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Structure formation

Relativistic perturbed equations



General Relativistic Treatment

In General Relativity, we need to consider perturbations in the cosmological fluid
and in the metric.

We want to find a set of equations to study the time-evolution of any
perturbed quantity (for each scale), and in particular we are interested in the
time-evolution of the density contrast of the matter field (the basis for
structure formation).

The perturbed quantities may be written as independent modes in harmonic space
and the modes evolve independently in the linear regime - no spatial evolution in
the linearized equations.

The set of equations are the (perturbed and linearized) Einstein equations
plus energy-momentum conservation equations.

The energy-momentum conservation equation is a continuity equation in

the case of a perfect fluid. In the more complex case of a system of particles with an
energy distribution evolving in the phase space, the conservation equation is the
(perturbed) Boltzmann equation.

The set of equations are called the Einstein-Boltzmann equations.



Metric Perturbations

It is convenient to write the diagonal Robertson-Walker (RW) metric using
conformal time 1, i.e., to factorize the scale factor:

ds® = a?(7) [—der +dr? + £2(r) sz] dt=adr S _10
dt adt

we also define the conformal Hubble function 7{ =aH=2a'/a
that is useful when considering derivatives with respect to conformal time.

In matrix form and using cartesian coordinates (and in the case of
flat space), the metric is thus,

I -1 0
Y 0 6

where 6ij is the Kronecker delta, i.e., the identity matrix, and i,j (spatial indexes) run
from 1 to 3.



Now, the inhomogeneities in the density field (and in other sources of gravity)
produce a change in the metric.

The metric becomes inhomogeneous and, if the modifications are small, it is
usually written as a perturbation to Robertson-Walker metric -

uv = g/.w + 5g;w

RW is called the background metric in the inhomogeneous universe.

In general, we can perturb all 10 components of the symmetric 4x4 RW metric, and
we may write a general (symmetric) 4x4 metric perturbation as:

S
9 —2¢ w; v

0guv = a

\' T

This introduces 10 new random fields (which in principle, if they are independent,
are expected to introduce 10 new degrees of freedom in the metric): 1S + 3V + 6T



These 10 new quantities are:

® (1 scalar in the component tt) ;

w; (a vector with 3 components ti) ;

h;; (a traceless tensor with 5 components ij);

Y (the trace of the spatial tensor of the perturbed metric)

Here, the tensor was written as a traceless tensor + trace, i.e, the types of the
10 components are now: 2S + 3V + 5T

The vector and tensor components can be further decomposed as we will see
next: the SVT decomposition.

This is useful because S, V and T perturbations will evolve independently of
each other, and so it will simplify the system of differential Einstein equations.



Scalar perturbations

What is the meaning of the two metric scalar perturbations?

® - From the equivalence principle :

Gravitational field (gravitational mass) <—-> Acceleration of the reference
system (inertial mass)

a=9
In the well-known “gedanken” experiment in f
special relativity:
Photon travel time from ceiling to floor t=h/c —
Floor’s velocity increased by g h/c N 34
Frequency shift Av/v = Av/c = gh/c? 2 f
Time dilation At/t = gh/c? CASILT

Equivalence principle = time dilation = A® /c? *
9 2N 5 45 R : 3
ds” = — (l + —{) c“dt® + dx* 3
2

Minkowski metric in an accelerated frame (or with a gravitational potential: a metric perturbation)



P - In GR, spatial curvature also contributes to gravity - a perturbation to spatial
curvature also changes the dynamics (length contraction)

‘ . 9 .,
ds? = — 1'3([!3 -1- (1 s _\I;) dx®

c*

The simplest inhomogeneous metric is the scalar one - it includes two potentials,
defining a space-time curvature that describes gravitational effects at first-order:

: 20\ o . 2V 2
ds? = — (l + —,) Adt? + (1 + — ) dx*
’l~ (4- v

Null geodesics are determined by @ + y - ic /
(= 20 if they are equal), | et

data points

while in Newtonian gravity, trajectories are
determined by @ (potential associated to the
inertial mass), and curvature is not considered

RADIAL DISPLACEMENT

- light deflection in GR is twice as large than / + - Newtonian |
in Newtonian gravity - first test of GR (1919 “ '. L - J
eC|IpSG) - [.-IbT;NL‘l; Jo'i 60 50 4‘3' 30" :




Vector perturbations

Any vector can be decomposed in a sum of 2 special types of vectors:

a gradient vector
and a divergence-free vector:

1
W; = W,; + W;

Remember ;i stands for derivative in curved space-times , i.e., the covariant derivative with

respect to the coordinate ‘i'.
This is computed as the partial derivative ‘,i’ with respect to i’ plus the appropriate contractions

with the connection.
For example, the covariant derivative of a vectoris: v%; b = v, b+ I'50°

The decomposition leads to two important features:

i) The 3 components of the gradient vector w; are all computed from derivatives of
the same scalar w (this is usually called the potential of the associated vector field)

- the three components contain only 1 independent quantity, a scalar w



L
i) The 3 components of the divergence-free vector W; are also not all

independent, they are related due to the divergence-free nature of the vector, i.e.,
wh i w e w33 =0

—> the 3D divergence-free vector has only 2 independent vector components

So, the vector perturbation with 3 components 3V was decomposed in 1S+2V



Tensor perturbations

Any traceless tensor can be decomposed in a sum of 3 special types of
tensors:

a gradient of a gradient, i.e., a laplacian tensor,
a gradient of a divergence-free vector,
and a divergence-free and traceless tensor:

hij = Dijh + h;.5) + hfj with D;; = V;V; — §5z'jA

Let us look at the 3 terms: _ _

h;ll h;12 h;13
i) In the first term, the tensoris V;Vjh = [ho1 hos h.os
_h;31 h;32 h;33_

and then the diagonal terms are subtracted by

3 (h.11 + h22 + h.ss)

This results in a tensor Dj; h that is traceless.



Note that the full 3x3 symmetric tensor defined by the first term (containing in
principle 6 independent quantities) is all built from 1 single quantity, the scalar h - it
contains only 1 independent quantity, the scalar h

ii) The second term is a tensor built from a vector h; :

1 _(h1;1 + h11) (hio+ ko) (his+ h3;1)_
M) = 5 | (han + hap)  (hop + haiz) - (has + hap)
_(h3;1 + h13) (hso + hos3) (hss+ h3;3)_

so, in principle it has 3 independent vector quantities.
However, we will consider that the vector h; is divergence-free, i.e.
h’l;l + h2;2 + h3;3 — O

This makes h; traceless - the second term only contains 2 independent
quantities



iii) The third term is a traceless and divergence-free tensor hT;;.

This means that its 6 independent components are constrained by 4 equations:

hl +hL + L =

-> it contains only 2
hiyi + higs + higs =0 independent quantities
h2Tll +h222 +hT-3 =0

h§11+h322+h333—

So, the (traceless) tensor perturbation with 5 components 5T was
decomposed in 1S+2V+2T



This tensor decomposition was made for a traceless tensor.

In general, the tensor perturbation do not need to be traceless. Now that the
decomposition is made, it is very easy to generalize it to the case of a non-zero
trace.

We just to need to add a trace tensor, i.e., a diagonal tensor only with the trace
information - the trace is then an additional degree of freedom, and it is a scalar.

The trace tensor is usually written as -2 @ 0; = it contains only 1 independent
quantity, the trace (the scalar y)

So, the tensor perturbation with 6 components 6T was decomposed in
2S+2V+2T



Collecting all terms, the metric SVT perturbations are:

09, = 5gfl, + 595,, + 593:,,
) i 0 L 0 O
W4 —2’(,057;_7' + 2h;,;j w; 2h(i;j) 0 2h’ij
type fields constraints degrees of freedom
scalar perturbations || ¢,,w,h - 4
vector perturbations || w;, h; Viw;- = V'h; =0 4
tensor perturbations hi; Vhi; = (h'): =0, hi; = hj; 2

So, the fundamental types of the 10 degrees of freedom are:
4S + 4V + 2T

instead of 1S + 3V + 6T



Energy-Momentum Tensor Perturbations

The homogeneous metric is sourced by a perfect fluid:

Tuu — (p+p) Uy Uy + P Guv

where u is the fluid 4-velocity ufu, = —1

A perfect fluid has no heat conduction q (a Oi vector) and no anisotropic stress 1T (a ij
tensor). A more general fluid is:

Ty = (p+p) upty + D Guv + quiy + Uy + T
The perturbed metric is sourced by a perturbed fluid:
Ty =Ty + 6T = [p(1 +6) + p(1 + 5p)] ut uy, + [p(1 + 5p)] g,

+[(p + p)our + qv] v + [(p + p)our + "] wy + 7,



The source quantities include components of a perturbed perfect fluid:

-- O - density perturbation

-- O, - pressure perturbation P=D+ 5p p

The ratio of the (dimensional) pressure and density perturbations is an important
property of the fluid (as the equation-of-state that related the mean pressure and
density was). It is called the speed of sound c.:

=\ 1/2
_ (% ) /
Cs = | =
0p
(it will become clear later why this quantity is the velocity of propagation of
density waves in the fluid)

For an adiabatic fluid, it can also be computed as:

ap 1/2
== (a),



-- du - velocity perturbation

In the case of the homogeneous Universe, the background 4-velocity was

u, = (-a,0) (from its normalization) - there was no spatial velocity contribution -
the homogeneous fluid was comoving with the expansion.

Now, on the contrary, there is a velocity perturbation and u, =u, + ou,

with du, =a (-® ,v; + w))

v; is the fluid velocity perturbation - the peculiar velocity

w; comes from the vector metric perturbation

The usual (SV) decomposition defines a scalar part of v,, such that v; = grad(0) :
the scalar velocity perturbation 0 (also sometimes called v)



The source quantities may also in general include the components of a non-
perfect fluid:

-- g; - energy flux

The energy flux (it is a perturbation there is no need to define a 0q, since it was
zero in the background) is a velocity vector, usually decomposed in S and V
parts.

-- IT; - anisotropic stress

Anisotropic perturbations in the spatial part of T,,, form the II;.
It is decomposed in S (written as second-order derivatives of a scalar o), V, T



Gauge transformation

To define a metric perturbation, we need both a perturbed and an unperturbed
metric - the value of the metric perturbation at (x,t) is the difference between the
metric value in the inhomogeneous universe at (x,t) and the metric value that
would exist without perturbations at the same point (x,t).

But it is the metric that defines the points (x,t) = the two
sets of points (x,t) do not exist in the same space-time
—> we cannot uniquely say that one point is the same in
different metrics = in order to define the perturbation we
need to make an identification, a mapping, between
points in the 2 metrics = the mapping fixes the gauge.

Gauge means a standard, a prescription.




Consider 2 different gauges (mappings), ~ and #

—> a point in the background metric is identified with 2 different points in the
perturbed metric

- the 2 points have the same coordinates (x,t) in the 2 gauges - a quantity defined
at (x,t) in both gauges may be different in the 2 gauges - it is not gauge invariant.

H



Consider the gauge ~

The 2 ‘equivalent’ points have different coordinates in that gauge - the
transformation between the 2 points is the gauge transformation:

5°(P) =3°(P) - ¢€°

The transformation is described by the 4-vector &+ = (€0, €.

The spatial part may be decomposed as usual in a scalar and a two-component
divergence-free vector:
&, &i

We can apply this generic gauge transformation to any quantity defined
in the space-time.



Transformation of a scalar function:

~ " 0s A .
s(P) = s(P) + 550 ““(P) £*(P)) (Taylor expansion)
T —~ /
—&£ (1) taking the derivative in
. O3 9 the background metric
(=) S(P) T o “ ( ; s(P ) _'50. (2) only time component is
z° needed since the background is
(where s’ is the conformal derivative of s) isotropic

In the case the scalar is a perturbation: §s = s(P) — §(P)

The trivial solution is that any
0
ds = '5(P) — 5(P ) = '5(P) - S(P) — 8 E = b5 — conformal time-invariant scalar
is gauge-invariant.



Transformations may also be written for vectors, tensors, and for vector
perturbations

w,;(f’) _"DM(P)

dw,

- - o — O
dwy, — Wy,a€™ — Ws€,
and tensor perturbations

o~

0B,

B;is(P) — By, (P)
JB[J,U — Bp,u,aga o §f)quu _ E,c:/Bua

The total metric perturbation is a tensor perturbation, and this last formula applies.



Using the fact that the background metric is a symmetric and homogeneous
tensor, we get the expression for the gauge transformation of the metric

perturbations:

(591“, — 691‘;“/ - g:ng - 25(#,1/)

We can apply this expression to compute the gauge transformation for all metric
components. For example, for the (0,0) component:

—2a%¢ = —2a%¢ + 2aa’€® + 2a2%¢Y

= ¢ =¢—HEE — ¢,



The gauge transformations of the 4 scalar components of the metric are:

6 = ¢—HE ¢,
b = P+HE,

W = W+E ¢,
h = h-¢,

We can also compute the gauge transformations for the perturbed energy-
momentum components.

For example:

O scalar perturbation:

v; vector perturbation: v = o + &



Fixing the gauge
Defining a particular (arbitrary) ¢ fixes the gauge.

The transformation with the 4-vector ¢ introduces 4 constraints between the 10
metric perturbations (2S + 2V) - reduces the number of scalar degrees of
freedom from 4 to 2, and vector dof from 4 to 2 and keeps the number of tensor
dof at 2 - reduces the total degrees of freedom from 10 to 6 - there are only 6
independent components of the metric perturbations.

Instead of defining the quadrivector &, the gauge can alternatively be fixed
by assigning the values of 4 perturbations (2S + 2V).

Some examples of gauges:



Synchronous gauge

w = 0 = no cross terms x,t in the metric - allows to define comoving
observers for which x does not change as time goes by (just like it happens
for the background RW).

® = 0 - all comoving observers (at different x positions) have synchronous
time - no gravitational redshift (i.e., no conformal cosmological redshift).

In this gauge the two scalar perturbations remaining are:
W and h, that only affect the spatial ii and ij components.

(and there are also 2V and 2T d-o-f remaining)



(Conformal) Newtonian gauge (also called longitudinal gauge)

w = 0 = no cross terms x,t in the metric - allows to define comoving
observers for which x does not change as time goes by (just like it happens for
the background RW).

h = 0 - spatial perturbations are diagonal - no shear perturbations

In this gauge the metric is defined by y and ¢ (besides 2V and 2T dof)

® gives the gravitational redshift - it is a gravitational potential (taking the limit
of GR for weak fields, like in Newtonian gravity, hence the name of this gauge)

W is called the curvature potential



From the choice of metric perturbation values in two particular gauges, we
can compute the transformation ¢ between the two gauges.

For example, the scalar part of the gauge transformation between the synchronous
and Newtonian gauge is:

2k?

(Note that here we are working with quantities in Fourier space - the transformation is
function of scale.

With this we can compute the transformations between these gauges for all
quantities:

the density contrast transforms between the synchronous and the Newtonian
gauge as:

o~
5g =6y — 0 F
p

the velocity perturbation transforms as: vg=vy+¢



Gauge invariance

We see that the metric perturbations are different from gauge to gauge and 0
depends on the gauge,

however, observables should be gauge-independent.

The measurement of a power spectrum (or d value) should not depend on the
theoretical choice of the gauge.

Looking at the gauge transformation expression, we see this is indeed the case
for large values of k (small scales), and for Universes with metric perturbations
that vary slowly = this is the case of sub-Hubble scales (small, intermediate and
even large scales in the late universe)

Only for the ‘very relativistic universe’ is there an ambiguity in observations, i.e.
for very large scales or in the early universe.

However, some gauge-invariant combinations can be defined. On very
large scales these quantities are the ones that have physical meaning.



An example of gauge-invariant metric quantities are the Bardeen potentials:

6+~ [(w— W)a]

U = ¢—Hw-—h)

Notice that in the Newtonian gauge, these gauge-invariant Bardeen potentials are
identical to the scalar perturbations.

¢

An example of a gauge-invariant metric-source quantity is the curvature perturbation:

The power spectrum of the curvature perturbation
) is computed in inflation = it gives the initial condition
+ .
for the potential power spectrum = and consequently for
the matter power spectrum.

TaN
Il
|

An example of a gauge-invariant source quantity is the comoving-gauge density
contrast:

A =06+ 3Hv



Einstein equations

scalar perturbations

We will consider metric scalar perturbations and derive the Einstein equations

in the Newtonian gauge to linear order

In this case, the perturbed Robertson-Walker metric is:

ds? = a(n)? [~ (1 + 2®)dn? + (1 — 2)4;;dz’da]

Note that there are different sign conventions (+,-) (-,+) (+,+) and different naming

conventions found in the literature:

For example,

ds* = a(n)? [-(1+29)dn” + (1 + 29)d;;dz'da’]

ds? = a(n)? [~(1 + 20)dn? + (1 — 2®)é;;dz'da’]

is used in Dodelson

is used in Liddle & Lyth
and Baumann



In order to write the Einstein equations, we need first to compute the following
quantities:

Einstein tensor: ~ G% = Rl — 5 R0l

RY + R

Ricci scalar: R

Ricci tensor: R, = qu,a - Pgu,u + Fgﬁrﬁu - ngrgu

[—

Connection: Fgﬁ = ig“)‘(gw,u T Gar,8 — ga,e,A)
given our metric: Juv = @
' 0 (1 —2%)d;;

and its inverse: g = g —1+29 0
0 (1+20)5,



We need first to compute the connections.

For example, for the term 000 we have,

1 1
oo = 29 “goo0 = 5o (—1+20)[~a’(1+29)) =

= (1—2®)[® + %,(1 +20)] =

=@ +H+2HDP — 200" — 2HP — 4HDP*’ ~ P’ +H

The results for all terms are:

I'%o —H+(I" Iog = @k, I = (H—2H(® + ¥) + ¥')d;5,
o0 = @i, b = (H =90, T} =—(Y;0;+Pd)+ Y ;0n.



Note the results show a natural separation between the background RW and

perturbation:

where

g'}f = Fc{;’y + 51—\? ¥

[ =H Top =0 L3 = Hb;
Coo = Loy =H& Ty =0
T, =&  or9, = o, 0Ty = — [2H(® + ) + V'] 4y

0Tho =®; 0T, = -6 6T = — (V01 + ¥ d)) + U i



From this we can compute the Ricci tensor

Ry, =T, ,-T%, , +T%0, —T5,T%,

L Qv

(it includes sums over all t,x derivatives and sums of products of two connections)

Note: some useful sums are:

re = 4% 19 _3v
a

(8}

Now, computing for example for 00:
Roo = BpI‘go — BOI‘SP -l I‘S"OI‘Q - I'g I‘ga

in this case, a term with p=0 always cancels out some other term, and so:

Rgo = 0,T — 8oT'g; + TgoTh; — T6ilos
. . ; 0 ; )
= 0;I'yp — 0p'y; + I‘oo 0i T FOOF;z' —T'0:To0 =0T

N’
O(2) O(2)



The results for all terms are:

Roo —3H' + 3V" + V2P 4+ 3H (D' + V)

Ro; 2(V' + H®) ;

Ri; = (H’ + 27‘[2)52']'
+ [0 + VAU — H(D + 5T') — (2H' + 4H?)(® + )] 6;
+ (¥ - D)

To compute the Einstein tensor, we also need the Ricci scalar:
R = R)+R:

This requires to raise an index. Note that this needs to be done using the full
metric, we cannot just raise the index of the background and perturbed parts
separately:

Rfj — gMaRaV — (@“a + 59#0)(Rau + 5Rau) — Rllj + 5guaRau + g#a(SRau

(i.e., there are cross-terms)



The results for all terms are:

RS = 3a7?H +a7?[-3¢" — A® + —3H(P' + T') — 6H'P),

R} = —2a7%(V +HD),,

Ry = 2a (¥ +HD),,

R; = o *(H +21%)5;
+a [0 + AV — H(D' +5¥) — (2H + 4H*)(® + U)]6;;
+a"%4(V — D) 5.

(Note: here the results are given for R¥, and not for R,,, hence the a2 factors)

and the Ricci scalar is thus:

R = R)+R:
— 6(1—2(%, +H2)
+a7? [-60" 4+ 2V2(2¥ — @) — 6H (P + 3V') — 12(H' + H?*)®]



Finally, the Einstein tensor is:

GY = —3a ?H?+ a?%[2AT +6HT' + 6H2P],
GY = R)=-2a"2(V +HP),,
Gy = R}=2a"°(V +HP),,

i i |

= a %(-2H' —H?)6}
+a7? 20" + A(® — ) + H(29' +4¥') + (4H' + 2H?) |0}
+a7* (¥ — @) 35

This is the linearized Einstein tensor for the scalar-perturbed Robertson-
Walker metric in the conformal Newtonian gauge.

It depends on :
a(t) and its time derivative,
the two metric potentials and their time and spatial derivatives.

Note that the off-diagonal components only have perturbations, while the diagonal
components have both perturbations and background terms.



We can now write the Einstein equations G, = 8rGT"

considering the energy-momentum tensor background + perturbations
T”V — T/‘LV + JT#V
T#, = (5 + P)U*T, — Ps*

6T+, = (6p + 6P)U*U, + (p + P)(6UU, + U*6U,) — 6P 6 —T1#,

Remember: the perturbations are density contrast 6, pressure 6, , peculiar
velocity, anisotropy tensor
--v; 0, §, are 5 components = 35+2V

(for scalar perturbations, we just consider the scalar perturbation v associated with
the vector v; 2 v; = grad(v) )



-- the traceless anisotropic stress II; accounts for the remaining
5 components = 1S+2V+2T

; - J -
(5Tj‘ — 5p5;- 4 Ez’j =P (Ep 4+ Hz‘j) (the 3x3 spatial tensor)

There is also the velocity 4-vector y* = @* + du** with norm -1

in the background: @, " = g, t'u" = —a*(@°)? = -1
the perturbation defines the peculiar velocity: u' = %' + du' = du' = —v;
a
Hence, the 4-velocity vectoris:  ,n _ 1({1-2
a \ UN,

Note the 0 component does not introduce a new perturbation because of the

norm constraint.
The perturbation is the spatial part v,



In conclusion, the perturbed part of the energy-momentum tensor is:

so— | 00" —(p+D)y
g (p+p)vy 6pNok + p(Il;; — 5055 V)

Note that the velocity perturbation does not contribute to the diagonal at linear
order because it would contribute with a quadratic term vo.



We can now write the Einstein equations
showing only linearized perturbations, i.e.,
- no background zero-order terms present

- no higher-order terms present - not valid for non-linear evolution

6Gy = a ?[-2V°U +6H(V +HP)| = —8rGép"
0G? = —2a72 (V' +HD), = —8rG(p+p)vY

’z.

5G6 = 20,—2 (\I’,-F’H(D)’i — 87TG(;5+15)U:?T

0G: = a % [20" + V(@ — U) + H (29 + 4V') + (4H' + 2H*)®] &;
+ 0_2(\11 —®),;; = 811G [5])1\'5;: + p(IL;; — -};dz-jVQH)] .



The ij equations can be separated in diagonal and off-diagonal parts, and the full set

of equations is,

3H(V + HP) — V2T
(\I” + H‘I’),i

U+ H(D +20) + H +H*)® + LV*(@ - U)

(8:0; — 16V%)(T — @)

The equations can also be written in Fourier space:

(e

H2U" + H (@ +20) + (1 +

3

2

—47Ga?6pN

4rGa?(p + ;5)1),‘;Y
ArGa?6p™

8mGa’*p(0;0; — %J;VQ)H

[5*‘" +3(1+ w)%v*’v

kO 2
W re = fsn
2H' k\? op™Y
d-L(Z) (d-0) = 32
HQ) 3(’H) ( ) =5



In the case of a perfect fluid (IT;= 0) and only scalar fluid perturbations, there are only
4 independent Einstein equations (00, 0i, ii, ij) since all spatial i are identical.

In this case, the 4 first-order linearized Einstein equations in the Newtonian gauge
reduce to:

V2\II — 3’H(\II’ + ’H(I)) — 47rGa2ﬁc5 “Frigdmann / Poisson”
v’ +HD = —47rGa2(ﬁ — ﬁ)'v‘ ngw equation “velocity”

v+ 'H(‘I), + Z\P’) + (QHI + ’Hg)@ = 47rGa25p‘ “Raychaudlhuri / eq. movement”

V—-—b=( new g¢quation “anisotropy”

We see that there are 4 fundamental Einstein equations at first-order perturbative
level, in contrast with only 2 at background level.

For dark matter (no pressure or pressure perturbations) they can be used
to solve for the 4 unknowns: ®, ¥, o, v




We can also write separate zeroth-order Einstein equations, i.e., for the
homogeneous background.

Since T, is the sum of background + matter perturbations and only two of the
Einstein tensor components (Gy, and G,;) are a sum of background + metric
perturbations, there are only 2 background Einstein equations.

Go
GYo
Go
G

J

a"2[2AT + 6HY + 6423,

RY = —2a7 (V' + H®) ;,
Ré = 2a—2(‘1" + HP) ,,

S |
R: — —R)

y
j iJ

+a7?[20" + A(® — ) + H(2®' + 4T') + (4H' + 2H?*)D]
+a_2(\Il — ¢),ij'

¥

J



The two background Einstein equations are

22 _ 8rG 502
3
ypwe notice that
H = — 3 (,5-{—3]))0,2 )
(H' +H*)a? = - + H?

2H' = —H?*(1 + 3w)

OH' + H? = —3wH?

l.e., we recover Friedmann and Raychaudhuri equations.



Let us go through the equations one by one.

00 - the Hamiltonian constraint

This equation relates the Laplacian of the potential with the matter density - itis a
relativistic Poisson equation.

The two new terms, W’ and @, function of the potentials, are relativistic corrections
to the Newtonian Poisson equation.

The corresponding background equation is the Friedmann equation

- so Friedmann equation is a kind of Poisson equation, relating the density with
gravity (metric) properties.

In the homogeneous case the metric property is the scale factor and not the
potential. The potential is a perturbation and does not appear in the homogeneous
FRW universe.

The scale factor is related to the “potential of the homogeneous universe”, being
responsible for the redshift (like the potential is responsible for a gravitational
redshift). The potential has dimensions of velocity square -2 the Hubble flow.



0i - the momentum constraint

This is the peculiar velocity equation.
It has no background counterpart.

Combining equations 00 and 0Oi, we can cancel out the relativistic corrections and
obtain a Poisson equation for the gauge-invariant A

VU = 471Ga’p(6 + 3Hv)

that thus defines the GR meaningful “effective density contrast”.



ii - the pressure constraint (evolution equation of the potential)

This equation involves second-order time derivative of the potential - it is
an equation of movement of the potential, describing the evolution of the metric
perturbation.

The corresponding background equation is the Raychaudhuri equation -
it is the equation of movement for the scale factor.



ij - the anisotropy constraint

This equation tells us that the two Bardeen potentials are equal - it is called the
anisotropy equation.

If there is anisotropic stress, the two potentials are no longer equal 2 in GR, a
perfect fluid always induces a metric with equal potentials.

It has no background counterpart.

Let us see a few results of these equations.



Equation 4 (ij): anisotropy equation W

A detection of a difference between the potentials (in the case of a perfect fluid)
is a possible signature of modified gravity.

This signature is usually parameterized introducing the gravitational slip
parameter n

U= (1+no

Since there are 2 independent scalar metric perturbations - 2 scalar dof - 2
gravitational potentials in a relativistic theory of gravitation - there is room for a
second independent modified gravity signature.

This is usually parameterized by the mass screening parameter Q, or equivalently
by an effective gravitational constant G_eff.

This means that G would be different in that theory - it would be equivalent
to consider that the same value of the potential is created by a different
value of density, through a modified Poisson equation:

VU = —47GQa’pA



Equation 3 (ii): evolution of the potential ©

Let us start by introducing the sound speed in the equation

—\ 1/2
o= (%_p)
6p

We see that the right-hand sides of equations 00 and ii only differ by a
factor cs?, i.e. > 00 =i c?

Inserting eq. 00 in eq. ii, and using eq. ij (Y = @), we obtain an equation of
motion for ®:

" +3H(1+ ) + [2H + H*(1+3c2) —ciV?]| @ =0



On small scales
<<H

Coul W

the evolution of the metric perturbation ® can be approximated by (in the
harmonic space)

" — kP =0
l.e., all terms with H are neglected.
This is a wave equation - ® oscillates in time, propagating with a
velocity given by c..

This equation confirms that the ratio of the pressure to the density
perturbations is the velocity of propagation in the fluid.



On large scales

the terms with k are neglected

In the case of a barotropic fluid: p = wp
> C2= W

In the case of an adiabatic fluid: ¢ = dp/dp

In this case, the evolution of the potential is given by:
2
Q" +3H(1+ )P =0 (since 2H' = —H*(1 + 3w))

This second-order differential equation has 2 solutions:
-- a constant - the potential remains constant in time
-- a decaying solution

The actual solution @ (t) depends on the background evolution H(t).



In the late universe when dark energy becomes important, the dominating
behaviour is the decaying solution 2 the potential decreases with time.

That evolution can be used to test dark energy and modified gravity models -
when CMB photons cross an evolving LSS potential they are blue-shifted (gain
energy when entering) and then redshifted (lose energy when leaving). The energy
balance is not zero, they gain energy if the potentials decay - their temperature
increases with respect to their original temperature - it is the integrated Sachs-
Wolfe effect.

The effect is larger on large scales (because photons take longer to cross the
larger potentials) - it is measurable as a change in the amplitude of the
CMB power spectrum at large scales.



Equation 2 (0i): evolution of the peculiar velocity Y

Taking now the 0Oi equation, and inserting the constant potential solution, and
the Friedmann equation, the equation for the velocity becomes,

o=
3H

UN =

In the matter-dominated epoch, the conformal Hubble function

decreases as a2 > the peculiar velocity grows with a’? as dark matter
clusters in the matter-dominated epoch.



Equation 1 (00): evolution of the density contrast 0

Inserting the constant potential solution in the 00 equation (Poisson),
and using Friedmann’s equation, the equation for the density becomes,

2k?
oy = =20 — 37{2@

Small-scales > the k?term dominates.

In the matter-dominated epoch, the conformal Hubble function decreases as a2
-> the density contrast grows with a



Large-scales - the constant term dominates.

0 does not grow.
However, on large scales we need to consider the comoving gauge-
invariant density contrast A. This is the one that enters the relativistic Poisson

equation and is the quantity that has physical meaning in a general relativistic
covariant framework.

From this Poisson equation, we see that:

- radiation epoch 2 A ~ a2 a* ~a?

- matter epoch > A ~ a2 a® ~a’

This result can also be found with the mini-universe approach.



Energy conservation equations

Now: the Einstein equations do not contain differential equations for the
source perturbations, but only for the metric perturbations.

However, observations measure parameters of the source (not of the metric
potential) = it would be more convenient to study the evolution of 6 from a
differential equation for 8, defining initial conditions (cosmological

parameters) for d.

Like it is done for the background, we can obtain more equations by considering the
energy conservation of the energy-momentum tensor:

V. T¢ = 0

T¢, = TV, +TH TS -T2 TH = 0

Qv vt o

At first-order we obtain 2 conservation equations (instead of a single one as was the
case for the background)



v=0

00T + 0, T + FZUTOU + PziTi[) —FSOTOO - F?OTQ _¥60TOE‘ _P.?[]Tji =0
" s
o) 02 0@

This case has a time derivative of Ty, and a spatial derivative of T,
plus dependence on the potential through the metric (covariant derivative).

Inserting the energy-momentum components and the connection coefficients, the
result is an energy conservation equation.

Collecting the pure background terms, the result is the zero-order continuity
equation, that accounts for the energy conservation in the expanding background:

p' =-3H(p+ P)



The remaining terms are the first-order relativistic continuity equation:
& +3H(E —w)d+ (1 +w)(Vu+39)=0

note that the divergence of the peculiar velocity is usually denoted § = V.v

We can compare it with the Newtonian first-order (linearized) comoving continuity
equation (for dark matter):

06 1
ot a

For dark matter (w=0, c,2 = 0), the only difference (i.e. the relativistic correction) is
the term with the derivative of the potential, that is negligible for slow-varying or
constant potentials.



v=1
8oT?; + 0;T7; + PZOTO«; + FZjTj i — 0T — F?iTj() - r{}iTOJ - FiiTki =0

This case has a time derivative of Ty and spatial derivatives, plus dependence on
the potential through the metric (covariant derivative).

At background level there is no T term and thus there is just one conservation
equation.

At perturbative level we get a momentum conservation equation:

0 + |H(1 - 3w) + — ]9=—v2(

62
5 5+¢)
1+ w

14+ w

This is also a fundamental equation in fluid dynamics - the Euler equation - it is the
(acceleration) equation of movement of a Newtonian fluid.



We can compare it with the Newtonian first-order (linearized) comoving Euler
equation (for dark matter):

ov a
E‘i— —UV = ——V 5(1)

For dark matter (w=0, c2 = 0, w'=0), the Newtonian and relativistic equations are
identical.

It tells us that the rate of change of velocity depends on the background expansion,
and of the gradients of pressure and gravitational potential (“forces”).

Like we saw, it has no counterpart in homogeneous cosmology.

These two fluid evolution equations are not independent of the Einstein
equations, but they can be used instead of the two Einstein evolution
equations, or in combination with them.

They have the interest of introducing explicitly differential equations for the
density contrast and peculiar velocity.



Up to now, the results we found in the relativistic approach are not very
different from the ones in the Newtonian approach.

The main differences were:

- the Friedmann equation appears as a Poisson equation (no need to introduce
it by hand)

- the Raychadhuri equation appears as an equation for the evolution of the
potential (was not part of the set of Newtonian equations)

- the relativistic terms of those equations contain new information that allows us
to compute the evolution on large scales, and define a gauge-invariant
density contrast

- the continuity and Euler equation appear naturally as before



Perturbed Boltzmann equation

However, the energy-momentum fluid description is not always valid.

Beyond background level, radiation is not well described by a cosmological
fluid approach.

The perturbations in the plasma density cannot be described by a coherent fluid with
a well-defined velocity = various particle fluxes intersect in the global fluid (multi-
streams).

Even for dark matter, in the radiation epoch, the evolution is not accurately
computed by using an energy-momentum fluid in the Einstein equations.

The energy-momentum conservation must be studied at the level of particles and

not at fluid level, using a kinetic approach (statistical physics) - a transport
equation that describes the evolution of a distribution function f(x,p,t) of the

cosmological species in the phase space.



The evolution of a distribution function f(x,p,t) is described by the Boltzmann
equation:

of df
o T+ ‘(f) Op(pf) ((H>

or the Vlasov equation if the total derivative of f is conserved (the collisionless
case):

of .of .Of
W+r$+l)01) 0

The perturbations - density contrast = n(1) / n(0); and velocity v - are moments
of the energy-momentum distribution.

Remember that the a- order moment of a distribution of a variable, is the integral of
the variable over its space weighted by its distribution function.

_ d3p 1_/ d3p Pf’i
"=/(27r)3f ne= (271’)3fE

(the normalization of f) (the weighted mean of the velocity)




Since the Boltzmann equation describes the evolution of the distribution f in
the phase space > the moments of this equation will be equations that
describe the evolution of the moments of particles that follows that
distribution - i.e. equations for the evolution of energy density and
momentum - i.e. conservation equations.

This description implies a hierarchy of equations, corresponding to the moments of
the Boltzmann equation.

For cold dark matter the energy and momentum of particles of mass m in the
perturbed scalar RW metric, are written as

guwP*P’ = —m? Pi= Z (1-®)f  P'= E(1—0)
(Notation: here the naming of the potentials is inverted)

The collisionless Boltzmann equation is then:

=0

af Azaf p* Py PP of
ot +aE oz <HE+E®+ aaql) OFE



The zeroth-order moment of the collisionless CDM Boltzmann equation for dark
matter is found by computing the integral of each term :

0

_ 3 2 3 |
fz+§6i(nvi)—(H+<I>)/ d’p O/ p -lai\p/(dp OF 5 —

23 0EE a om)3 OB T

Integrating all terms, the result is:

n -+ lc’?,-(nvi) +3(H + cp)n = this is the continuity equation
a

The first-order moment of the collisionless CDM Boltzmann equation IS its
integration in momentum space with its terms multiplied by pp'/E

The result is:
3vi i 1 - - .
o Hv' + 5@'-‘1’ =0 this is the Euler equation



For cold dark matter, this approach just provided an alternative method that led to
the same conservation equations (alternative to using the conservation of the T,
tensor).

However, for perturbations in the radiation component this approach is really
needed, since they cannot be described by a fluid.

It is the correct procedure to compute the density perturbations in the
radiation-baryonic plasma (needed to compute the CMB power spectrum) or
the velocity radiation perturbations (needed to compute dark matter
perturbations in multi-fluid coupled equations)

For example, for photons, we need to consider the Bose-Einstein distribution
function:

-1
~ — p -
f@ p,x, p)= {CXP[T(I)[1+®(t,x,ﬁ’)]:| 1] |

where the temperature fluctuations are O, x, p')=8T/T



The Boltzmann equation leads to the differential equation for the evolution of
the temperature fluctuations:

30 H 80 b pow .
o T aax Tt Taan - orl®—O@)+ v

For baryons, this approach is also needed, but since they are massive particles, the
distribution function is different, as well as the relation between energy and
momentum.

This allows us to derive the full set of photon-baryon coupled equations:
(written in Fourier space)

@’ — —(D, — lk[.l,(@ -+ \.IJ) — T(;p(@(] — O+ /.va) i
5, = —ikvy, — 3,

/

’ . top .
v, = —Huvp — kW + F(3l®1 + vp),

The public codes (CAMB, CLASS) that compute the linear evolution of cosmological
structures for all cosmological species and for a large range of scales and redshift,
implement this approach - they solve the system of Einstein-Boltzmann differential
equations (in a certain gauge).



Other types of perturbations

Up to know we focused on scalar perturbations.

However, remember that there are also vector and tensor perturbations, and a
possible total of 10 Einstein equations.

Vector perturbations

There are 4 V perturbations in the metric and 2 V components of the
transformation vector ¢ (the 2 vector components 5_—) —> the choice of gauge
fixes 2 V components of the metric. '

This can be done, for example, by setting the vector part of h to O,
(in addition to fixing 2 scalar components, for example w = h = 0)

There remains 2 V components of the metric (the vector parts of w).

In the Einstein equations, there are 3 equations that involve the vector metric
perturbations and the vector source perturbations.



Those 3 equations are:

(vim +wi) +Hvi +wi) = 0,
1 | ) - | |
§Aw; = 8nGa*p(v; + w;),

!
(why) +2Hugy = o
The solution, from the first equation is:
v,;L -+ wg" ~a !

This shows that the vector perturbations decay with time.

The vector part of initial velocity perturbations eventually disappear, and they are
not relevant in the standard cosmological model.



Tensor perturbations

There are 2 T perturbations in the metric and no T components of the transformation
vector ¢ - tensor perturbations are gauge-invariant by construction 2 no
gauge fixing needed.

Even if the energy-momentum tensor has no tensor part (no anisotropic stress) there
exists still one equation in the Einstein - energy conservation system that involves
only tensor metric perturbations

(in fact 2 equations, since there are 2 T components) = these 2 components may
also be written as a polarization vector (a polar vector).

The equations are:
h!; + 2Hh;; — Ahj =

This is a second-order differential equation in time and space: a wave equation, also
containing a first-order derivative term (a friction term, known as the Hubble drag).



The solution is:

hf’&j ~ e’i(w‘r-i-k'x)

This means that the tensor perturbations evolve in time and space in a coherent
way, as a propagating wave.

Even with no sources, initial tensor metric perturbations do not vanish and
propagate as a wave.
We can say it is an intrinsic property of GR - these are the gravitational waves.

It seems a more fundamental property than gravity being attractive, because
attraction depends on the source - with no initial sources (6), there would be
no structure formation, but there would still exist gravitational waves.

The amplitude of the wave does not remain constant, it decreases in time
due to the Hubble drag term.



Remember that inflation sets the initial conditions for scalar and tensor metric
perturbations:

For scalar perturbations - sets the slope of the primordial power spectrum of the
curvature potential (the scalar index ny) = sets the slope of the primordial matter
power spectrum (through Poisson equation).

For tensor perturbations - sets the slope of the primordial power spectrum of
tensor perturbations (the tensor index n;) = no equivalence in a source power
spectrum.

These are the primordial gravitational waves.

Local interactions of strong gravity can produce secondary gravitational waves
—> produced by periodic movement of compact objects: black holes, neutron stars
binaries, etc.

(These are the ones that have been detected, not related to cosmology).



Observationally, there are two main signatures of (cosmological) primordial
gravitational waves that are being explored:

- The metric at a location changes as the wave passes - produces a periodical
change in the size (or distance) of objects

- GW polarize the CMB photons - could be detected in the CMB polarization
power spectra.

Being a fundamental property of gravitation, GW can also be used to test modified
gravity. Some theories of gravity may have a different number of tensor modes -
different types of polarization in their gravitational waves.



