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Earthquakes
Gutenberg-Richter law

http://earthquake.usgs.gov/research/data/centennial.pdf
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Avalanches
Norwegian rice piles

V. Frette et al. Nature 379, 49 (1996)
http://folk.uio.no/malthe/Research/Sandpiles/Ricepile/Pictures/index.html
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Avalanches
Norwegian rice piles

V. Frette et al. Nature 379, 49 (1996)

E: Avalanche size
L: Pile size
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Additive vs. multiplicative processes
Gaussian vs. Power law



Sandpile model
Bak-Tang-Wiesenfeld (BTW) model 

P. Bak, C. Tang, and K. Wiesenfeld. Phys. Rev. Lett. 59, 381 (1987)
P. Bak. How nature works: the science of self-organized criticality. Springer-Verlag, New York, USA (1996)



Sandpile model
BTW model

N. A. M. Araújo. Physics 6, 90 (2013)

• slowly driven;
• store mass (or energy);
• local threshold;
• relax intermittently.
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𝑧! = 4

𝑧 𝑥, 𝑦 → 𝑧 𝑥, 𝑦 + 1

if 𝑧 𝑥, 𝑦 > 𝑧! then
avalanche



BTW model
Avalanche-size distribution

𝑃 𝑠 ~𝑠!"

𝛼 ≈ 1.33



BTW
Distribution of waiting time

No characteristic time



BTW model
1D

𝑖 = 1, 2, … , 𝐿

𝑧" = ℎ" − ℎ"#$ , and ℎ%#$ = 0

Threshold: 𝑧!" ≡ 𝑧! = 1

Drive: ℎ" → ℎ" + 1

if 𝑧" > 𝑧! then avalanche

𝑖

ℎ"

Boundary conditions:
• sealed at the left;
• open at the right.

ℎ" → ℎ" − 1
ℎ"#$ → ℎ"#$ + 1

Repeat until all 𝑧" < 𝑧!



BTW model
Stable configurations

𝒯# → 𝒯$ → ⋯ → 𝒯%!$ → ℛ% → ℛ%&$ → ⋯

Transient Recurrent

... are not found when 
the system has entered 
the set ℛ.

... are revisted 
indefinitely.



BTW model
Stable configurations (1D)

There is only one recurrent configuration

𝑖𝑛𝑓𝑙𝑢𝑥 = 𝑜𝑢𝑡𝑓𝑙𝑢𝑥



BTW model
Avalanche size distribution (1D)

𝑠'() = 𝐿

1 ≤ 𝑠 ≤ 𝐿

𝑠 = 𝐿 + 1 − 𝑖

𝑠 =
𝐿 + 1
2

𝑃 𝑠, 𝐿 =

1
𝐿
, 1 ≤ 𝑠 ≤ 𝐿

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



BTW model
mean field

𝑖 = 1, 2, … , 𝑁

Threshold: ℎ!" ≡ ℎ! = 𝑛/𝛼&

Drive: ℎ" → ℎ" + 1

if ℎ" > ℎ! then avalanche

ℎ" → ℎ" − ℎ!
ℎ' → ℎ' + 1, for 𝑛 sites

Repeat until all ℎ" < ℎ!

There are 𝑵𝓢 = 𝒉𝒄 𝑵 stable configurations.

𝑃 ℎ =
1
ℎ!

ℎ = 1,… , ℎ!

Probability 𝑃(ℎ) that a site contains ℎ units:

Related to 
dissipation

ℎ = B
()$

()(!

ℎ 𝑃(ℎ) =
ℎ! + 1
2

The probability of initiating an avalanche: 𝑃(ℎ!)

𝑖𝑛𝑓𝑙𝑢𝑥 =
1

𝑃 ℎ!
= ℎ!

𝑜𝑢𝑡𝑓𝑙𝑢𝑥 = 1 − 𝛼& ℎ! 𝑠

𝑠 =
1

(1 − 𝛼&)


