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2. The Standard Model of Cosmology (SMC)
• Fundamental assumptions;
• The GR equations and the Friedmann-Lemaitre-Robertson-

Walker (FLRW) solution;
• FLRW models:

• Dynamic equations;
• Energy-momentum conservation;
• Fluid components and equations of state;
• Cosmological parameters;
• The Friedmann equation: the evolutionary phases of the 

Universe; exact solutions: age of the Universe;
• Distances; horizons and volumes;
• The accelerated expansion of the Universe;

• Problems with the SMC: Horizon; Flatness; Relic particles; 
origin of perturbations; primordial Isotropy and homogeneity

• The idea of Inflation 
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Standard Model of Cosmology
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SMC: Mathematical framework 
Fundamental assumptions:

• The Universe is homogeneous and isotropic when 
observed on large scales and expands uniformly 
with respect to any position

• The dynamics of space-time is described by 
Einstein's theory of general relativity (GR).

for the Universe to be homogeneous and isotropic the stress-
energy tensor must be that of a perfect fluid
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SMC: Mathematical framework 
The cosmological constant in the GR equation:

The Einstein tensor, Ricci tensor and Ricci scalar are: 

Metric tensor gives the line element:

(! as “cosmological constant”)

(! as “vacuum energy”)

Γ!"
# = 1

2%
#$(%"$,! + %!$," − %!",$) !!",$ ≡

#!!"
#$$ = #$ !!"
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SMC: Mathematical framework 
Einstein Equation:

Albert Einstein
1879-1955

More accurate ways of visualizing GR: https://youtu.be/wrwgIjBUYVc

time
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SMC: Mathematical framework 
Geodesic Equation:

In the absence of non-gravitational forces, free falling  
particles move along “geodesics”, described by the so-
called Geodesic equation.

where,
four-velocity of the particle along its 
free-falling path !!(#)
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SMC: Mathematical framework 
Fundamental assumptions:

• The Universe is homogeneous and isotropic when 
observed on large scales and expands uniformly 
with respect to any position

• The dynamics of space-time is described by 
Einstein's theory of general relativity (GR).

In these conditions the solution of the Einstein equation is the 
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:
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SMC: Mathematical framework 
• Dynamical equations:

(result from the Einstein equations and govern the time evolution of %(&)) 

• Energy momentum conservation: ∇& " '
& ≡ " ';&

& = 0
the covariant derivative reads:

the ' = 0 (time) component of this equation gives:

for fluids with constant EoS parameter, *, the solution is:

Friedmann equation

Raychaudhuri
(or acceleration) equation

Equation of State (EoS)

Energy conservation       
equation
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SMC: Mathematical framework 
Covariant derivative:
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SMC: Mathematical framework 
• EoS for different energy density components:

• & = 1/3  (radiation)

• & = 0  (collisionless matter)

• & = -1 (cosmological constant)

(1)

(1) after integration of the Friedmann equation with " = 0, Λ = 0, ' = '!.
(2) after integration of the Friedmann equation with " = 0, Λ = 0, ' = '".
(3) after integration of the Friedmann equation with " = 0, Λ = 8)*'#, ' = 0

(2)

(3)
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SMC: FLRW models 
• Cosmological parameters: 

The Friedmann equation 

can be re-written as

where,

,      and

dividing by       on gets 

or 

+"
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1 = ⌦r + ⌦B + ⌦DM + ⌦⇤ + ⌦k

3
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* = *& +*' +*()
Baryon energy density

Radiation energy density

Dark Matter energy density
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SMC: FLRW models 
• Cosmological parameters: 

includes all matter and 
radiation components
(baryons, dark mater,
radiation, …) 

Hubble parameter

Mater-energy  
density parameters: 
(Ω = $

$!
= ∑ $"

$!
= ∑Ω%)

Vacuum or 
dark energy 
density 
parameter

Curvature 
density 
parameter

Critical energy density

k=+1

k=-1

k=0

Ω# = 0
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SMC: FLRW models 
• Friedmann equation revisited 

The evolutionary fate of the 
Universe is determined by 
cosmological parameters

Ω!" Ω#"

(Ω$" = 0)
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SMC: Exact solutions of the Friedmann equation

• Scale factor: 

with Ω. = 1 − Ω/. − Ω0.. For a critical density (Ω1 = Ω/ = 0) universe, gives:

• Age of the Universe:

Redshift:
z = 7 − 7.

7.
=

= !
!&
− 1 =

= "&
" − 1 =

= 2&
2 − 1
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SMC: Concordance Cosmology 
Combination of different observational datasets… 

… allow us to 
impose 
constraints on 
cosmological 
parameters

WMAP3 parameters

From:

SMC: Cosmological parameters after Planck
From: Planck collaboration. XVI. arXiv:1303.5076
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A simple FLRW model with only
6 parameters fits the TT data!

theory
observations

SMC: Cosmological parameters after Planck

! ℓ

Fig. credits: ESA / PLANCK collaboration 

SMC: Cosmological parameters after Planck

<latexit sha1_base64="PFgnXY0pd9cE7m7K+qPDplcWrsI="></latexit>

1 = ⌦r + ⌦B + ⌦DM + ⌦⇤ + ⌦k



From: Planck collaboration. XVI. arXiv:1303.5076

SMC: Cosmological parameters after Planck

SMC: Limitations of a 6-parameter model…

Comparing primary CMB with other datasets



SMC: Limitations of a 6 parameter model…

Comparing primary CMB with other datasets

DF-FCUL, Lisboa19 de outubro de 2023 24

The (new) concordance model: ΛCDM + massive neutrinos
From: Planck collaboration. XIII (2015)

Planck Legacy: A new baseline cosmological model?



Let’s consider light propagation in a FLRW metric (c=1):

(!" = !$ for flat geometries, see eg Sec. 1.2.3 Baumann). Let’s assume 
radial propagation, !% = !& = 0 and define conformal time as !( =
!)/+. This allows us to write:

Since light rays travel along null (!,. = 0) geodesics:

Integrating from the past ()/) to present (t) or from the present to the 
future ()0) one can define:

• Particle horizon:                                                with )/ = 0

• Event horizon:                                                   with )0 = ∞ 25

−

−

SMC: Particle and Event horizons  

Consider light travelling along radial (!% = !& = 0) geodesics in a FLRW 
metric (c=1):

(!" = !$ for flat geometries, see eg Sec. 1.2.3 Baumann). Let’s set !% =
!& = 0 and define conformal time as !( = !)/+. This allows us to write:

Since light rays travel along null (!,. = 0) geodesics:

Integrating from the past ()/) to present (t) or from the present to the 
future ()0) one can define:

• Particle horizon:                                                with )/ = 0

• Event horizon:                                                   with )0 = ∞ 26

−

−

SMC: Particle and Event horizons  
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1'( =

SMC: Particle and Event horizons  

1)( =
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SMC: distances, angular sizes and volumes 

• Comoving coordinate distance: 
(3456 7689:;<= :5>?@ 9ℎ6;6?5 ;ℎ3; ;B3C<4 346?@ ?:44 @<6=<5>75, =5* = 0 , with =D = =E = 0 )

• Proper (physical) distance:

for a ΩF = 0 universe this gives:

From:

This	equality	holds	only	for Ω$%= 1 (critical	density	
universe, Ω& = Ω' = 0). See	Cosmology	course	notes)
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SMC: distances angular sizes and volumes 

• Angular size of a region at a given time:

where

You can prove that the angular size of the particle horizon at 
time/redshift z for a critical density with 
ΩF = 0 is given by:

From:
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SMC: distances, angular sizes and volumes 

• Hubble length: 
Is defined as the length scale obtained when one sets 83 = 9 in the Hubble 
law 83 = 9 = : ;. 

• Physical volume element:
It is defined in the usual way “<= = <> <? <@”. In spherical coordinates is:

You are  also able to demonstrate that (DΩ = <A <B is the solid angle)

where:

This	equality	holds	only	for Ω$%= 1,	(critical	density	
universe, Ω& = Ω' = 0). See	Cosmology	course	notes



Problems of the FLRW models 
as a sole ingredient of the SMC
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The Horizon Problem
At high redshift (! ≫ 1): 

At !)*+~1000, &, ≃ 1- there are ~54000 causal disconnected 
angular areas in the CMB sky. So, why the CMB has a 
thermal spectrum with a so uniform temperature in all 
directions (2.725 ºK)?
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The Flatness Problem

From the Friedmann Equation, with !=0, one has  

decreases tremendously as time approaches the big 
bang instant.

This means that as we go back in time the energy 
density of universe must be extremely close to the 
critical density (t → 0 ⇒ Ω → 1). For t=1e-43 s (Planck 
time) Ω should deviate no more than 1e-60 from the 
unity!  

Why the universe has to “start” with Ω(t) so close to 1?

is a decreasing 
function of time: 
So as t → 0 , Ω → 1
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The Monopoles & other relics Problem

Particle physics predicts that a variety of “exotic” stable 
particles, such as the magnetic monopoles, should be 
produced in the early phase of the Universe and remain 
in measurable amounts until the present.

No such particles have yet been observed. Why?

This either implies that the predictions from particle 
physics are wrong, or their densities are very small and 
therefore there is something missing from this  
evolutionary picture of the Big Bang. 
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The Origin of Perturbations Problem

Locally the universe is not homogeneous. It displays a 
complex hierarchical pattern of galaxies, clusters and 
super clusters. 

What’s the origin of cosmological structure?
Does it grow from gravitational instability?
What is the origin of the initial perturbations?

Without a mechanism to explain their existence one must 
assume that they “were born” with the universe 
already showing the correct amplitudes on 
all scales, so that gravity can accurately 
reproduce the present-day structures?
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The homogeneity and isotropy Problem

Why is the universe homogeneous on large scales? At early 
times homogeneity had to be even more “perfect”.

The FLRW universes form a very special subset of 
solutions of the GR equations. So, why nature “prefers” 
homogeneity and isotropy from the beginning as opposed to 
having evolved into that stage?

CMB T=2.725 K
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Theory of Inflation: solves the problems?
Inflation can be defined as

This happens when

(̈ > 0 ⇔ + + ./
)4 < 0 ⇔

. < −+00/3

Riddle: no known matter / energy component has an 
equation of state parameter ( = *+C/- < -1/3… 
(continues in Chapter 9)

X X
X

Appendix 1
CMB angular power spectrum: 

a primer
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Why an “elliptical” map?

40

Earths “elliptical” map (mollweide projection)
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• Can be expanded as a sum of functions, the spherical harmonics 
Ylm, that are a basis on the surface of a sphere:

• The coefficients +GH are the projection of the temperature 
fluctuation function onto the basis function Ylm (it measures the 
contribution of a given Ylm function to the temperature fluctuation):

• The angular power spectrum is defined as an angular correlation 
function in the celestial sphere:

CMB: temperature fluctuations on the sphere

Cl
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CMB angular power spectrum
Planck

Modelo teórico
Medições

! ℓ
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Sachs-Wolfe
plateau

Acoustic 
Oscilation

Dumping 
tail

CMB angular power spectrum
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Figure credits: Wayne Hu

CMB angular power spectrum
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Spherical harmonics
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Why a ellipse-like map?Spherical harminic components of a well
know map...
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Earth’s map with all contributions up 
to Planck’s CMB map resolution
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Goal: 
Use CMB map information to constrain theoretical 
Cosmological models

CMB temperature fluctuations map
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CMB angular power spectra
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CMB analyzer
http://lambda.gsfc.nasa.gov/education/cmb_plotter/
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CMB angular power spectra


