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Overview

• Fluid instabilities show up in everyday life, nature and engineering applications. 
A seemingly stable system may give rise to the development of an instability, 
which can cascade into turbulence. 

• When the system is exposed to a perturbation, some wavelengths will grow, 
while others will no, governed by the parameters of the flow. This selectivity of 
specific structure sizes can be determined using linear stability analysis and then 
accounting for viscosity. 

• Once these unstable wavelengths have grown to a substantial degree, the system 
becomes nonlinear before turbulence eventually sets in. 

• Looking at buoyancy-driven instabilities, one can clearly see how certain 
wavelengths are selected. This can be extended to shear-driven instabilities and 
to other systems. 

• For some flows, simplifications can be made to analyze the specific fluid 
structures, while for others, only broad conclusions can be drawn about the 
stability criteria. 
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Previous chapters
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Flow instabilities: https://www.youtube.com/watch?v=8jKZITeUJUQ



Rayleigh-
Taylor

• Instability of an interface between 
two fluids of different densities, which 
occurs when the lighter fluid 𝜌1is pushing 
the heavier fluid 𝜌2. 
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Rayleigh–
Bénard

• Instability of a gradient of density of the 
same fluid (e.g., due to the temperature) 
under gravity. 
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8https://blogs.sw.siemens.com/simcenter/blasted-by-the-sun-simcenter-helps-
engineer-worlds-largest-solar-telescope/



Rayleigh-
Plateau
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•  Instability of a falling stream of fluid that 
breaks up into smaller packets with the 
same volume but less surface area.
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The Plateau–Rayleigh instability is named for Joseph Plateau and Lord Rayleigh. In 1873, Plateau found experimentally that a 
vertically falling stream of water will break up into drops if its wavelength is greater than about 3.13 to 3.18 times its 
diameter, which he noted is close to π.[3][4] Later, Rayleigh showed theoretically that a vertically falling column of non-
viscous liquid with a circular cross-section should break up into drops if its wavelength exceeded its circumference, which is 
indeed π times its diameter. (https://en.wikipedia.org/wiki/Plateau%E2%80%93Rayleigh_instability)

Application: inkjet printing.

https://en.wikipedia.org/wiki/Plateau%E2%80%93Rayleigh_instability


• Instability that occurs when a more 
viscous fluid 𝜇2, is pushed through a less 
viscous one 𝜇1 .
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Saffman-
Taylor
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Application: oil extraction
https://www.sciencedirect.com/science/article/pii/S00
01868618300174
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https://www.sciencedirect.com/science/article/pii/S0001868618300174



Kelvin-
Helmholtz 

• Instability that occurs when there 
is velocity shear in a single continuous 
fluid, or when there is a velocity difference 
across the interface between two fluids.
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15https://www.youtube.com/watch?v=qgamfo86FQo
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https://www.youtube.com/watch?v=p4pWafuvdrY

https://magazine.physicstoday.org/2021/10/28/how-does-the-
wind-generate-waves/pugpig_index.html



Taylor-
Couette

Taylor showed that when the angular velocity of the inner cylinder is increased 
above a certain threshold, Couette flow becomes unstable and a secondary steady 
state characterized by axisymmetric toroidal vortices, known as Taylor vortex flow, 
emerges. Subsequently, upon increasing the angular speed of the cylinder the 
system undergoes a progression of instabilities which lead to states with greater 
spatio-temporal complexity, with the next state being called wavy vortex flow.
Beyond a certain Reynolds number there is the onset of turbulence.
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Since a liquid with 
a high surface 
tension pulls more 
strongly on the 
surrounding liquid 
than one with a 
low surface 
tension, the 
presence of a 
gradient in surface 
tension will cause 
the liquid to flow 
away from regions 
of low surface 
tension. 
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https://en.wikipedia.org/wiki/Marangoni_effect
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https://www.youtube.com/watch?v=rq55eXGVvis
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https://br.comsol.com/blogs/tears-of-wine-and-the-marangoni-effect/



Surface tension
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Surface tension is the tendency of liquid surfaces 
at rest to shrink into the minimum surface 
area possible. Surface tension is what allows 
objects with a higher density than water such 
as razor blades and insects (e.g. water striders) to 
float on a water surface without becoming even 
partly submerged.

https://en.wikipedia.org/wiki/Surface_tension



Surface tension
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Young–Laplace equation

https://en.wikipedia.org/wiki/Young%E2%80%93Laplace_equation



Stability, instability and marginal stability

24Faber Chap. 8
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Dissipative systems
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Rayleigh-Plateau
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Rayleigh-Plateau
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Frequency dispersion of surface gravity waves on deep water. The ■ red square moves with the phase velocity, and 

the ● green dots propagate with the group velocity. In this deep-water case, the phase velocity is twice the group 

velocity. The ■ red square traverses the figure in the time it takes the ● green dot to traverse half. 

(Source: https://en.wikipedia.org/wiki/Dispersion_relation)

A dispersion relation relates the wavenumber of a wave to its frequency



Rayleigh-Taylor instability
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Further reading: Chandrasekhar, S. 

(2013). Hydrodynamic and hydromagnetic 

stability. Courier Corporation.
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Rayleigh-Taylor
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Saffman-Taylor instability 
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Active nematics
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https://www.youtube.com/watch?v=ZpnDwgF3R18



Skyrmions in liquid crystals 
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https://www.youtube.com/watch?v=rSL7NvFCAR8&t=2084s



Non-newtonian fluids
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https://www.youtube.com/watch?v=NkeTh1Vdaew&t=87s

CFTC seminars: https://cftc.ciencias.ulisboa.pt/



Course review
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1-Kinematics
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Material derivative

Acceleration

A material derivative is the 
time derivative of a property 
following a fluid.

Steady state does not mean 
necessarily a=0. Ex.:
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Streamline: is a curve that is everywhere tangent to the instantaneous local 
velocity vector.

NASCAR surface pressure 
contours and streamlines

Other ways to visualize the flow:
A Pathline is the actual path traveled by an individual fluid particle over some 
time period.
A Streakline is the locus of fluid particles that have passed sequentially through a 
prescribed point in the flow.
For steady flow, streamlines, pathlines, and streaklines are identical. 
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Continuity equation

Vorticity

Boundary layer:
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2 - Euler equation: for incompressible and inviscid fluids.
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3 - Potential flow. For irrotational flows in Euler fluids.

In this case, the pressure is given by the Bernoulli equation.

Kelvin circulation theorem: An ideal fluid that is vorticity free at a given instant is 
vorticity free at all times.

Flow around a sphere: the drag and lift forces are zero for an ideal fluid.
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4 - Navier-Stokes: incompressible viscous fluids.

Newtonian fluids, defined as fluids for which the shear stress is linearly proportional to 
the shear strain rate.

Boundary conditions. 1) no-slip: at the surface, the velocity of the liquid and solid are 
the same. 2) Interface BC: at the interface, the velocity and the shear-stress of the two 
fluid are the same. 3) Free surface BC: at the free surface, the shear stress is zero.
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Since there are four dimensionless parameters, dynamic 
similarity between a model and a prototype requires all four 
of these to be the same for the model and the prototype 
(Stmodel = Stprototype, Eumodel = Euprototype, Frmodel = Frprototype, and 
Remodel = Reprototype).

Reversibility of the Stokes equation and the swimming at the microscale.
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5 - Boundary layer. Separates viscous and inviscid flows close to a solid surface.

Assumptions to obtain the BL equations

How to calculate the vorticity equation and its interpretation in simple cases

Boundary conditions in 
the flat plate problem.
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6 - Instabilities

How to find the critical conditions for the 
instability (marginal instability) and which 
mode grows faster.

Why does the instabilities happen in each 
case? Ex.: physical mechanism in the 
Rayleigh-Taylor instability.



Exame tipo
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Euler equation: for incompressible and inviscid fluids.

Questão 1



Uniform (free) stream
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Questão 2



Line source or sink at an arbitrary point
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Superposition of a source and sink of equal 
strength
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Using



Doublet: line source and sink close to origin
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We have seen before that

By Taylor expanding the arctan around zero:



Doublet: line source and sink close to origin
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Let a tend to zero at constant doublet strength K, to find 



Superposition of a uniform stream and a doublet: 
Flow over a circular cylinder
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Flow in a round pipe: Poiseuille

1 The pipe is infinitely long in the x-direction. 

2 The flow is steady (all partial time derivatives are zero). 

3 This is a parallel flow (the r-component of velocity, ur, is zero). 

4 The fluid is incompressible and Newtonian with constant properties, and the 
flow is laminar. 

5 A constant pressure gradient is applied in the x-direction such that pressure 
changes linearly with respect to x. 

6 The velocity field is axisymmetric with no swirl, implying that 𝑢𝜃 = 0 and all 
partial derivatives with respect to 𝜃 are zero. 
7 We ignore the effects of gravity. 

8 The first boundary condition comes from imposing the no slip condition at 
the pipe wall: (1) at 𝑟 = 𝑅, 𝑉 = 0.

9 The second boundary condition comes from the fact that the centerline of 
the pipe is an axis of symmetry: (2) at 𝑟 = 0,

𝜕𝑢

𝜕𝑥
= 0. Alternatively: the 

velocity is finite at the center.
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Questão 3
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Continuity:

NS u:

NS p:

Integration of NS for u:



Poiseuille’s law for the flow rate
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Viscous shear force
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For flow from left to right, dP/dx is negative, so the viscous shear stress on the 
bottom of the fluid element at the wall is in the direction opposite to that indicated 
in the figure. (This agrees with our intuition since the pipe wall exerts a retarding 
force on the fluid.) The shear force per unit area on the wall is equal and opposite to 
this; hence,

The stress tensor is
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Viscosity and Poiseuille's Law:
https://www.youtube.com/watch?v=wTnI_kfPBhQ



Force balance
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Navier-Stokes equation

In most of the previous examples, the acceleration of the fluid elements is zero. It 
means that the viscous force balance the external force (e.g., gravity) or pressure 
gradients in such a way that the sum of forces acting on a fluid element is zero.



Alternative 
derivation for flow in 
a circular pipe

Obtain the momentum equation 
by applying a momentum 
balance to a differential volume 
element, and we obtain the 
velocity profile by solving it.

Free-body diagram of a ring-
shaped differential fluid 
element of radius r, thickness dr, 
and length dx oriented coaxially 
with a horizontal pipe in fully 
developed laminar flow.
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Sec. 8.4, Çengel



In fully developed laminar flow the axial velocity is, u= u(r). There is no motion 
in the radial direction. There is no acceleration (check: calculate the 
acceleration and verify that it is zero).

• Consider a ring-shaped differential volume element of 
radius r, thickness dr, and length dx oriented coaxially 
with the pipe.

• The volume element involves only pressure and 
viscous effects and thus the pressure and shear forces 
must balance each other. The pressure force acting on 
a submerged plane surface is the product of the 
pressure at the centroid of the surface and the surface 
area. A force balance on the volume element in the 
flow direction (x) gives
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Force balance implies

and substituting the stress (component rz): we find

Same equation obtained with NS:
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Recall

Deviatoric stress tensor

Stress tensor
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Different fluid element (r from 0 to R)
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Separation of variables implies that the pressure gradient is constant 

The velocity profile is obtained by integration and use of the boundary conditions:

The average velocity is 

In terms of which the profile becomes
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Since there are four dimensionless parameters, dynamic 
similarity between a model and a prototype requires all four 
of these to be the same for the model and the prototype 
(Stmodel = Stprototype, Eumodel = Euprototype, Frmodel = Frprototype, and 
Remodel = Reprototype).

Questão 4
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