hence if we notionally divide the drops into two groups carrying,
respectively, odd and even numbers of charges, the population of
the two groups will be approximately equal. Thus the probability
that all the measurements actually made will be on members of one
of the groups will be f”, where f=1 and n is the total number of
measurements. If all drops carry an even number of charges, then
2,4,6... charges, each of value e, could be interpreted as 1,2, 3 ...
charges, each of value 2e. The probability of getting an answer 2e
from n observations is thus about (3)". A similar argument shows
that the chance of getting a wrong answer of 3e is (3)"—which is
much smaller again, and can be neglected if n > 20. Thus the prob-
ability of getting a wrong answer of any size is about (})".

89

Let v be the velocity of water in the pipe at time ¢, increasing to
v + dvat t + 6t. In this interval a mass m = p Avét has passed, where
A = wa? is the cross-sectional area of the pipe. M =pAh is the
mass of water in the pipe. Equating the total energies at ¢ and ¢ + 6¢,
we obtain

mgh + 1 Mgh + IMv? = 1Mgh + 1M (v + 6v) 2 + imv2.

This leads immediately to
dv _2gh -’
dr 2h
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which integrates, with v=0 at t=0, to
v=(2gh)"? tanh(g/2h)'"*t.

Clearly v — (2gh)"/? as t - .

With steady laminar viscous flow, the velocity v at radius r is
vo(l — r?/a?) where a is the radius of the pipe. The volume rate of
flow is thus V=%1rvoa2 per second, and the pressure needed to
maintain this flow in a horizontal pipe of length / is p = 4ylvo/a?
(Poiseuille flow). The work done per second is then pV = 2xyiv},
and this energy is all dissipated as heat. In the case of the vertical
pipe, the potential energy of the water leaving the tank per second
can be equated to the sum of (@) the energy dissipated as heat, as
calculated above, and (b) the kinetic energy of the outflow. This
gives } mvoaogh = 2mphvé + dxpa®vi. This is a quadratic in ve, and
the one meaningful solution is wvo=(k?+4gh)"?—k, where
k =8nh/pa’.
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Two positive masses attract one another, so we must presume that
a positive and a negative mass would repel one another, and
therefore that two negative masses would attract. However, for a
negative mass, force and acceleration will be in opposite directions.

(a) The force is attractive and both masses move towards one
another.

(b) The force is again attractive, but both masses now move
away from one another.

(¢) The force is now repulsive. M;, with the positive mass, will
move away from M, but M, will move towards M,. Since M, has
the smaller mass it will have the larger acceleration and will event-
ually overtake M.

(d) The motions will be as in (c), but now M; will have the
larger acceleration and will thus escape.
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A particle, charge e, moving with velocity v in a field B experiences
a force ev X B which, in the situation described, is directed radially
inwards. If the particle is to move in an orbit of radius r, this force
must be equal to mv?/r, where m is the mass, or pv/r, where p is
the momentum. Thus

pv/r= evB ey
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and this remains true relativistically. If the velocity increases, the
particle will continue to move in the same orbit, provided that B
also increases to maintain the relation (1).

If the (varying) magnetic flux through the orbit is ¢, there will
be an EMF which, integrated around the orbit, is equal to d¢/dt. A
particle in the orbit will then also experience a tangential force
(e/2=r) d¢/dt = F, say. Its momentum at time ¢ will thus be

_ H _ e ld—¢ _e¢
p= So th_21rr So dt d"—Z‘Jrr'

If this is to satisfy (1), we find, upon substitution, ¢ = 2x7*B.

To investigate the stability, we write B = Bo/r" and suppose that
the particle is originally in an orbit of radius 9. Then, from (1),
pv/ro = evBo/rg. If ro now increases to r¢ + 6r¢, the inward radial
force due to the field will become evBo/(ro + dr0)", while that needed
to keep the particle in its new orbit is pv/(ro + 6ro). The excess of
the former over the latter, for small ér, is

evBy l_er _pv 1—2
r§ ro ro r/’
Using the above relation, this becomes (evBo/ro)(6r/ro)(1 — n)
inwards. So, if n < 1, this force will act to reduce the orbit to its
original size, i.e. the situation is stable against fluctuations of r. The

possibility of oscillations of the orbit about its stable position must
be considered in a full treatment.
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Since the satellite drifts from west to east—i.e. in the same direc-
tion as the earth rotates—it is necessary to slow down its motion.
Since it does 31 revolutions in 30 days we must increase its period
by 1/30 = é7/7.

One of the variants of the fundamental equation GMm/r?=
mv3/r is GM/Ax* = r¥/r*—one of Kepler’s laws. Thus if 7 is to
increase so also must r: the satellite must move into a higher orbit.
Now the total energy of the body, } mv% — GMm/r, is, by virtue of
the above relation, — GMm/2r. It thus follows that the total energy
must be made to increase. If this change is brought about by a
sudden change in velocity, so that the potential energy has no time
to change, an increase in the total energy calls for an increase in
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velocity. Thus the force must be applied in such a direction that it
accelerates the motion.

The immediate result will be that the new velocity is not related
to the distance of the satellite from the earth in a way that is
appropriate for a circular orbit. However, after the initial impulse,
the satellite is moving freely, and its orbit must, in general, be an
ellipse. This will have a common tangent with the original circle at
the point that the impulse was applied (A). After half a revolution
of the ellipse, it will again be moving in a direction normal to the
radius vector and, if the impulse was correctly chosen, it will be at
a distance from the earth equal to the desired radius of the enlarged
orbit. However, its velocity will not now be of the correct value to
permit it to move on this desired circular orbit. It must therefore
be given a second impulse to bring the velocity to the correct value.
Again, the ellipse and the larger circle will have a common tangent
at the point where the impulse was given (B), and it can be seen
from the diagram that this impulse, too, must be in a sense to
accelerate the motion, and of a suitable magnitude.

It is not necessary, for the present purposes, to investigate the
details of the intermediate stages. The net effect has been to move
the satellite from one circular orbit to another, larger, circular orbit
and thus its velocity must have been reduced—in spite of the fact
that the immediate effect of both impulses was to increase the
velocity. Another variant of the fundamental equation is
r=2xGM/v3; hence we see that 87/r = — 36v/v. In the present
problem we must therefore have dv/v= —g. To obtain a
numerical value we may note that GM/R3}= g, where R, is the

{—) B
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radius of the earth. This gives v = 2xgR3/r. Since the satellite is
in a geostationary orbit, =24 hours. This gives v= 3080 ms~’,
and hence év =34 ms™".

The above argument has been spelled out in detail, since the
apparent paradox can be very confusing.

(By way of a bonus, we can consider the motion around the inter-
mediate, semi-elliptical path. Both angular momentum and tozal
energy must be conserved, and by equating the values at the two
ends we can obtain expressions for the initial and final velocities.
These are (RGMry/ri(ri+r2)1Y? and [2GMri/r2(r + r2)} V2
respectively. Since the velocities before the first and after the
second impulse were (GM/r1)'/? and (GM/r;)'/?, we find that
at each impulse, the kinetic energy increases by 1GMmbér/r3.
When combined with the change in the gravitational energy,
— GMm 6r/r?, this gives the correct change in total energy.)
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Let the waves be travelling in the positive x direction. Their wave-
length i1s A = vr. If the ship’s course makes an angle ¢ with the x
axis, then the component of the ship’s velocity along Ox is V cos 0,
and the relative velocity of ship and wave is V.=V cos § —v. V;
may have either sign, depending on whether the ship overtakes the
waves or vice versa.

The time for the ship to travel from crest to crest is

_x
Vcos@—v

T
Vcosé—v

and the condition for a sensitive course is £ = T. This gives

cos =1 +7/Tw/V if ;>0
cos 2=(1—7/Tv/V if V:<O.

The quantities 7, T, v and ¥ have all been taken as positive, so
cos @2 < cos 6;. If either of the equations gives a value of cos @
outside the range * 1, then there is no corresponding real value for
0. If the solution lies inside this range, then there are two solutions,
since cos( — 8) = cos 8. For four solutions, therefore, both values of
cos & must lie within * 1. Because cos 8, < cos #;, this means that

cos ), €1 cos 6 2 — 1
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1.c. Vive 14+ 1/T — Vgl —17/T

or Vive 1/T+1 Vive 1/T— 1.
If the former condition is satisfied, then so also is the latter, so the
condition for four sensitive courses is

Vivz27/T+1.

(The above treatment regards the ship as a point. If its length is
L, then the number of waves interacting with the ship at any one
time is L cos 0/\ = n, say. The effect on the ship may be taken to
be proportional to the mean wave height averaged over the length
of the ship. This is readily found by a simple integration; it is equal
to 2ra(sin nx)/nw, where n= L cos 8/\. This is a maximum for
L =0, i.e. the ‘point’ ship, and oscillates as L increases, approach-
ing zero as L — co. It has zeros at L cos §/\ = an integer, which
means that some of the sensitive courses may not be sensitive at all,
if the ship happens to be the right length.)
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Let x, y be the positions of the monkey and the bananas, measured
upwards, and let 7, S be the tensions in the cord which supports
the monkey and the bananas. Then the three equations of motion
are

mx=T-mg my=S—mg (T-8)a=Iw

where a is the radius and 7 is the moment of inertia of the pulley.
Eliminating 7— S and integrating once, we obtain m(x — y) = Iw/a.
But if the cord is of fixed length the motion of the bananas is related
to that of the pulley by y = aw. Making this substitution and re-
arranging, we obtain x/y = (ma* + I)/ma?, i.e. X > y: the monkey
overhauls the bananas. This is case (i) of the addendum. If /=0,
we have the original problem and x=y, i.e. the separation is
constant.

In any pendulum, the mean value of the tension in the string,
when swinging, is greater than its static value by the amount needed
to cause the mass to move on its circular path. Thus the effective
mass of the monkey is increased by his movements, i.e. he will lose
ground.



116 Thinking Like a Physicist
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The period of a compound pendulum is

10 = 2w (k2/Ig)"* = 2= (L/g)'"?

where k is the radius of gyration about the pivot, / is the distance
of the centre of mass from the pivot and L is the length of the
‘equivalent simple pendulum’. If a small mass m is placed at a
distance x from the pivot, the period becomes

2x (Mkz + mxz) 172

T=
g"? \ Ml+mx

where M is the mass of the pendulum. The most effective position
is found by maximising (Mk?+ mx?)/(Ml+ mx) with respect
to x. The result is x=k2/2l= L/2, where the approximation
mk?/MI* << | has been made.

If this is substituted in the equation for 7, we obtain

(1)2_ 1+2Z
o) 1+2Z
where Z = mk2/4MI* and 7= 7, when m=0. Since Z must be
positive, 7 < 70, i.e. the clock is speeded up by adding m. If we
write 7= 79(l — €) and approximate, we get Z = 2¢. An error of 4
minutes per day corresponds to € = 1/360. For the simplest type of

pendulum (a heavy bob on a light rod), kK =1/. Thus m/M = 0.022
and m = 22 g—hardly a ‘small weight’!
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We draw up a table giving the ‘dimensions’ in length and time of
the seven quantities listed, and of the operator V. Since we are
interested in space inversion, only those lengths which are vector
quantities should be considered. The dimensions of s follow from
its definition as an angular momentum, s = r X p; those of E from
the equation for the field of a charge, i.e. E « r/| r|?; and those of
B from the relation 3B/dt o« V x E. Then, if any quantity has an
odd number of dimensions in length or time, it will change sign
under P or T, respectively. In the table, a quantity which changes
sign is denoted by --; one which does not is denoted by +.
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Quantity r t v P A E B v
Dimensions L T LT™' LT! L’*T"! L T L!
Under P -+ - -~ + i -
Under T + - - - - + - +

We now carry through a similar process for each of the equa-
tions, considering each term in turn, and using the ordinary laws
of algebra (the product of two negative quantities is positive). If,
under any transformation, the result for all the terms in an equa-
tion is the same, then the equation is invariant under that
transformation.

Equation (a) Equation (b)

Term  p/t E uvB  Result Term rt”? r  Result
Under P —+ - — + Invariant Under P — ++ — Invariant
Under T - - + - — Invariant Under T + — - + Invariant
Equation (c) Equation (d)

Term sv Constant Result Term Scalar sB  Result
Under P + — + Not Under P + + + Invariant

invariant
Under T — — + Invariant Under T + — — Invariant
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The frequency of the lowest mode of vibration will be of order
v = V/2I, where V is the velocity of sound and / is the linear dimen-
sion of the solid, and the corresponding energy is Av. Only this least
energetic mode need be considered. The probability that it will be
excited is exp(— hv/kpT). Strictly, we should use the Bose—Einstein
formula, but under the conditions of this problem the difference is
negligible. If we set exp(hv/kpT) equal to some large number, say
10*, we obtain the condition that the particle should be above ab-
solute zero for 10™* of the time, i.e. it should be at zero for 99.99%
of the time. The condition is thus A V/2lksT = log.10*. The velocity
of sound in a solid may be taken to be typically 3 x 10> ms™!; this
gives /=0.8 mm.
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We enquire into the phases of the contributions from the two slits
to the resultant vibration at a general point P on the screen. Let P’
be the perpendicular projection of P on to the plate containing the
slits, and x, y, the coordinates of P', as shown. Then, provided x
and y are sufficiently small that, by comparison, the slits can be
regarded as being infinitely long, the phase of the resultant vibra-
tion at P due to the separate contribution from each slit will be
determined only by the perpendicular distance to this slit from P.
The phase difference between the contributions from the two slits
will be equal to

[(12+ xZ)l/Z_(12+ y2)1/2]21r/)\.

The fringes are the loci of points for which this phase difference
is a constant. Using a binomial expansion, this condition can be
written as x2— y?=constant. The fringes are thus rectangular
hyperbolae, as shown.

~
\
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The linear dimensions of a neutron (nucleus) are smaller than those
of an atom by a factor of about 107°. The suggested collapse would
therefore reduce the radius of the sun by a factor f=107>. This
assumes that the particles in both the sun and the neutron star are
‘touching’. The data given allow this to be checked for the sun. Its
density comes out to be 1.3 x 10° kg m ~*—about the same as that
of water. The assumption is also reasonable for a neutron star.
If the radius changes by a factor f, while the mass is constant,
the moment of inertia 7 (ocmr?) will change by a factor f2. If the
angular momentum (= Jw) is constant, w will change by f~2, and
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hence the period (o 1/w) will change by f2. If we assume that we
can treat the sun as a uniformly magnetised sphere, with intensity
of magnetisation J, then the flux through the equatorial plane is
proportional to Jr?, and the magnetic moment M is proportional
to Jr3. If r changes by a factor f, while the flux stays constant, J
will change by f~2, and M by f~2x f* = f. The field at large
distances is proportional to M, and this too will change by f. The
field on the surface will be the dipole field due to M(= M/r?), and
will therefore change by f/f3 = f2

If f=10"°, the period falls by a factor 10'°, the surface field
rises by a factor 10'° and the remote field falls by a factor 10°.
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The field between the electrodes is E = V/rin(r:/r1). This will
induce a dipole m = 4weca’E on a spherical particle of radius a,
and the particle will thus experience a radial force

§£= 4reoa’V?
ar r’(n ry/n)*’

There will also be the axial force due to gravity, { ra’pg. From the
values given we find that the former is of the same order as the
latter. (It is, in fact, about 20 times as big close to the central elec-
trode, and thus somewhat smaller over most of the volume.) Since
the particles take ‘several minutes’ to settle, they are clearly small
enough for Stokes’ Law to apply, i.e. force o« velocity and not
acceleration. The same will therefore be true for the radial motion.
We can then write the axial velocity as v; = Kmg and the radial
velocity as v, = Kb/r®, where K is the same constant in both
expressions and b = 4xeoa’ V2/(In r2/r1)?%. The second of these rela-
tions shows that the time taken by a particle to reach the central
electrode, starting from a radius r, is approximately r*/4Kb =1,
say. During this time it will have moved a vertical distance
Kmgt = mgr*/4b = zo. If it started at a distance from the bottom
less than zo, it will miss the central electrode. Thus all those par-
ticles within a cylindrical annulus of radius » and height zo will
escape, i.e. a total number

5 i 2ar dr zon

r

where n is the number per unit volume. With the above expression



120 Thinking Like a Physicist

for zo, this becomes a#mgnri/12b. The total number present in the
cylinder is #73/n (/ is the length). Collecting these results, we find
that the fraction which miss the central electrode is

pgridn ro/r)* _ o 5
36eol V> -

Note that the errors introduced by neglecting higher powers of r1/r;
are quite small. However, the above argument ignores the ‘end
effects’ in the electric field; in the present context these are clearly
very important, with the result that the final answer may be quite
wrong.
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The geometry of this effect is dominated by the fact that the line
of sight from the observer meets the water surface at almost grazing
incidence. Consequently only the fronts of the crests of the waves
take part in the reflection. We first consider the optics in a vertical
plane containing the moon and the observer, and we idealise the sea
surface as a sine wave of constant amplitude a and wavelength A,
with the line of the crests normal to this vertical plane. Unless the
sea is rather rough, a/\ will not be larger than about 0.04, cor-
responding to a maximum slope of the wave surface of about 15°.
The relevant line of sight, which makes an angle « with the horizon-
tal (« < 1/10rad), grazes the top of one wave and is shown in the
diagram meeting the next wave at P. The diagram has a greatly
exaggerated vertical scale.

If the wave profile is y = acos2xx/\, and if z=a -y, then,
referring to the diagram,

z=a(l — cos 2xx/\) =1a(nxx/\)? )
and
a=z/(A— x)=2z/\=27x%ax?/\}. Q)

The slope of the wave surface at P is (2wa/\)sin2zx/\=
4x2ax/\? = v, say. The angle 8 between the reflected line of sight
and the horizontal marks the limit of that part of the sky that can
be seen by reflection in some part of the wave surface. Clearly

B=2y+a=08x%ax/\) +a
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i.e., from (2),
B=4rQaa/\)"?* +«a

A (B-a\?
*= 2a ( 47 ) ) 3
With a/\ = 0.04, this means that if the elevation of the moon above
the horizon () is anything less than 30°, then any reflected light
seen by the observer will lie within an angle « below the horizon,
and aa=1°,

It remains to consider the consequences of the adoption of a
highly idealised model of the real situation. (i) The waves are not
sinusoidal; their troughs are flatter, and their crests more curved.
Since we have approximated the shape of the crest by a parabola
(equation(2)), this will still be a reasonable approximation for a real
wave, but with an effective value of a/\ bigger than if it had been
a sine wave. (ii) The waves are not all the same size. The small
waves, hiding in the troughs between the large ones, might just as
well not be there at all, as far as contributions to the reflection are
concerned. Thus the effective value of A may be several times the
real wavelength, and this effect will be more important than the fact
that the effective value of a will correspond to the largest waves:
thus a/\ will be decreased as a result. (iii) The lines of the crests
will not all be normal to the line of sight. Those which are nearly
normal will contribute in a similar way to that already described,
but will give rise to reflections outside the vertical plane considered
hitherto, i.e. the blaze of light will spread sideways.

or
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Several approximations follow from the fact that the clearance is
very small compared with the diameter. The upward velocity of the
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liquid will be large compared with the downward velocity of the
slug. We can thus treat the liquid flow as if between two large,
stationary, flat plates, separated by 2d. Standard methods give the
velocity profile

V="Vo(l - x*/d%).

(@) The average flow velocity is then found to be % V. The
volume rate of flow of liquid upwards is thus  Vo27r2d, where r is
the radius of the slug (or tube); this is equal to the rate of displace-
ment of liquid by the slug, xr2v (v is the velocity of the slug).

(b) The velocity gradient in the liquid, dV/0x, is equal to 2Vo/d
at x = d, and thus the viscous drag on the slug is 2xrin2Vy/d, where
! is the length of the slug. This is balanced, in the steady state, by
the weight of the slug less its buoyancy, i.e. 7r%l(p — po)g.

If we eliminate V), between the two equations resulting from (a)
and (b), we find v = 2(p — po)gd?/3n, which is independent of r or
I
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Let A denote the area, L the perimeter and pn the density of a
blade; let p be the density and + the surface tension of water. Then
for equilibrium we have

pPm8At=pghA + yLsina

where £, h and o are as shown in diagram (a). For an order-of-
magnitude argument, we can write A = a% and L = 4a. Then, if we
also write # = (y/pg)'/? as suggested in the problem, we obtain, on

dividing by pgaA,
2
p_m£=ﬁ+4(ﬂ) sina.
p a a a

Since h/a will be considerably less than unity, we can neglect the
last term, and obtain ¢ = ph/pn or, taking pm/p =8, £ =0.35 mm—
i.e. about 3} blades (a kitchen-sink experiment gave 4).

(If a more elaborate answer is thought desirable, we may note
that the shape of the water surface away from the corners can
be found, without approximation, from the familiar equation
Ap=+(1/r1 + 1/r2). In the present case, A p= pgz, where z is the
distance below the surface, r; = o and 1/r, = d6/dS, where 8 is the
inclination of the surface profile to the horizontal and S is the
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distance measured along the arc from an arbitrary zero. Now
dz/ds = sin 6, so we obtain

d0/dz=pgz/vy sin 0
which can be integrated at once to give

p8z%/2y=1—cos 6
since 6 = 0 at z=0. This can be written

(z/h)* =2(1 - cos 6)

where A is the ‘surface tension depth’ as defined. It is obvious that
the maximum possible value of z, corresponding to cos 8= — 1, is
z = 2h. The shape of the curve is shown (approximately) in part (b)
of the diagram. It is doubtful whether values of @ greater than = /2
would be realisable in practice; this would give z = 24, which is
approximately equal to h, as suggested in the problem.)

——2zlh

{b)
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The velocity of light in the medium is ¢/n, where n is the refractive
index. If the medium is moving with a velocity v parallel to the
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direction of light propagation, then the velocity as seen by a sta-
tionary observer is given by the Lorentz transformation

. Wxtv
71+ vvl/c?
i.e.
_c/m+v
1+ v/nc’
For v <<, this gives
V=c/n+(1-1/n*uv.

In the Fizeau-type experiment described, the time difference for
the two light beams is

_ 21 _ 21 =4n2v1 (1 1
c/m)— -1/ (/mM+A-1/m*w n?)
The observed fringe shift is

At

c At vli, 6 >
—=4- - 1).
A c A ( )
Inserting the values given, we obtain an answer of 4.1 fringes.
105

We consider the problem of melting some piece of iron, chosen for
no other reason than to be suitable for this exercise. The optimum
arrangement will be if the iron is in the form of a thin disc whose
diameter is that of the focal spot, i.e. 2 cm. We calculate first the
diameter of a mirror which would collect enough energy to replace
that radiated from the front of the disc at its melting point. Using
Stefan’s constant we find that the energy is 190 W, and the
diameter of the mirror needed is 0.49 m. Losses from the back
of the disc would increase this figure. If the disc were unprotected,
the power needed would be doubled. If covered with a layer of a
thermal insulator of low conductivity (t0 minimise radiation losses
from its outer face) and of low density and low specific heat (to
minimise the energy needed to heat up the insulating material), the
power increase would be quite small. The above assumes that the
mirror is a perfect reflector and the iron a perfect absorber. While
the former may be almost true, the latter will not. A knowledge of
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the absorption coefficient over the spectral and temperature ranges
involved would permit a correction to be made. Typical values
range from about 0.3 for a light surface to 0.8 for a dark one, so
that this factor might well double the power required. Convective
losses have also been ignored: these would not be negligible, but are
difficult to calculate.

In the early stages of the heating, the heat losses would be very
small, and almost the whole of the power input would be available
for raising the temperature. If the disc is 1 mm thick, its mass is
about 2.5 g and its thermal capacity is about 1.1 JK~!. Thus the
incident 190 W—if all absorbed—would raise the temperature at
about 170 K s~!. This rate would soon drop, as the losses became
important, and the melting point would only be approached
asymptotically. But a 10% increase in the power input would pro-
duce a 2.5% increase in this asymptote—i.e. about 40 K—and by
the time the melting point was reached, the temperature would still
be rising at about 17 Ks~!. To produce melting, the latent heat
would also have to be supplied. An estimate of the value indicates
that about 600 J would be needed: the 10% surplus power could
supply this in half a minute. Altogether, the process might take a
minute from the start.

The general conclusion is that while the calculated minimum size
of 0.5 m diameter would certainly not be adequate, it would be
worthwhile trying with a mirror twice as big, with some hope of
success in a time of the order of one minute.

106

This problem calls for a solution of the heat conduction equation
with a moving-boundary condition. This is difficult, but since the
changes will be slow it will be a good approximation to assume that
the temperature varies linearly through the ice at all times. Thus we
can write

0 =00+ Abx/d

where 6y = — 10°C, A8 = 10°C, d is the thickness of the ice and x
is the distance below the top surface. We write down an equation
expressing the fact that the heat flow out through the top surface
in time 6¢ is sufficient to freeze an additional layer of water of
thickness éd, and to cool the existing ice by an amount é66—which
may be a function of both position and time. Referring all quantities
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to unit area, we obtain

x(i’f §t=pL bd— Sdpaéﬂ dx.
ax x=0 0

From the previous equation, we have 80 = A0x 6d/d?, and the in-
tegral thus has the value —3po A8 6d. We also have 30/dx = A6/d.
These substitutions give

d ot 2 o
i.e.
ad _ x Af
at pd(L + o A8/2)
or
dz — 2x At )
p(L + 0A8/2)

If the effect of specific heat is to be neglected, we can write 6 = 0.
Inserting the numerical values, we obtain d =0.72 m if the effect
of specific heat is ignored, and 0.71 m if it is not.

107

A conductor carrying a surface charge density o will experience an
outward normal stress ¢2/2eeo. For a soap bubble in air, this will
be equivalent to an internal pressure ¢2/2¢o.

The pressure in the original bubble is p + 4v/r, where p is the
atmospheric pressure. When it doubles its radius, this will be
reduced by a factor of 8. The extra effective pressure due to the
electrostatic forces will then be needed to produce equilibrium
against the new surface tension force 4y/2r. Thus

Hp+ay/r)+ 02/2e0 = p + 2v/r.

This equation gives o. The total charge on the enlarged bubble is
167r20, which leads directly to the result quoted.

108

Let ¢ denote the vertex angle of each cone, D the diameter of the
lens and 7 the distance of the photosensitive cell from the vertex of
the cone. The focal length of the lens is then R — r, and the radius
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of the Airy disc formed in its focal plane is 1.22\(R - r)/D.
For maximum sensitivity, the diameter of the sensitive cell
(=d =rD/R) should equal the diameter of the Airy disc, i.e.

rD/R =2.44\(R - r)/D. (1)

For good angular resolution, the fields of view of adjacent cones
should not be confused. Since the angular resolution is § = D/R,
this means that

D/R=6=1.22\/D. (2)

Thus, from (1) and (2), rD/R=2(R - r)1.22\/D=2(R - r)D/R
and hence
r=2R/3.

From equation (2), D?=1.22\R and 6 = D/R. For A = 500 nm
and R=1mm we find D=2.5x 10" m and § =0.027 rad = 1.6°.

109

For the alloy the mean atomic weight is (0.95 x 55.85) +
(0.05 x 10.82) = 53.60 (= M). The spacing of [110] planes in a
BCC crystal is @/2, where & is the interatomic distance. This same
quantity is given by Bragg’s law as A\/2 sin 6. Thus from the data
given we find @ = 2.874 x 107! m. If the B atoms are in substitu-
tional positions, then, since there are two atoms per unit (cubic)
cell in the BCC structure, the density calculated from x-ray data
will be 2M/a*Z (Z is Avogadro’s number), which is equal to
7.495 x 10? kg m~>. Since this is much less than the measured bulk
density (7.85 x 10%), there must be extra mass somewhere in the
unit cell—i.e. the B atoms must be on interstitial sites.

The density of pure A can be used to check that the bulk density
agrees with the value obtained from x-ray data in this case: it does.
The values of e and A are clearly irrelevant.

110

Elementary dimensional analysis gives the drag force D = CppAvZ.
Let o be the (constant) acceleration. Then v=caf and h =}at?;
thus

D = Cppo exp(— h/ho) Aa’t? = Kt? exp(— at?/2ho)

where K is a constant. Setting dD/df =0 for the maximum, we
Obtain t%nax = 2h0/a and hence hmax = ho.
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111

If F= F(t) is the frictional force exerted by the ground on the
hoop, we have

v=vo—SF/mdt w=w0—§Fr/Idt.

By the time that slipping between the hoop and the ground has
stopped, we have v+ rw =20, i.e.

Vo + rwo = (1/m + r*/I) S F dt.

By this time the velocity of the centre of mass is vo — (1/m){F dt.
Inserting the value of {F df from the previous equation and writing
in the requirement that v is to be negative, we obtain the condition

Two > mruo.

For a hoop, I=mr?, giving wo > vo/r, as required. For a disc,
I=3mr?, giving wo > 2uvo/r.

112

The gradient of the moon’s gravitational field, in the
neighbourhood of the earth, has the effect of raising two bulges on
the surface of the oceans, as shown, grossly exaggerated, in the
diagram. The bulges always point towards and away from the
moon, respectively. As the earth rotates, a wave with two crests and
two troughs propagates around the earth once every 24 hours. The
maximum height of the bulges clearly occurs at latitude +23°, on
account of the inclination of the axis mentioned in the question.
Thus point A in the diagram, which is having a high tide now, will
be at B 12 hours later, where it will again have a high tide—but of
a different height. The size of this difference can be calculated thus.

We assume that the solid earth is a sphere, and that the surface
of the water is an ellipsoid of revolution. In polar coordinates, the
equation of an ellipse is, approximately, r = b(1 + 6 cos? ¢). If this
is assumed to describe the water surface, then the surface of the
solid earth will be given by r=54', where b’ = b, i.e. the depth of
water is approximately bécos2¢. If the points A and B in the
diagram are at a latitude 8 then, for A, ¢ = (6 +23°) and, for B,
¢ = (0 — 23°). The difference between the heights of the two high
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tides is thus b8[cos?(6 — 23°) — cos?(# + 23°], which can be trans-
formed into b6 sin 28 sin 46°. Thus the difference between high tides
is zero on the equator and at the poles and a maximum at latitude
45",

As the moon revolves about the earth there will be two occasions
every month when the earth—moon line coincides with the projec-
tion of the earth’s axis on the plane of the moon’s orbit. This is the
situation shown in the diagram. The difference in height of suc-
cessive high tides will be a maximum at these times, and will fall
to zero half-way between.

113

Let the radius of the circular cross section of the film at a height
z above the lower ring be r(z). To support the ring, of weight w,
we must have (resolving vertically at height z)

22r2y[1 + (dr/dz)?) " V2=w

where v is the surface tension. Thus
- ()1
dz w

z=/nfer+ (- 1NV + K

where K is a constant. Here the formula given in the question has
been used, and ¢ = 4xy/w. The difference in height between the

and so
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rings is thus

2.2 13172
lln(3ac+(9ca 1) )

c ac+ (c2a’ - 11?2

The maximum distance at which the ring can hang in stable
equilibrium is derived by setting dz/dc= <, which happens at
¢ = 1/a. The distance then is a in(3 + /8) = 1.76a.

114

If the distance moved at any stage is r, and a step of length s is then
made in an arbitrary direction, the resultant distance is #, where
12 =r*+ 5% - 2rscos@. Since all directions are equally probable, we
find, on taking the average, t2=r%+s2.

In this case, the RMS distance after one step is A\, after two steps,
A1 + f2)V2, after three steps, A(1 + 2 + f*)!/? and, after N steps,

l_fZN 172
(l +f2+ ."+f2(N—l))1/2= x( l _fz )

which is the required result. As a check, we note that if f— 1, this
expression becomes AN12,

115

It is necessary to be clear about the meaning of the phrase ‘widely
separated fringes’. The fringe separation is x = AD/d where d is the
slit separation and D is the distance from slits to screen (eye). If an
eye is to be placed ‘at’ a bright fringe, it means that x must be a
good deal larger than the diameter of the pupil, p. We write x = np,
where 7 is of the order of 10, say. Then \D/npd = 1.

The angular resolving power of the eye is approximately \/p,
and the angular separation of the slits as seen by the eye is d/D.
If the slits are to be resolved, we must have d/D > \/p, i.e.
AD/pd < 1. But we have just shown that this quantity is equal to
n. Thus if the conditions as set out are satisfied, the eye will not be
able to resolve the slits. If placed at a bright fringe, then, depending
on the relation between fringe spacing and pupil diameter, the eye
will see a single broad and fuzzy slit or an almost uniform distribu-
tion of intensity. This will be four times the value that would be
given by a single slit. With the eye placed at a dark fringe, it will
detect almost nothing—but not quite, since it is not possible for the
whole pupil to be ‘at’ the centre of the fringe.
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(The use of the concept of angular resolution is not strictly valid
in this context, since it is based on the distribution of intensity from
two neighbouring incoherent sources. A full treatment for the two
coherent sources of this problem is much more difficult, but the
analogous situation in the Abbe theory of microscope resolving
power may be considered. It is shown there that if one is to obtain
any significant resolution of a periodic object, at least two orders
of diffraction must enter the objective. In the present problem one
order (one fringe) is used, so we might again expect that the two
slits would not be resolved.)

116

The neutron wavefunctions are approximately plane waves. Ini-
tially, both ¥y, and y, are proportional to exp(—k;x), with
k}=2mE/h?, where m is the neutron mass and E is its kinetic
energy. If beam 2 is displaced downwards by a distance d, the
potential energy of a neutron is decreased by mgd, and hence
yn o exp(ikax), with k3 = 2m(E + mgd)/h®. Beam 1 is not disturbed.
The change in & will be small, so we can write k> = k; + Ak and
neglect terms in (Ak)2. This gives Ak = m>gd/h’k,.

For destructive interference we must have /Ak=(2n+ ).
These last two relations, together with the original expression for

k3, lead to the result
_m’ ( gld Y
2 \@n+ i)
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We assume the rod to be long compared with all the other dimen-
sions involved. We denote the charge per unit length by o and the
distance of the rod from the (vertical) stream of water by x (see the
diagram). Then the field at B is ¢/2weor, and the x component of
this field is Ey = ox/27eo(x% + ¥2). If we make the approximation
that this is a uniform field, and ignore effects due to the y compo-
nent of E, then the x component of the field inside the jet is
2E,/(e + 1). (This result can be established by invoking the bound-
ary conditions that the tangential component of E and the normal
component of D must be continuous across the boundary.) The
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polarisation is
P = xeoF = (e — 1)e02E;/(e + 1) = 2e0E;

since e >> 1. An element of the jet of length éy will have a dipole
moment P = 2¢ExA 6y, where A is the cross-sectional area at B.
It will thus experience a horizontal force P(dE,/dx) and therefore
an acceleration f= P(3E:/dx)/Apdy (p is the density). Upon
making the various substitutions, we find

e x(y?-x?)

" 2mpe0 (X2 + y)

This is clearly zero at y = * x, and has a maximum of ¢2/2rpeox>
when y = 0. The shape of the curve is such that it will be a fairly
good approximation to set f equal to this maximum value for
x> y> — x, and zero elsewhere. We also make the simplifying
assumption that x can be regarded as a constant in the expression
for f. Then if an element of the jet takes a time ¢, to fall through
the range x> y> — x, it will acquire a horizontal velocity
o2t1/2wpeox®, and, in falling for a further time #,, will be displaced
horizontally by ¢t152/27peox’ = X, say.

From the data given, the flow velocity of the jet on emerging
from the tap is 2.50 ms™!, giving t; =7.7 X 10~ 3 s and ¢, = 0.05 s.
We also have p=10°kgm™3, x=10"?m, X=3%x10"?m and
€0o=8.8x10"'2Fm™!. These values give 6 =2x10"¢Cm!,
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118

Of the energy €671 emitted per unit area by the surface at
temperature T, a fraction €2 is absorbed by T3, and thus a fraction
1 — &, is reflected. Of this, a fraction €, is reabsorbed by T; and a
fraction 1 — &; is again reflected. If we consider successive reflec-
tions in this way, and sum the resulting geometrical progression, we
find that the energy emitted by 7; and not subsequently reabsorbed
(by T1) is

cTiee2
1-(1-e))(1 —&)

A similar expression gives the energy emitted by 7> and not subse-
quently reabsorbed. The required result follows immediately.
With the intermediate screen in place (at a temperature 7T), the
condition that, in the steady state, it loses as much energy as it gains
gives 274 =T%{+ T4. It follows at once that the net flux will be
halved. The method is readily extended to show that n intermediate
screens give a reduction in the heat transfer by a factor 1/(n + 1).

119

(i) If the real depth is s and the velocity of sound is vs then the
measured time would be (2s/g)!"%+s/vs=1to, say, and the
calculated depth would be gr3/2 =s.. Neglecting squares of small
terms, we obtain (sc — 5)/s = (2gs/v$)? =7.2%.

(i) An approximate value for the final velocity is (2gs)"/2 =
24 ms™~!, showing that the Reynolds number is of the order of
10* for most of the time; the drag force is therefore Cprpa’v?,
with Cp =0.4. The equation of motion is thus ms= mg — Bv?,
with 8= Cpra’p. For the zeroth approximation, we neglect
the last term, and obtain v=gr if v=0 at ¢t=0. For the first
approximation, we insert this value in the (small) third term,
to give §= g — Bg2t?/m, which at once gives s=1 gt — Bgt*/12m
if s=0 at £=0. Neglect of the air drag thus introduces an error
equal to the second term into the estimation of s. The fractional
error is 8gt2/6m = Bs/3m. From the data given, we find that this is
about 6%. Both errors make the calculated depth too large.

(iii) For the table tennis ball, the drag force is much more impor-
tant relative to the weight. The velocities are smaller, but still large
enough to make R > 103, i.e. Cp is still about 0.4. In this case, the
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terminal velocity is (mg/8)"?> = 5.3 ms~'. The ball will reach this
speed after a few metres, so that the zeroth approximation,
sc =1 gt?, is a gross overestimate of the depth—by a factor of
about 2.6 for s =30 m. A better first approximation is to assume
that it travels at its terminal velocity for the whole distance. In this
approximation, the error due to the finite velocity of sound is clear-
ly given by the ratio of the terminal velocity to the velocity of
sound. The error due to the initial period of acceleration cannot be
evaluated without using the exact solution of the equation of
motion. This is too complicated to be evaluated in the present con-
text. (It is, in fact, e "% = e¥[1 — (1 — e #)!"2], where 6 = t(Bg/m)'"?
and {=xB/mif x=v=0at t=0.)

120

Since the magnetic field is everywhere perpendicular to the
equatorial plane, and since the initial velocity is in that plane, the
electron will always remain in that plane. Also, since the force Bev
is always perpendicular to v, the speed of the electron will remain
constant. If B were constant, it would thus move in a circular orbit
of radius ro = mv/eB with a periodic time 7o = 27m/eB.
However, B is not quite constant. It is smaller—and thus 7
will be larger—for that part of the orbit remote from the earth,
and vice versa. Since we are told that ro << R, these variations
will be small and we can approximate by assuming that the orbit
consists of a succession of semicircles of radii ry = mv/e(B — 6B)
and r» = mv/e(B + 8B). Thus the electron progresses a distance
2(r; — r2) in each orbit, and this takes a time 7o = 2wm/eB. Now
2(r1 — r2) = (4mv/e) 6B/B?. Since the magnetic field of the earth is
that of a dipole, B M/R® (M is the dipole moment); hence
0B/B = 36R/R. It will be a fair approximation to set 6R = ro/2.
Having done this we find, for the mean forward velocity,
V =3vro/xR. The time for a circuit of the earth is then
2wR%/3vro = 272R2*Be/3Imv? =t #2R%w/v?, as stated. A more exact
treatment merely changes the value of the numerical constant.

121

For a very crude model, we suppose the water molecules to be
arranged on a simple cubic lattice. Consider a cube with N atoms
on each edge. Let E denote the bonding energy between nearest
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neighbours, and ignore all other pairs. The total energy is then
IE[Z(N-2+6(Z-1)(N-2)>+12(Z-2)(N-2)]

where Z is the number of nearest neighbours ( = 6 in this case). The
first term arises from all those molecules in the interior which have
6 neighbours. The second term arises from the molecules on the 6
faces and the third term from those on the 12 edges, which have
5 and 4 neighbours respectively. The factor of i outside the
brackets takes account of the fact that every pair will be counted
twice. The expression simplifies to 3E(N> - N2 -4)if Z=6.If a
is the distance between neighbour molecules, then the volume of
the cube is ¥ = (Na)® and its surface area is S = 6(/Na)?2. The energy
can thus be written

v S
35(;5 S )

The energy per unit volume, 3E/a?, can be associated with the
latent heat H, and the energy per unit area, E/2a2, with the surface
energy. For the present purposes, this is equal to the surface tension
T. We thus obtain T/H = a/6. Inserting the numerical values, we
find a=2x 10" m.

If we consider a sphere instead of a cube, a similar argument
leads to a similar result: the energy is } E(6V/a® — S/a?).
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Since the quantity \/r" is to represent a force, A must have the
dimensions ML"*!T 2, We assume that 7 is a function of \, m and
V, but not p, as stated. Then, using the usual technique of dimen-
sional analysis, we find that

n= constant()\"y("'”m(’” 1/(n-1) V(n+ 3/ (n—~ l)).

Of the quantities on the right-hand side of this equation, only V
will depend on temperature, through the equation T o § m¥V2, Thus
g oc T+321=1) " gince we are told that 5 & T%72%, we can solve
for n and find n=9.89 = 10.

123

(i) Two pulses propagate in opposite directions around the hoop.
Their velocities are c = * (T/p A)Y?, where T is the tension, p is the
density and A is the cross-sectional area. The tension T is that
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needed to prevent the hoop from expanding as a result of the cen-
trifugal force, i.e. T = pAv?. Thus ¢ = * v and so one wave remains
stationary in space while the other moves with a velocity 2v in the
same direction as v.

(i1)) The strain is f=T/AE (E is Young’s modulus). But
T =pAv? (above), i.e. f=pv?/E. The velocity of longitudinal
waves in a material is ¢ = (E/p)!’%. Thus f=v?/c.

(iii) No. The only forces acting on an element of length of the
wire are its weight, downwards, and the reaction of the ground, up-
wards. The former is bigger than the latter by an amount that is just
sufficient to keep the mass moving in its circular orbit. There are
no longitudinal forces.

124

The temperatures and radii of the three bodies are denoted by T
and R, with suffixes S, E and O to distinguish between sun, earth
and sphere. If the distance from the earth to the sun is x, then
2Rs/x = 0.5° =0, say. The intensity of solar radiation at the earth
is

I=4xRéoTE/4nx? = #*cT$/4.

Equating the energy received by the earth (= #RZI) with the energy
radiated (=47REsTE), we find

TE = 02T$/16. 0))

With the data given, Tg = 266 K. If the sphere is also a black body,
then, assuming that the earth subtends a solid angle of 27 at the
sphere, a similar argument, taking account of radiation received
from the sun and the earth, gives 7o = 281 K.

By adjusting the emissivity, the temperature of the sphere can be
reduced, but it will still be comparable with that of the earth. Thus
no adjustment of emissivities will have much effect on the inter-
change of energy between sphere and earth. For a high-temperature
source {e.g. the sun) the energy is in the short wavelengths. A low
emissivity for the sphere—and hence a high reflectivity—in this
range will thus reduce its energy absorption from the sun. At long
wavelengths we need a high emissivity, so that the body radiates
well. Thus we can approximate to the optimum condition by
neglecting the energy received from the sun altogether, and assum-
ing e=1 for both earth and sphere. This means that the energy
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radiated by the sphere (=4wR30T$) is equal to that received from
the earth (=wR30TE = 7R300%T4/16 from (1)). Hence Td=
02T2/64, i.e. To= 190K, from the data given.

125

Direct substitution confirms that the expression given is a solution,
and we find that

exp(~ar)=C+ aT. (1)

This cannot be solved directly for «. We therefore plot each side
separately as a function of o« and look for the points of intersection
of the two curves.

If C= -1, we see from the diagram that o will be very large at
the point of intersection, and exp(—ar)=0. Thus, from (1),
C+aT=0, i.e. = —-C/T=1/T. Since N= Npexp(at), N will
increase exponentially with a time constant T=10""s.

If C= +1, the diagram indicates that it would be appropriate to
approximate exp(— ar) by (1 -~ ar). Substituting in (1), we obtain
a=(1-C)(T+71)= (- C)/r. Thus, if C < 1, « is positive, and
N increases exponentially with a time constant of approximately
7/(1 — C), i.e. greater than 10s. If C > 1, N decays towards zero,
also with a time constant of approximately 7/(C — 1).

™

126

We assume that the field lines in the diagram are arcs of circles
centred on O. Then, at a radius 7, the plate separation along the
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field lines is r¢, and the field is V/r¢, where V is the potential dif-
ference between the plates. But the field at the surface of a plate
is also equal to o/eeo, where o is the surface charge density. Thus
o = Veeo/¢r. The total charge is

a+b
Q= S (zVeeo/pr) dr
b

from which the stated result follows.

In fact, the field lines will be more nearly straight than was
assumed above. To obtain another limiting estimate we can assume
that they are quite straight—and ignore the fact that they will then
not be perpendicular to the face of the conductor. A treatment
along the same lines as above gives a similar result, but with ¢
replaced by 2sin(¢/2). The true value—still neglecting edge
effects—will lie between the two.

127

The resistance of the wire is R = pl/xr?, where p is the resistivity.
When the longitudinal strain is equal to 6///, the transverse strain,
or/r, will be —» 6l/l. Since we have, in general,

SR _bp 8l _, b

— e —

R p | r

it follows that
R

1R _1
R &l p 6l !
and hence, in the limit,

1 La_R_za_o_l)
“2\R al p dl |

This is equal to the expression quoted only if dp/d! =0, i.e. if the
resistivity does not change with elastic deformation. This is not
true.

op 1+2v»

128

If a man of mass u on earth raises his centre of mass through a
height h by jumping, he has produced an energy of ugh. The energy
needed for him to escape from a planet of mass m is Gmu/r, where
r is the radius of the planet. The required result is obtained by
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equating these quantities, i.e. gh = Gm/r. To evaluate G, we note
that for any mass x on earth, GMx/R? = gx, where M is the mass
of the earth and R is its radius. This gives h = R*m/Mr. If we
assume that the two heavenly bodies have the same density,
m/M = (r/R)3. This gives r?= Rh. Setting h = 1 m, we obtain
r=2.5km.

129

A circular mirror, 87 cm in diameter, would subtend the same angle
at a ship 100 m away as the sun. It would thus produce an
illuminated patch twice its own diameter, with the intensity rising
(in a rather complicated way) from zero at the edge to a maximum
in the centre equal to the incident intensity of 1 kWm™2. A larger
mirror would increase the size of this central patch of maximum
intensity, but would not increase the flux. If reflecting the noon-day
sun horizontally, it would be necessary to have an elliptical mirror
with a major axis of 2 x 87 cm to allow for the obliquity. If a
target patch on the ship was chosen to give normal incidence, no
further obliquity factors would arise. Making an allowance for
imperfect mirrors and a reflection coefficient less than unity, the
incident energy flux would be somewhat reduced. N mirrors, all
trained on to the same place, would increase the flux N-fold.

The temperature reached is given by balancing this input against
the heat losses by radiation and conduction. It is unlikely that the
timber would ignite below a ‘dull red heat’, about 500°C; at this
temperature radiation losses would probably be the more important.
The rate of radiation is then approximately 25 kW m™2.

It is not possible to estimate how much should be added to this
to allow for the heat losses by conduction and convection without
a knowledge of the thermal constants of timber, but since wood is
a rather poor conductor a factor of two would probably give a
margin of safety and would also allow for the indifferent perform-
ance of the mirrors. Thus about 50 mirrors would be needed. The
time taken to reach this temperature will depend on the thermal
constants. For a crude estimate we can calculate the rate of heating
of a surface layer 1 cm thick, assuming infinite thermal conductiv-
ity, and a density and specific heat equal, respectively, to { and
the corresponding values for water. The result is d8/d¢= P/2,
where Pis the power input in kW m~2. This will be an overestimate
for the later stages, so the required heating time will be of the order
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of a minute—plenty of time for the Roman soldier to fetch a bucket
of water.

130

A uniform electric field £ induces a surface charge on a conducting
sphere, which gives rise to a superposed (external) field equivalent
to that of a dipole at the centre. The dipole moment M is 4recEa’,
where a is the radius of the sphere. Since the effective dipoles for
the two spheres will have the same sign, the force between them will
be repulsive. It is easily shown to be 3M?/4reox* = 127ecE2a’/x*
(x is the distance between the centres). However, the induced
charge on each sphere will affect the charge distribution on the
other. To a second approximation, we can assume that each
‘primary’ dipole induces a ‘secondary’ dipole on the other sphere.
General dimensional arguments show that the interaction between
a primary and a secondary dipole is attractive and of order
E?a®/x", while that between two secondary dipoles is repulsive and
of order E*a'?/x'°. Thus the total force is 127ecoE2a®/x*[1 -
a1(a/x)® + az(a/x)® + ...] where the a are numerical constants of
order unity. Since a/x cannot be greater than }, when the spheres
will be in contact, the total force will be repulsive, and not greater
than the first term.

If E=100 Vm™! then, for spheres of a few centimetres radius,
calculation shows that the electrostatic force will be about three
orders of magnitude smaller than the gravitational force. The
possibility of error due to this cause cannot, therefore, be ignored.

Magnetic fields can be treated in the same way, except that the
induced dipoles will now depend on the magnetic properties of the
material of the spheres.

131

We apply Boyle’s Law to the air trapped in the bottle by one inver-
sion. If a cylindrical bottle of length L contains liquid to a depth
x, and the level falls to x — 6 after one cycle, then we find

P(L-x)=[p-pg(x—8)](L-x+39)

where p is the density of the liquid and p is the atmospheric
pressure. It is convenient to express all lengths in terms of L as the
unit. Then p/pgL is large and (5/L)? is small. After making some
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judicious approximations, we obtain

S_x () _X)peL
L L L] p

i.e. small amounts emerge when the bottle is nearly full (x = L) or
nearly empty (x = 0). The next approximation is

é=£(,_£)gg£ l_gg!:(l_zf)
L L\ L) p p L/

The above argument assumes that the surface tension is large
enough, and the radius of the hole small enough, for the configura-
tion with the bottle inverted to be stable—i.e. air does not bubble
upwards through the hole and permit more liquid to escape. Other
effects of surface tension can be added as refinements, but the
equations become very complicated. The effects will be small except
when the bottle is nearly empty, since 2v/r will be small compared
with the other pressures involved.

132

The EMF induced in the ring is E = ABw sin w?, where A is the area
of the ring (= xr2) and r is the radius. The energy dissipation per
second is E2/R, where R is the resistance (=2nrp/a; p is the
resistivity, a is the cross-sectional area of the copper). Averaged
over one cycle, the rate of energy dissipation is A2B%w?/2R. This
is equal to —d/dt(}fw?), where I, the moment of inertia, is equal
to xriad, d being the density. These relations lead to the result

dw A%B%w

dt 2IR

from which we obtain
w = wo exp(—t/7)
with

_ 2IR _4pd
T=Ap: B

For the numerical values given, r=1.6s.
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133

Only those molecules which (@) are moving in the right direction

and (b) have a speed greater than 2C, will be present behind the
piston. The fraction of all molecules which satisfy condition (a) is
about w/2x, where w is the solid angle subtended by the piston at
the end of the tube. From the dimensions given, w=
x X 52/502 = 1/400. This neglects those molecules ‘reflected’ from
the sides of the tube. If their directions are ‘randomised’ after
reflection, the additional number will be small.

To calculate the fraction satisfying (b), we note that Cy=
(yp/p)'’2. Thus the energy of a molecule moving with speed 2C,
is smadyp/p =2mpyV/mZ =2vksT = E,o, say. (Z is Avogadro’s
number.) The fraction with a speed greater than 2C is thus

r E'? exp(—E/ksT) dE (r E'? exp(~ E/ksT) dE)—l.
0

Eo

We can approximate to the first integral by writing it as

oo

E4? S exp(— E/ksT) dE
Ep

which is equal to ks TE$’? exp(— Eo/knT). The second integral can

be evaluated using the standard form

§ x? exp(— x?) dx = ="%/4.
0

The required fraction is then 2(Eo/xksT)''? exp(— Eo/knT) which,
upon substitution of Ey = 2yksT, becomes 2(2v/x)"/? exp(—2v).
With v = 1.5, this quantity is approximately 0.1; hence the product
of the two factors (a) and (b) is 2.5 x 10™*. The density of gas
behind the piston would thus be of the order of 2.5 x 1074 times
that of a normal atmosphere.

134

The elementary kinetic theory of gases gives the thermal conduc-
tivity x = 1 cpv\, where c is the specific heat per unit mass, p is the
density, v is the molecular velocity and X\ is the mean free path.
¢ = C/M, where C is the molar specific heat and M is the mole-
cular weight. The simple theory gives C = C,, but a better approxi-
mation is C = Cp, = $R. Hence ¢ = SR/2M=5.19x 102 Jkg 'K~ L.
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p = (atomic weight)/(molar volume) = 1.78 kg m~3,

v can be found from imv?=3ksT, i.e. v=ksT/m
(3RT/M)"?%; this is equal to 4.12 x 102 ms™!.

\ is given by the kinetic theory result #d*\ = Vu/Z, where d is
the molecular diameter, Vn, is the molar volume and Z is
Avogadro’s number. This requires a value for d, which we find by
setting the density of the solid, ps, equal to m/d* = M/Zd>. A
refinement takes account of the known crystal structure of solid
argon (FCC); the effect is to introduce a factor of 2 into the
expression for p;. We therefore obtain d = 3.9 x 107! m and hence
A=7.8%10"%m,

Combining all these results, we obtain x =9.9x 10">*Wm™'s
The accepted value is 16 x 1073,

135

Any correcting term must depend only on even powers of x since
the situations x= +¢ and x = - ¢ are physically identical.

The gap between the cylinders will be given by @ — b + x sin 4.
If the inner cylinder is held fixed and the outer is rotated with linear
speed V, the shear force on an element of area 64 at position ¢ will
be approximately An¥V/(a— b + x sin §). We write 64 =1b 60,
where / is the length of the cylinder. Then the total couple on the
inner cylinder is

)l/2=

-1

stz' bibdonV
o a-b+xsin8’

Since x << a ~ b we can expand by the binomial theorem and then
integrate. The result is

2 2
G=3ﬂb_’7V (1+x— )

(This is of the right form, but it cannot be correct. The approx-
imation that the fluid velocity varies linearly across the gap is not
sufficient. It leads to different values of the couple on the inner and
outer cylinders and—more importantly—it is not compatible with
the equation of continuity for the flow of the fluid around the
apparatus. An empirical approach is to regard the linear variation
as the first term of a power series and add further terms, choosing
the coefficients to satisfy the two physical conditions mentioned.
The algebra becomes complicated, but the result is—for the present
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purposes—mainly to change the numerical coefficient in the cor-
recting term.)

136

This is really a Hall effect, produced by the magnetic field of the
current flowing in the rod itself, If we denote the current density
in the rod (assumed uniform) by j then, for a rod of non-magnetic
material, Ampéres theorem applied to that part of the rod lying
within a distance r of the axis gives, for the magnetic field B,

27rB(r) = porr’j
i.e.
B(r) =3 uojr. (1)

If we denote the drift velocity of the charge carriers (electrons) by
v, they will experience an inward radial force } poejrv. Charge will
build up towards the axis until the resulting electrostatic field,
radially outwards, just balances this force. Denoting the excess
charge density per unit length within a radius » of the axis by g(r),
Gauss’s theorem gives, for the field E,

27rE(r) = q(r)/eo. (2)
Equating the electrostatic and magnetic forces, we find

q(r) = eopomrjv 3)

i.e. the charge density per unit length is g(r)/xr? = eopojv = constant.

Intuitively, one might feel that the rod as a whole must remain
electrically neutral and, indeed, general arguments can be adduced
to show that this is so. There must, therefore, be a surface layer in
which the excess charge density has the opposite sign. Continuum
electromagnetic theory does not permit a calculation of the
thickness of this layer, and a calculation on an atomic basis would
be very difficult. However, it is clear that there is some tendency for
charge to ‘concentrate near the axis of the rod’.

If the rod carries no net charge, there will be no external electro-
static field that might be observed. If we take a model in which the
central region has a uniform negative charge density (as above),
while the outer region of small but macroscopic thickness has a
uniform positive charge density, simple calculations show that
there is also no net potential difference between the axis and the



The Solutions 145

surface. However, the effect might be observed, in principle, by
making a small radial hole into the centre of the rod, and inserting
into it two fine wires, insulated from the rod except at their ends,
which are arranged to lie at different depths. The electrons in these
wires would not partake of the drift motion of those in the rod, and
so would not experience the magnetic force. They would, however,
detect the radial electrostatic field, so a potential difference should
appear between them. To estimate its magnitude, we obtain, from
(2) and (3), E(r) = 1 porjv. Integrating this from »= 0 to »= a (the
radius of the rod) and using the relations I = wa?j for the total cur-
rent and j = nev (n is the conduction electron density), we find that
the potential difference between centre and (almost) circumference
is V=pol*/4x*a’ne. If we set I=10° A and @ =2 x 10~ % m, then,
using the values given for n and e, we obtain V=5x10""V,
Although small, this might be detected were it not for the large
potential gradient along the rod. Under the same conditions, using
a copper bar, this gradient is 0.8 Vm~!. This means that the two
contacts required to detect 10~ V would have to be placed in the
same transverse plane to an accuracy of 6 X 10”* mm in order to
avoid spurious EMF. However, the situation is not quite so bad as
it might appear from this, since the Hall EMF is proportional to 72,
while the ohmic drop is proportional to /. Thus if the current were
reversed and mean values were taken, the problem would become
less forbidding.

137

The differential equation governing heat conduction problems
shows that the physical parameter involved (the thermal diffusivity)
has dimensions L2/T. Thus for two problems with geometrical
similarity, and involving the same material, the time taken to reach
corresponding states will be proportional to the square of the linear
dimensions, i.e. to the two-thirds power of the masses involved.
Thus ¢ = (48/2)%3 x 4 minutes = 33.3 minutes.




