
Soft Matter 
Solutions



Characteristics of soft 
matter

Large responses cannot be described by linear relations between the force and the response. 
For example, rubbers can be elongated by several hundred percent of their initial length and
their mechanical responses cannot be described by a linear relation between the stress and
strain. The nonlinear response is quite important in soft matter.
Slow and non-equilibrium response. The collectivity of soft matter slows down their

dynamics. The response time of simple liquids is of the order of 10−9 [s], while it can be
billions or more times longer (1 [s] to 104 [s]) in solutions of polymers and colloids. 

Consequently, the properties of the non-equilibrium state, or the dynamics in the non-
equilibrium state, are quite important in soft matter.



Thermo 
review

1. Zeroth law. There is a T 
T is the same in thermal equilibrium.

2. First law.   dU = dW + dQ
U is conserved in isolated systems.

3. Second law. It is impossible to transform
completely Q in W.
S cannot diminish in na isolated system.

4. Third law. T=0 cannot be achievied in a finite
number of processes.
Δ𝑆 → 0 as 𝑇 → 0



Thermodynamic
potentials

Closed system: F(T, V) minimal at eqln
F = U -TS

dF = -SdT – pdV

Open system: F(T, V, N)

dF = -SdT – pdV + 𝜇dN

More than one species: F(T, V, N1, N2)
dF = -SdT – pdV + 𝜇1dN1 + 𝜇2dN2

𝜇!=  "#
"$!

, keeping T, V and all the other Nj constant



Solutions

Solutions are made by dissolving a material in a liquid. The dissolved material is 
called the solute and the liquid is called the solvent. The main player in solutions 
is the solute, but the solvent also plays an important role. 
The effective interaction between solute molecules can be controlled by the 
solvent: solute molecules attract or repel each other depending on the solvent.

By properly changing the solvent conditions (e.g., by changing the temperature 
or composition of the solvent), one can induce various orderings (crystallization, 
phase separation) of solute molecules.



Thermodynamics

The essential characteristic of these solutions is that the size of solute molecule is much larger 
than that of the solvent molecule. The main theme here is how the size affects the solution 
properties.

The thermodynamic state of a two-component solution can be specified by four parameters: 
temperature T, pressure P, and two other parameters which specify the amount of solute and 
solvent in the solution.

A natural choice for these parameters is Np and Ns, the number of solute and solvent molecules, 
respectively.

Then the Gibbs free energy of the solution is written as

G = G (Np, Ns, T, P) 



Incompressibility



The Helmholtz 
free energy



(a) Mixing:
two solutions having
concentration φ1
and φ2 are mixed and
produce a homogeneous
solution of concentration
φ.

(b) Demixing:        
a homogeneous
solution of concentration
φ separates into two
solutions of concentration
φa and φb.

Mixing and demixing



Mixing

If the two solutions mix homogeneously at any volume ratio 
V1/V2, eq. has to be satisfied for any x in the region of 0 ≤ x ≤ 
1. This is equivalent to the condition that f(φ) is upper concave 
in the region φ1 < φ < φ2.

On the other hand, if f(φ) has an upper convex part in some 
region between φ1 and φ2 the solution ceases to stay
homogeneous.
The system can lower its free energy by separating into two
solutions with concentration φa and φb. Such phenomena are 
called demixing or phase separation.



Demixing

(a) The case that the solute and solvent
can mix at any composition. 

(b) The case that phase separation takes 
place. If a solution of concentration φ1 
is mixed with the other solution of
concentration φ2 with the ratio x : (1 − 
x) and forms a homogeneous solution, 
the free energy of the system changes
from xf(φ1) + (1−x)f(φ2) to 
f(xφ1+(1−x)φ2). 

The change of the free energy is indicated
by the arrows in the figure. The free
energy decreases in the case of (a), but
increases in the case of (b).



Osmotic pressure

When a solution is brought 
into contact with pure 
solvent across a 
semipermeable membrane, 
the solvent tends to move 
into the solution and to 
increase the volume of the 
solution. In order to keep 
the volume of the solution 
at a fixed value V , a force 
has to be applied to the 
membrane. The force per 
unit area of the membrane 
is the osmotic pressure Π(V ) 
of the solution.



Osmotic pressure

Let Ftot(V ) be the free energy of the whole system consisting of solution
(of volume V ) and pure solvent (of volume Vtot−V ). If we move the
semi-permeable membrane and change the solution volume by dV, we
do work −ΠdV to the system. This work is equal to the change of the
free energy dFtot(V ) of the whole system. Therefore Π is expressed as



Chemical potential



Dilute solution: virial expansion



Free energy and chemical potentials of dilute
solutions



Phase separation: 
coexistence of two phases

Free energy and phase diagram of a solution. 

(a) φa and φb are the concentrations at which
the line connecting the points Pa and Pb on the
curve is tangent to the free energy curve f(φ). φ∗a 
and φ∗b are the concentrations at which
∂2f(φ)/∂φ2 becomes equal to zero. A solution of
concentrations φ (φa < φ < φb) can minimize its
free energy by phase separating into two
solutions of concentrations φa and φb. The
solution is unstable if φ∗a < φ < φ∗b , and is locally
stable if φa < φ < φ∗a or φ∗b < φ < φb. 

(b) Phase diagram obtained by plotting φa, φb, 
φ∗a, φ∗b as a function of temperature. Solutions
in the dark grey region are unstable and solutions
in the light grey region are metastable.



Phase separation

The phenomenon of phase separation in solution is analogous to the 
phenomenon of the gas–liquid transition in a one-component system.

For example, if a vapour of water is cooled, a certain part of the water 
condenses and forms a liquid phase (high-density phase), while the rest remains 
as a gas phase (low-density phase). Likewise, the phase separation of a solution 
results in the coexistence of a concentrated phase and a dilute phase: the 
density and the pressure in the gas–liquid transition correspond to the 
concentration and the osmotic pressure, respectively, in the phase separation of 
solutions.



Phase 
separation



Phase separation

Thermodynamic criteria for the phase separation can be obtained in
the same way as the criterion of mixing. Suppose that a homogeneous
solution of volume V and concentration φ separates into two solutions,
one having volume V1 and concentration φ1 and the other having volume
V2 and concentration φ2. The volumes V1 and V2 are determined by the
conservation of the solution volume, V = V1 + V2, and the conservation
of the solute volume, φV = φ1V1 + φ2V2. This gives



Binodal: Common tangent construction



Common 
tangent

or 

Maxwell 
equal areas 



Stability & metastability



Metastable state



Critical point



Liquid-vapour
binodal

A single component system 
has a similar phase diagram, 
as we have considered the 
two-component mixture 
INCOMPRESSIBLE, reducing 
the number of degrees of 
freedom by 1. 

The correspondence is 

P → Π
and 

𝑁
𝑉
= 𝜌 → 𝑥



Lattice models

Lattice models originally occurred in the context of condensed matter physics, 
where the atoms of a crystal automatically form a lattice. Currently, lattice
models are quite popular in theoretical physics, for many reasons. Some models
are exactly solvable, and thus offer insight into physics beyond what can be
learned from perturbation theory. Lattice models are also ideal for study by the
methods of computational physics, as the discretization of any continuum model
automatically turns it into a lattice model. Examples of lattice models
in condensed matter physicsinclude the Ising model, the Potts model, the XY 
model, the Toda lattice.



Lattice model

Lattice model for 
symmetric solutions. 
Solute and solvent
molecules are 
represented by black
and white circles, 
respectively.



Free energy

f(φ) can be calculated if the Hamiltonian of the system is known.

For simplicity, we assume that the solute molecule and the solvent
molecule have the same volume vc, and that each cell in a lattice is
occupied by either a solute molecule or a solvent molecule
(incompressibility). The solution volume V and the solute volume 
fraction φ are given by V = vc/Ntot, φ= Np/Ntot

The energy Ei for a certain configuration i is calculated by



Partition function & free energy density



Mean-field approximation

As an approximation, we replace Ei in the summation by the mean
value .

where W is the number of terms in the summation. W is equal to the
number of ways of placing Np molecules on Ntot = Np + Ns cells, and is
given by



Average energy

Each cell in the lattice has z neighbouring cells (z is called the
coordination number). Among the z cells, zφ cells are, on average, 
occupied by solute molecules, and the remaining z(1−φ) cells are 
occupied by solvent molecules. Then



The energy Δ𝜖 represents the effective interaction between the solute
molecules in the solution. Notice that this energy depends on the interaction
energy between all pairs. When the pair is brought into contact with each
other

two pairs of solute–solvent molecules disappear, and two new pairs (a solute–
solute pair and a solvent–solvent pair) appear. The energy change associated
with this recombination is Δ𝜖.

The above argument indicates that whether solute molecules like each other
or not in solutions is not determined by 𝜖pp alone. It depends on the
interaction energy of other pairs. For example, the pair of solute molecules
which attract each other in vacuum (i.e., 𝜖pp is negative) may repel each other
in solutions if the attractive interaction between solute and solvent molecules
is stronger than the attractive interaction between solute molecules. 

The effective interaction between solute molecules is determined by Δ𝜖. If Δ𝜖
is positive, solute molecules tend to stay away, and the solution is
homogeneous. On the other hand, if Δ𝜖 is negative, solute molecules attract
each other, and if their attraction is strong enough, phase separation takes 
place.



Mean-field free energy



Free energy 
density

Linear terms have been added/removed, for 
convenience, as they do not contribute to the phase 
diagram.



Osmotic pressure



Phase separation

(a) The free energy f(φ) for a 
symmetric solution is plotted
against solute volume fraction φ for 
various values of χ. 

(b) Osmotic pressure is plotted
against φ. 

(c) Phase diagram of the solution. 
The dark shaded region is the
unstable region, and the light 
shaded region is the metastable
region.



Critical point and spinodal

f(φ) has a mirror symmetry with respect to the line φ = 1/2. If χ is less
than a certain critical value χc, f(φ) has only one minimum at φ = 1/2, 
while if χ is larger than χc, f(φ) has two local minima. 
The value of χc is determined by the condition that the curvature at φ = 
1/2 changes sign; i.e., ∂2f/∂φ2 = 0 at φ = 1/2. This condition gives the
critical point

The spinodal line is determined by ∂2f/∂φ2 = 0, and is given by



Phase diagram

The coexistence curve is obtained by the common tangent
construction. Since the free energy f(φ) curve has a mirror symmetry
with respect to the line at φ = 1/2, the common tangente line is given
by the line connecting the two local minima of f(φ).

Thus the concentrations φa(T) and φb(T) in the coexistence region are 
given by the two solutions of the equation ∂f/∂φ = 0. This is given by



Lattice model of a polymer 
solution



Polymer solutions
A polymer is represented by N 
dark circles connected in series. 
The building block of the polymer
(i.e., the dark circle) is called the
segment.

(a) Osmotic pressure of polymer
solutions is plotted against φ.
(b) Phase diagram of polymer
solutions. The dark shaded
region is the unstable region, and
the light shaded region is the
metastable region.



Free energy

In solutions of soft matter, e.g., polymer solutions and colloidal
solutions, solute molecules (or particles) are much larger than solvent
molecules. Let us now consider how this asymmetry in size affects the
solution properties.

A polymer is represented by N segments (represented by the black
circles) connected by bonds. The segment corresponds to a monomer
before the polymerization reaction. Here, for simplicity, it is assumed
that the segment and solvent molecules have the same size. For such a 
model, the free energy density is now given by



Osmotic pressure

The difference is the factor 1/N in front of φ ln φ. This factor comes 
from the fact that the mixing entropy per segment of a polymer
molecule is now given by φ ln φ/N since N segments are connected
and cannot be placed independently.

The osmotic pressure is given by

For φ << 1, this is written as



Spinodal

Due to the factor 1/N, the first term is usually negligibly small
compared with the second term. Therefore the osmotic pressure of a 
polymer solution is usually written as

The polymer size effect also appears in the phase diagram, in the form
of an asymmetric shape. The spinodal line is calculated by ∂2f/∂φ2 = 0,
and is given by



Critical point

For large N, χc is equal to 1/2. This is the value of χ at which the second
virial coefficient A2 changes from positive to negative.

In the case of polymer solutions, the effect of entropy is small, and therefore
phase separation takes place as soon as the second virial coefficient
becomes negative.



Polymer correlations
Polymer solutions at various
concentrations.

In a very dilute solution, polymers
are separated from each other and
there is a strong correlation in the
segment density. 
As concentration increases, 
polymers starts to overlap, but the
correlation effect is still there. 
At high concentration, the
correlation effect becomes weak, 
and the segment density is nearly
homogeneous.



Polymer
correlations



Polymer
blends



Colloids



Colloidal solutions



Colloidal solutions



Colloidal
interactions

(a) Interaction between two
colloidal particles. 

(b) An exemple of the effective
interaction potential between
colloidal particles. Here
‘unstable’ indicates the
potential for the unstable
dispersion in which particles
aggregate quickly, while
‘stable’ indicates the potential
for the stable dispersions in 
which aggregation takes place
so slowly that the dispersion
look stable.



Multicomponent solutions


