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2. Kinetic equations in statistical mechanics

Section 1 introduced a hierarchy of descriptions through Brownian motion. The complete Brownian
particle-fluid system evolves mechanically. On a temporal resolution much longer than the
correlation time of the microscopic force, the detailed molecular impacts are no longer resolved,
while the Brownian coordinate and momentum remain dynamical variables. On a still coarser
resolution, after the momentum has relaxed, the slower positional dynamics can be described
without retaining the instantaneous momentum.

The same structure appears in the statistical mechanics of an interacting many-particle system, but
the variables are now distribution functions rather than the state of a single distinguished particle.
The microscopic description uses the complete N-particle state and the full N-particle probability
density. The kinetic description uses reduced one- and few-particle distributions, especially the
one-particle distribution f; (r, p, t). At still longer scales, after local equilibration, the slow variables
are macroscopic fields such as local number density n(r, t), flow velocity u(r,t) and temperature
T(r,t). This hierarchy of microscopic, kinetic and hydrodynamic stages was formulated
systematically in Bogoliubov’s 1946 work Problems of a Dynamical Theory in Statistical Physics.

The physical time scales can be estimated explicitly for a dilute gas. Let d be the molecular
interaction range and vy, a typical thermal speed. For a molecular diameter

d~35x10""m
and
Vep ~ 5 X 102 ms™1,
the duration of a binary encounter is of order
Tine ~ d/Vin ~7 X 10-13s ~ 10-12 s,

The mean-free time is much longer. At room temperature and atmospheric pressure, a
representative mean free path in air is

A~7%x10"8m,

SO

A
Tmfp ~ ‘U_th ~14x10710s,

The mean-free time is the microscopic scale that controls local equilibration. Let 7;,, denote the
relaxation time over which collisions drive the local momentum distribution toward a local
Maxwell form. For a dilute gas, 7;oc ~ Tifp; several collisions may be required, so the two
quantities need not be numerically identical. For order-of-magnitude estimates, both are of order
107%s.

onset of areduced regime # relaxation time within that regime

Once t = 1, the local momentum distribution is approximately Maxwellian and a hydrodynamic
description becomes possible. This onset time must be distinguished from the longer macroscopic
hydrodynamic evolution time ty, over which the fields n(r, t), u(r, t) and T(r, t) vary appreciably.
The time 7y is not a molecular constant; it depends on the macroscopic length L and on the process
under consideration. For L = 1 mm, an acoustic traversal time is

whereas a viscous diffusion time in air, using v ~ 1.5 X 107> m?s71, is
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L? _2
TV~7~7X10 S.

Thus the macroscopic hydrodynamic evolution time is process-dependent, but its separation from
the molecular and local-equilibration times is large:

Tint ~ 107125 K Tioc ~ Tmp ~ 107105 L 1y

with 7y ranging from microseconds upward for millimetre-scale disturbances, depending on
whether the relevant macroscopic process is acoustic, viscous, thermal or diffusive.

These are intrinsic physical times of the system. They must be distinguished from the temporal
resolution chosen for a reduced description. The analogue of the first Brownian coarse-graining is a
kinetic resolution Aty;, satisfying

Tint <K Atkin K Tioc

On this resolution, the detailed force history during one binary encounter is not resolved. A
collision may be represented by the change from incoming to outgoing momenta, while the slower
kinetic relaxation of the one-particle distribution remains resolved. After local Maxwellisation, a
hydrodynamic description can use a still coarser resolution,

Tloc K Athyd < Tn

At this resolution the local-Maxwellisation process itself is no longer resolved. The momentum
dependence of the one-particle distribution is already constrained near a local Maxwell form, while
the hydrodynamic fields n(r,t) (number density), u(r, t) (hydrodynamics flow field) and T(r,t)
(local temprature) continue to evolve on the longer time 7.

The reduction from the full N-particle distribution to the reduced distributions f, f5, ... must not be
confused with this temporal coarse-graining. The reduced distributions are obtained exactly by
integrating over particle coordinates. The BBGKY hierarchy that follows from this operation is still
an exact consequence of Liouville dynamics. Time-scale separation becomes essential later, when
the hierarchy is closed and a kinetic equation for f; is obtained.

The present subsection begins before any such reduction or coarse-graining. We first establish the
exact microscopic and statistical dynamics of the complete N-particle system.

2.1 N-particle microstates and their time evolution

We begin with the microscopic level of the hierarchy described above. No kinetic approximation is
introduced in this subsection, and no temporal coarse-graining is applied to the equations derived
below. The purpose is to identify precisely what the complete microscopic state is, how it evolves,
and how a probability distribution over complete microscopic states is transported by the same
Hamiltonian dynamics.

Microscopic state and phase-space flow

Consider N identical classical particles of mass m. At a given time t, a complete microscopic state is
specified by the positions and momenta of all particles,

|F = (ry, ..., TN, P1, ...,pN).|

The symbol I denotes one point in a 6N-dimensional phase space. If the microscopic state changes
with time, the corresponding point moves through phase space and traces a trajectory I'(t).

For a Hamiltonian system,

HN = HN(I‘l, ...,I‘N,pl, ...,pN,t),

the trajectory is determined by Hamilton’s equations,
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. _(’)HN . JHy
r; = op; pP: = or;

i=1,..,N.

For particles moving in an external potential Ugy; and interacting through a pair potential @, a

common Hamiltonian is
N N
Hy =z:p—i2+z:Ue ¢ (1) +lz¢>(r- -1).
L m X i 2 i J
=

i=1 i#j

Hamilton’s equations then give

. Pi
rB=—,
m
and
p: = FF* + Z Fij,
Jj#i
where

FX = —V;Uex (1), Fij = -V;®(r; — 1j).

The equations of motion assign a 6 N-dimensional velocity vector to every point of phase space. We
write this compactly as

I'=r(,¢).

This notation does not introduce a new dynamical law. It combines all 3N equations for the
positions and all 3N equations for the momenta into one phase-space equation.
Starting from a microscopic state [, at time t,

ar .

Z=ICn,  rw=n
determines the subsequent trajectory. For a time-independent Hamiltonian, the solution may be
written as

|F(t) = ‘pt—to(Fo)-|

The map @; is the phase-space flow. For every allowed initial point, it returns the phase-space point
reached after an elapsed time t. In particular,

®o(lo) = Io.

For autonomous dynamics the flow satisfies

|¢t+s =& 0 (Ds-|

Evolving first for a time s and then for a time t gives the same microscopic state as evolving once
for the total time t + s. Because the Hamiltonian equations define a unique trajectory both forward

and backward in time,

This inverse-flow statement should be distinguished from the operation of time reversal. If the
Hamiltonian is invariant under reversal of all momenta, then the trajectory obtained from the state

(ry, .o, Iy, —P1s -o» —PN)

retraces the original trajectory in the opposite temporal direction. Thus microscopic reversibility
concerns the complete N-particle state, not only a selected subset of particle variables.
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The notation I'(t) = @;_; (I) therefore represents the solution of Hamilton’s equations for every
possible initial condition. The collection of all such trajectories forms a flow through phase space.

Why introduce an N-particle distribution function?

If the exact initial point I[; were known, Hamilton’s equations would determine one microscopic
trajectory completely. A macroscopic system contains an enormous number of microscopic
coordinates. For N ~ 1023, specifying one initial microstate would require of order 6 x 1023
position and momentum components.

The problem is not only the number of variables. A macroscopic preparation fixes quantities such
as particle number, volume, energy, temperature or density, but it does not select one exact point in
the 6N-dimensional phase space. Many microscopic states are compatible with the same
preparation.

Statistical mechanics therefore describes the preparation by a probability density over complete
microscopic states. We introduce the normalized N-particle distribution

PN (FF t)
The quantity
PN (FF t) ar

is the probability that the microscopic state lies inside the infinitesimal phase-space volume
element

N

dr = nd3 r, d3p;

i=1

around the point I". The normalization is

[ py(I, ) dl’ = 1.|

The distribution py may be interpreted in two equivalent ways. It may represent incomplete
specification of the actual microscopic state of one prepared system, or it may describe an
ensemble of identically prepared systems whose microscopic initial conditions differ from one
realization to another. In both interpretations, py is a distribution over complete N-particle
microstates.

Two objects must therefore be kept distinct:

. I'(t) is one microscopic trajectory in the 6 N-dimensional phase space.
e pn(I,t) is a probability density defined over the entire phase space.
Hamilton’s equations transport each microscopic state along its phase-space trajectory. The

remaining task is to determine how the probability density over those trajectories evolves.
Conservation of probability in phase space

Take a fixed region {2 of the 6 N-dimensional phase space. Here {2 does not move with the phase-
space flow: its boundary is held at fixed phase-space coordinates while microscopic trajectories
may cross it.

The probability that the microscopic state lies inside 2 at time ¢ is
Poa(®) = [ pw (T 0) .
0

Probability can leave or enter this fixed region only when phase-space trajectories cross its
boundary d{2. The probability current in phase space is therefore
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Here both J- and I" are 6 N-dimensional vectors. The outward probability flux through the boundary
is
f pN F ° dSF.
0
Hence probability conservation gives

Fa _ f I-ds
dr anpN re

Using the divergence theorem in 6N dimensions,
% pr'dSF:fVF'(pNﬁ)dF'
a0 0

where

Vr=(Vey oo Viys Vo ooes iy, )-

ry’

Because (2 itself does not move,
dp” f 9w 4p.
Combining the last three relations,
fn [(%fv + V- (er')] ar = 0.

Since the fixed region 2 is arbitrary, the integrand must vanish pointwise:

aPN
at

+ V- (pyI') = 0.

This is the continuity equation for probability in phase space. Its structure is the same as the
ordinary-space continuity equation

oM v v =0
at nv)=2.,

but the flow now takes place in the full 6N-dimensional phase space.

Hamiltonian phase-space flow is incompressible

The continuity equation derived above is valid for a general deterministic phase-space flow.
Hamiltonian dynamics has the additional property that its flow is incompressible in canonical
phase space.

The divergence of the phase-space velocity field is

N
V- I'= Z[vri T+ Vp, - By
i=1

Using Hamilton’s equations,

. OHy OHy
Vel _Z [Vri-a—m—vpi-a—ri].
l

Writing all Cartesian components explicitly,



Complementary Statistical Physics — Section 2

N
. Z Z [ 0%Hy 0°Hy
d ari(x api(x apia ari(x .

i=1a=xy,z

For a sufficiently smooth Hamiltonian, mixed derivatives commute,
0°Hy 0°Hy
aria apia 6pia aria'

so each pair cancels and

The statement applies to Hamiltonian dynamics expressed in canonical coordinates. It is not a
general property of every deterministic mechanical equation. A dissipative phase-space flow can
have a nonzero divergence.
Why zero divergence implies conservation of phase-space volume
The equation

Vr-I'=0
is a local statement. We now show explicitly how it leads to conservation of the volume of a
material region that moves with the Hamiltonian flow.
Let

r) = e(lp)

and consider two nearby initial states I, and I, + 8. For sufficiently small 87, their separation at
time t is

6r(t) = M(t) 81y,

where

ar(t)

M® ==

is the 6N X 6N matrix that linearizes the flow around [,

A small phase-space parallelepiped is formed by 6N independent separation vectors. Under the
linear transformation M, its volume is multiplied by the determinant of M. We therefore write

ar(t) =Jj()dr(o),
with

or(t)
J(t) = detM(t) = det< >

ar,

Att = 0, the flow map is the identity, so
M@ =1, Jj0O)=1

To determine the evolution of J, write the 6N components of the phase-space velocity as I, (I"), with
a=1,..,6N.The elements of M are

I, (t)
Mgp(t) = :
ab al—bb
Differentiate with respect to time:
. ar,
Mgy = :
ab arob
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The phase-space velocity depends on the initial condition through the current point I'(t). The chain
rule therefore gives
. or, or,
Mgy = — .
“@ oI Ol
Cc

Define

ar:
Age = —=.

ol

Then, in matrix form,

Jacobi’s formula for the derivative of a determinant gives

aj e

i JTr(M~1M),
or equivalently

1d] e

Ta Tr(M~M).

Using M = AM,
Tr(M~*M) = Tr(M~1AM).
The trace is invariant under a similarity transformation, therefore

Tr(M~1AM) = Tr(A).

By the definition of 4,
Tr(A) = oo _ Vp- T
r = oL, =V-TI.
a
Hence
1dJ
2 _-v..T
Jdt "
For Hamiltonian flow the divergence vanishes, so
dj
—=0.
dt

Because J(0) =1,

Therefore

lar(¢) = dr(o).|

A material region of phase space can stretch, shear and fold as it evolves, but its total 6N-
dimensional volume is unchanged. This is the phase-volume form of Liouville’s theorem.

The fixed region 2 used to derive the continuity equation and the material region used here play
different roles. The first is held fixed while probability flows through its boundary. The second
moves with the Hamiltonian trajectories and is used to establish conservation of phase-space
volume.



Complementary Statistical Physics — Section 2

Liouville equation for the N-particle distribution

Return to the phase-space continuity equation,

dpn

at+vr(p,vr)_0

Expanding the divergence gives

Vr-(onI) =T -Vrpy +pyVr-T.

Hamiltonian incompressibility gives

Ve-T'=0,
S0
aPN
+I-V = 0.
ot rPn =
The total derivative of p, along a phase-space trajectory is
dpy aPN
—_= +I-V
dt  at rhn-
Therefore
dpy _
dt

Follow one phase-space trajectory I'(t). The value of the probability density carried by that
trajectory remains constant. The distribution may deform strongly in phase space because
neighbouring trajectories separate, stretch and fold the region occupied by the ensemble, but the
fine-grained density is conserved along each Hamiltonian trajectory.

The same equation can be written in Poisson-bracket form. For two phase-space functions A(I")
and B(I'), define

Then the Liouville equation is

aPN

9t + {on, Hy} = 0.

For a time-independent Hamiltonian, the solution can be written directly in terms of the phase-
space flow. To find the probability density at the phase-space point I" at time ¢, follow that point
backward under the Hamiltonian flow to the point from which it originated at time ¢:

pn(T,t) = pN(d)—(t—tO)(F)'tO)-

This equation does not mean that the physical trajectory itself runs backward. It is simply the
solution of the advection equation: the probability density observed at the current point is the
density that was attached to the same material phase-space element at the initial time.

What exactly does the Liouville equation determine?

The microscopic and statistical descriptions answer different questions.

Hamilton’s equations, together with the Hamiltonian Hy and one exact initial point [j, determine
one microscopic trajectory,

I, = I'(t).
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The Liouville equation, together with the same Hamiltonian and an initial distribution py (T, ty),
determines how the complete probability density over microscopic states evolves,

pn(T,t0) = pn(T, 0).

The Liouville equation does not specify the microscopic forces by itself. Those forces are contained
in the Hamiltonian. It also does not choose one particular microscopic trajectory unless the initial
microscopic state is specified.

If the initial microstate is known exactly, it can be represented formally by the distribution
pn (T, t) = 8N - Iy).

The Liouville equation transports this delta distribution along the Hamiltonian trajectory:

pn(T,6) = 8N — o (I)].

Thus the statistical description contains the deterministic trajectory as a limiting case. When the
preparation specifies a finite region of possible microstates rather than one exact point, the initial
distribution has a finite extent in phase space and the Liouville equation transports the entire
distribution.

Given Hy and py (T, ty), the Liouville equation is a closed first-order evolution equation for the full
N-particle probability density. Under the usual regularity assumptions, no additional statistical
equation is needed to determine its subsequent fine-grained evolution.

At the level of the complete N-particle distribution there is no collision integral, no kinetic closure
and no temporal coarse-graining. The evolution is reversible and phase-space volume preserving.
The relaxation equations introduced later describe reduced quantities after a hierarchy of variables
and time scales has been used.

Liouville dynamics and the problem of relaxation

The Liouville equation gives the exact evolution of the full N-particle distribution,

dpy _Opy |
W_W—FF.VF'ON_O'

This statement requires a precise interpretation. It does not mean that py (I, t) is independent of
time at a fixed point I of phase space. It means that the value of the fine-grained distribution
carried by a phase-space element remains constant while that element moves with the Hamiltonian
flow:

pn (I (2),t) = py(I5, 0).

To examine whether the exact density approaches equilibrium, let p,f,q(l" ) be a stationary
equilibrium density for the same Hamiltonian. This density also satisfies the Liouville equation and
remains constant along each Hamiltonian trajectory. The difference between py(I',t) and p;’,q(F )
therefore remains constant along that trajectory. Changing the integration variable from I'(t) to I,
and using conservation of phase-space volume, gives

Jar |py (T, 0) = py (| = [ dIy |py Ty, 0) — pt ().

If the initial distribution differs from equilibrium, this total difference remains positive and
unchanged. Hamiltonian evolution moves the regions in which the density exceeds or falls below its
equilibrium value, preserving the magnitude of these deviations. Macroscopic relaxation therefore
cannot be identified with a decrease of this total difference between the exact densities.

The shapes of these regions nevertheless change. The Hamiltonian flow changes the shape of a
material region while preserving its 6 N-dimensional volume. The region can become elongated and
develop narrow folds, so that different density values occur over progressively smaller separations
in phase space. The deformation can bring phase space elements with different density values
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increasingly close together. Each moving element retains its value of py, so the difference between
their densities remains unchanged even as their separation in phase space decreases.

To describe what is resolved at finite phase-space resolution, divide phase space into cells of
volume AIl'. A coarse-grained distribution may be defined by averaging the fine-grained density
over one such cell,

;_)N(I“,tIAF)=%f py (', t)dr’.
AT(I)

Here AI'(I") denotes a cell centred on the phase-space point I'. The cell size AI' specifies the phase-
space resolution of the description; it is not a new microscopic dynamical variable. When the
variations become much finer than the cell size, regions of different density contribute to the same
average. A cell average approaches its equilibrium average when the positive and negative
deviations from equilibrium increasingly cancel in the integral over that cell. The exact density can
still differ from equilibrium at individual points inside the cell. Liouville’s equation remains
satisfied: each moving phase space element retains its density, while the average over a fixed cell
changes as elements with different density values enter and leave it.

The two statements are therefore compatible:

dpy i . . .
a 0 along Hamiltonian trajectories

and

|5N(F, t | AI') may relax at finite resolution.

The first refers to the exact fine-grained distribution carried by the microscopic flow. The second
refers to a description in which phase-space structures below the chosen resolution are not
distinguished. Relaxation at this level therefore does not require a violation of the microscopic
Hamiltonian equations or of Liouville’s theorem.

The same distinction appeared in Brownian motion in a simpler form. There, the full particle-plus-
medium dynamics remained mechanical, whereas a description that did not resolve the rapid
microscopic degrees of freedom exhibited relaxation of the retained variables. In the present many-
particle problem, the exact N-particle distribution plays the role of the fully resolved statistical
description; relaxation becomes visible only after one specifies which structures or variables are
not resolved by the description.

The phase-space coarse-graining introduced here must also be distinguished from the temporal
coarse-graining used later in kinetic and hydrodynamic descriptions. Averaging over a phase-space
cell AT suppresses structures of py that have become finer than the chosen phase-space resolution.
Temporal coarse-graining instead chooses a time-resolution window between separated physical
relaxation times. The two operations serve related purposes because both omit unresolved
structure, but they are mathematically different.

One further distinction is needed before introducing kinetic equations. The phase-space coarse-
graining above is not the same operation as constructing reduced distribution functions. The one-
particle distribution

fi(1,t) = N[ d2--dN py(1,2,..,N,t)

is obtained by integrating over the coordinates and momenta of the remaining N — 1 particles. This
is an exact marginalisation of the full distribution, not an averaging over a finite phase-space cell.
The same statement applies to f5, f3, ...

Consequently, the hierarchy of reduced distributions obtained from the Liouville equation is still
exact. No irreversible collision term has yet been introduced. The kinetic approximation enters only
later, when physical assumptions about separated relaxation times and the evolution of

10
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interparticle correlations allow this exact hierarchy to be closed in terms of a smaller set of
distributions.
From the exact N-particle description to kinetic theory

The full distribution py (I, t) is exact but depends on 6 N phase-space variables. For a macroscopic
system it is not a useful object for direct calculation or measurement. The hierarchy of relaxation
processes also indicates that the slower stages of the evolution should not require the full
microscopic information.

The first reduction is made by integrating over particles that are not explicitly retained. The one-
particle distribution will be defined schematically as

f1(1,t) = N[ d2--dN py(1,2,..,N,t),
and the two-particle distribution as
£,(1,2,t) = NN —1)[ d3---dN py(1,2, ..., N, t).

These definitions reduce the number of explicit particle variables, but they do not yet introduce
irreversibility or time coarse-graining. When the Liouville equation is integrated in the same way,
the exact equation for f; contains f,, the exact equation for f, contains f3, and so on. This is the
BBGKY hierarchy.

The physical time-scale separation introduced at the beginning of Section 2 enters at the next step.
For gas, let 1;,. denote the local-equilibration time. It is of the order of the mean free-flight time,
Tioc ~ Tmsp» While the duration of an individual interaction satisfies

Tint K Tloc
A kinetic temporal resolution satisfying
Tint <K Atkin K Tioc

does not resolve the detailed force history inside an individual collision. The collision can be
represented by its net scattering effect on the incoming momenta. At the same time, the slower
change of the one-particle distribution remains resolved. This is the many-particle analogue of
choosing a Brownian resolution long compared with the microscopic force-correlation time but
short compared with momentum relaxation.

After local Maxwellisation, t 2 7., a further coarse description becomes possible:
Tioc K Athyd K TH

At this resolution the fast relaxation of the detailed momentum dependence is no longer resolved.
The one-particle distribution f; is approximately local-Maxwellian, while its low-order moments
remain slow. The natural variables are then the hydrodynamic fields

n(r,t), u(r, t), T(r,t).
The corresponding spatial coarse-graining must satisfy
Amfp K AXpyq K L

where Ap,fp is the mean free path and L is the characteristic macroscopic length over which the
hydrodynamic fields vary.

The resulting hierarchy of descriptions is therefore

lon@t) = {(fufo} = fi = (nuT}

The first arrow is an exact reduction by integration over particle variables. The second requires a
physical closure of the BBGKY hierarchy and produces a kinetic equation. The third becomes
possible after local equilibration on the time t;,, and uses the separation between that local-
relaxation scale and the much slower hydrodynamic evolution time 7.

11
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Section 2.2 will first identify the exact structure of the equation for the one-particle distribution.
Section 2.3 will then derive the BBGKY hierarchy and make the closure problem explicit. Only after
that exact structure is established will the Boltzmann and Vlasov equations be introduced as
different physical reductions of the many-particle dynamics.
Summary of Section 2.1
A complete microscopic state of an N-particle Hamiltonian system is one point

I'=(ry, ...t P1 - PN)
in a 6N-dimensional phase space. Hamilton’s equations generate the phase-space flow

re) = (pt—to([b)'

A preparation that does not specify one exact microscopic point is described by the normalized N-
particle probability density py (I, t). Conservation of probability in a fixed phase-space region gives

dp .

Hamiltonian flow is incompressible,
Ve-I'=0,
and therefore preserves material phase-space volume,
dr(t) = dr(o).

The probability density satisfies the Liouville equation,

dpy
— =0,
dt
or equivalently
dp
6_: + {pn, Hy} = 0.

This is an exact, closed and reversible statistical description once the Hamiltonian and the initial N-
particle distribution are specified. No kinetic approximation has entered.

The next stage is to derive exact equations for reduced one- and few-particle distributions. The
need for a kinetic approximation appears only when one asks for a closed equation for the slower
variables, especially f;. The hierarchy of intrinsic times

Tint K Tloc K TH

with 7j5¢ ~ Tpnsp, together with the corresponding choice of kinetic and hydrodynamic resolutions,
provides the physical basis for those later reductions.

2.2 General structure of a kinetic equation for the one-particle distribution

function
Section 2.1 described the complete N-particle system by the normalized distribution py (I, t) in the
full 6N-dimensional phase space. That description is exact, but most observables of interest do not

require the simultaneous specification of all N particles. We now make the first exact reduction of
the many-particle description.

The reduction introduced here must be distinguished from the phase-space coarse-graining
discussed at the end of Section 2.1. We do not average py over a finite cell of phase space, and we

12
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do not introduce a temporal resolution window. Instead, we integrate over particle variables that
are not retained explicitly. This operation is an exact marginalisation of the full distribution.

Exact reduction to the one-particle distribution

For compactness, denote the one-particle phase-space coordinates of particle i by

|i = (r;, pi), di = d3r; d3Pt-|

The one-particle distribution is defined by

[f,(1,) = N[ d2-dN py(12, .., N,b).|

The factor N is chosen so that f; counts particles rather than being normalized to unity. Since
fd1--dNpy(1,..,N,t) =1,

we have

[ d1£,(1,6) = N.|

Therefore

filr,p,t)d3rd3p

is the mean number of particles whose positions lie inside d3r around r and whose momenta lie
inside d3p around p at time t. If a probability density for one randomly selected particle were
required instead, it would be f; /N.

The operation

Py = f1
contains no kinetic approximation. The function f; is an exact marginal of py. The operation is
nevertheless not invertible: knowledge of f; does not determine the full N-particle distribution and
does not determine the interparticle correlations contained in it. This loss of information about
correlations is a consequence of retaining only one-particle variables, not of any kinetic closure.
Physical information contained in f;

Many local macroscopic quantities are moments of the one-particle distribution.

The local number density is

In(r,t) = [ d®p f(r,p,0).|

The local mean velocity u(r, t) is defined by

n(eOur o = [ d* 2 fi(6p,0)

Introduce the peculiar velocity, the particle velocity measured relative to the local mean flow,

c= L u(r, t).
m

The kinetic part of the internal-energy density is

2
mc
ekin(r,t) = [ d®p > f1(r,p, t).

For alocally isotropic monatomic gas this defines the kinetic temperature through

3 mc?
E leBT = fdsp T fl'

The kinetic pressure tensor and the kinetic heat flux are also moments of f;,

13
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Pkln =m/ d® P CaCpfis

2
mc

Thus f; determines the local density, mean flow, kinetic temperature and kinetic transport fluxes.
Quantities that depend explicitly on the simultaneous state of two or more particles cannot, in
general, be reconstructed from f; alone. The exact description of those quantities, and the hierarchy
of reduced many-particle distributions that they require, begins in Section 2.3.

Collisionless evolution of the one-particle distribution

We first determine the evolution of f; when the particles do not interact with one another. This step
isolates the part of a kinetic equation that comes from one-particle Hamiltonian motion.

Write the Hamiltonian as
Hy = Hy + Hipy,
with

N pz
Hy = § [Z;n + Uext(ri't)]-
i=1

For the moment set

Hint = 0.
The Liouville equation then becomes
N
aPN
z VNt +F VpipN] =0,
i=1

where
F = =V Uexe (1, ).

Multiply this equation by N and integrate over the variables of particles 2, ..., N. The time derivative
gives

dpy _ 0f1
N[ d2- dNW 5

The terms containing the variables of particle 1 give

P1 P1
Nfd2-dN =2 Vppy = — -V fi,

and
N[ d2--dNF* -V, py =F* .V, fi.

For each i = 2,...,N, the corresponding terms vanish after integration because they are total
divergences in the variables being integrated out. For example,

f dgrl - vr PN
is a boundary term in coordinate space, and

J d®pi FFXC -V py

is a boundary term in momentum space. We assume boundary conditions for which these
contributions vanish.

The one-particle distribution therefore satisfies

14
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of1 P
E-FE' Vrf1 + Fext 'fo1 = 0.

This is the collisionless one-particle Liouville equation. It contains three distinct processes: local
change of f;, streaming through coordinate space, and acceleration through momentum space by
the external force.

It is convenient to define the one-particle streaming operator

L15i+3-vr+Fext-v.
ot m P

Then collisionless evolution is simply

This equation transports the one-particle distribution through phase space but contains no
mechanism by which interparticle encounters can change the population of a given one-particle
phase-space element.

General structure of the kinetic equation

A real gas contains interparticle interactions. On the one-particle level their effect is represented by
an additional term that changes the population of one-particle phase-space elements. We therefore
write the general kinetic structure as

|L1f1 =7,(r,p, t);|

or explicitly,

ofi P
a_tl-l_Evrfl + FeXt' fo1 = :]1.

At this stage J; is a notation for the change of the one-particle distribution caused by interactions. It
has not yet been derived from the N-particle dynamics, and it should not be assumed to be a
functional of f; alone.

For a small one-particle phase-space element d3r d3p,
J,(r,p, t) d3r d3p

is the net rate at which interactions change the mean number of particles in that element. For a
local binary-collision description this is the difference between particles scattered into and
particles scattered out of the momentum element at position r.

There is no universal form of J;. Its structure depends on the interaction mechanism and on the
level of description. In the Boltzmann equation it becomes a binary-collision integral. In a mean-
field description the collective interaction is more naturally incorporated into an effective force on
the left-hand side, leading to a Vlasov-type equation. Other physical mechanisms lead to other
kinetic operators.

For a number-conserving local collision term,

|[ ®p3,(r,p,0) = 0]

If the collision term describes elastic collisions among identical particles and the interaction
contribution has been assigned entirely to J;, consistency with local conservation of momentum
and kinetic energy requires the corresponding collisional moments to vanish,

fd3pp71 =0,
r*
2m

[d3p—13,=0.
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These constraints do not determine the collision term. They state what any admissible local elastic-
collision model must preserve.

A simple relaxation-time model
Before deriving the microscopic interaction term, it is useful to see the simplest closed model that
has the required tendency toward local equilibrium. Let
3/2

exp | —

(p - mu(r, t))z
2mkgT(r,t)

fLE (l', p, t) = n(r' t) (m)

be the local Maxwell distribution constructed from the same local density, mean velocity and
temperature as f;.

The relaxation-time approximation replaces the interaction term by

(R) fi—fie
9® = —
TR

The parameter 7y is a model relaxation time. It is not a new stage in the time-scale hierarchy. For a
dilute gas close to local equilibrium its order is set by the collisional relaxation scale,

|TR ~ Toc ~ Tmfp-|

Because fig is constructed with the same n, u and T as f;, the differences of their first three
collision invariants vanish:

J&3p(fi — fie) =0,
J&pp (fi — fig) =0,

s PP
fdPZm(fl fie) = 0.

The relaxation model therefore preserves particle number, momentum and kinetic energy under
the assumptions stated above.

For a spatially uniform system without an external force, and with a time-independent equilibrium
distribution f,4, the model reduces to

afl _ _fl _feq

I,

Hence

fi(®) — feq = [f1(0) - feq]eXP(—t/TR)-

This exponential law is a phenomenological representation of relaxation near equilibrium. It does
not derive the microscopic collision dynamics. Its usefulness is that it makes explicit what a closed
kinetic equation must accomplish: streaming and external forces transport f; through one-particle
phase space, while interactions drive its non-equilibrium part toward the appropriate local
equilibrium form.

Where the time-scale separation enters
The exact marginalisation
Py = f

and the collisionless equation £;f; = 0 do not require temporal coarse-graining. The kinetic
description of collisions does.

For the dilute-gas hierarchy fixed in Section 2.1,
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|Tint K Tjoc K Ty, Tloc ~ Tmfp-|

A Kinetic temporal resolution is chosen such that

| Tint << Atyin < Toc.|

The detailed continuous force history during one molecular encounter is then unresolved, while the
slower change of the one-particle distribution remains resolved. Interactions can therefore be
represented by their accumulated effect on f; rather than by following the internal mechanical
trajectory of every binary encounter.

The relaxation-time model above represents this slow kinetic relaxation with a single parameter g
of order T),.. A microscopic Kinetic theory must instead determine the interaction term from the
underlying many-particle dynamics and specify which correlations are retained or neglected.

After local Maxwellisation, a hydrodynamic description becomes possible. The subsequent
hydrodynamic resolution satisfies

Tioc K Atpyg K Ty,
with the corresponding spatial condition

Amfp K Axpyq K L.
At that stage the detailed momentum dependence of f; is fast relative to the macroscopic evolution,
while its low-order moments n, u and T remain slow.
Why Section 2.3 is needed
The general kinetic equation

Lifi =0

has identified where interparticle interactions enter the one-particle description, but it has not

determined J; from the exact N-particle dynamics. The relaxation-time expression is one possible
phenomenological closure, not a microscopic derivation.

Section 2.3 returns to the exact Liouville equation with the interparticle interaction restored. It
introduces the reduced two-, three- and higher-particle distributions and derives the BBGKY
hierarchy. The first equation of that hierarchy shows explicitly which two-particle information is
required to determine the exact evolution of f;. The hierarchy itself remains exact and reversible.
Kinetic approximations such as the Boltzmann or mean-field closures enter only after this exact
structure has been established.

The division between the present subsection and Section 2.3 is therefore precise:

Section 2.2: one-particle variables and the general structure of a kinetic equation,
Section 2.3: exact many-particle origin of the interaction term and the closure problem.

2.3 BBGKY hierarchy and the closure problem

The Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy consists of coupled
evolution equations for the one particle, two particle and higher distribution functions.

Section 2.2 introduced the one-particle distribution f;(1,t) and wrote its general kinetic equation
in the form

L1f1 =J;.
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The streaming operator £; was obtained directly from one-particle Hamiltonian motion, whereas
the interaction term J; was left unspecified. We now restore the interparticle interaction in the full
N-particle Liouville equation and determine the exact origin of this term.

The result is not yet a closed kinetic equation for f;. The exact evolution of f; requires the two-
particle distribution f,; the evolution of f, requires the three-particle distribution f3; and the same
structure continues up to the full N-particle distribution. This chain of exact coupled equations is
the BBGKY hierarchy.

Reduced s-particle distribution functions
We use the compact notation introduced in Section 2.2,
i = (r;,p), di = d3r; d3p;.
The full N-particle probability density is normalized according to
fd1--dNpy(1,..,N,t) =1.

For 1 < s < N, define the reduced s-particle distribution by

f:(1,...,s5,t) =

N!
=5 [d(s+1)--dN py(1,..,N,t).

The combinatorial factor is chosen so that f; counts ordered s-tuples of particles. Its normalization
is

N!
fdl"'de:g(l,...,S, t) = m

Thus
f:(1,..,s,t)d1---ds

is the mean number of ordered s-tuples whose one-particle states lie in the corresponding phase-
space elements. In particular,

fdlfl(llt) = N;
and
[d1d2f,(1,2,t) = N(N —1).

Successive members of the hierarchy satisfy an exact consistency relation. Integrating f;,, over the
state of particle s + 1 gives

[ds+ 1) for1 (4, ., s+ 1,8) = (N = $)fs(L, .., 5,).]
For s = N no variables remain to be integrated out, and
fN(l, ,N,t) = N! pN(l,,N,t)

The complete set f3, f5, ..., fy is equivalent to the original N-particle distribution because, as the
preceding equation shows, its highest member is exactly N! times the original N-particle density. All
lower reduced distributions are then obtained by integration. If only a particular f; is retained and
higher members are discarded, the reduced description no longer contains the full N-particle
statistics.

First equation of the hierarchy

Consider the Hamiltonian

Hy = Z [ﬁ + Uext (13, t)] + 52 @ (r;— 1),
i=

i#j
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and define

FFX = =V, Uoxe (13, 1), Fij = -V, ®(r; — 17).
For a pair potential, Newton's third law gives
ji = —Fij.

The Liouville equation is

N N

dpn Pi

?"‘Z#VHPN‘FZ FiEXt+ZFij 'VpipNZO.
1= 1=

J£i
To obtain the equation for f;, multiply this equation by N and integrate over d2 ---dN. The time
derivative, streaming term and external-force term for particle 1 give the one-particle streaming
operator already derived in Section 2.2,
%+ 2, B, | 0.
Terms that contain derivatives with respect to the variables of particles 2, ..., N are integrated over
those same variables. For example, a momentum derivative with respect to particle 2 becomes a
boundary term after integration over the full momentum space of particle 2; it vanishes when the
full N-particle density tends to zero sufficiently rapidly as the magnitude of particle 2's momentum
tends to infinity. Spatial derivative terms vanish for periodic boundaries, or when there is no
probability flux through the system boundary. The same argument applies to every integrated
particle.

The new contribution comes from the force exerted on particle 1 by all other particles,

N
NZf d2--dNFy; -V, py.
j=2

We assume that the N-particle distribution is symmetric under exchange of particle labels, as
appropriate for identical classical particles. After relabelling the dummy integration variables, the
term with j = 2 therefore has the same value as the terms with j = 3, .., N. There are N — 1 equal
contributions, hence

N(N—-1)[d2--dNFy; -V, py.
Using the definition of f;,
f2(1,2,t) = N(N —1)[ d3---dN py,
we obtain the exact first BBGKY equation,

P1
Py Ry, | A0 = ] 2R 9, 12,0

Comparison with the general kinetic equation of Section 2.2 identifies the exact interaction term as

7,(1,t) = —[ d2Fy;, - Vp, fo(1,2,0).

This expression is exact. It is not the Boltzmann collision integral. The interaction term depends on
the simultaneous statistical state of a pair of particles, represented by f>.

Why the one-particle distribution is not closed

The appearance of f, has a direct physical origin. The instantaneous force acting on a particle at
state 1 = (r;, p1) depends on where the other particles are. Knowledge of f;(1,t) specifies the
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population of one-particle states, but it does not specify how the state of particle 1 is correlated
with the state of a second particle.

The function

fZ (1'2' t)

is the mean number of ordered particle pairs for which one particle lies near state 1 and the second
lies near state 2. It therefore specifies how the occurrence of one-particle state 1 is statistically
related to the occurrence of one-particle state 2. The exact rate at which interactions change f;
cannot, in general, be calculated from f; alone.

To determine f,, we must derive its own evolution equation.

Equation for the two-particle distribution

Multiply the Liouville equation by N(N — 1) and integrate over d3:--dN. The streaming and
external-force terms of particles 1 and 2 remain explicit. Their mutual interaction also remains
explicit because neither particle is integrated out.

The force between particles 1 and 2 contributes
Fio - Vp o+ Fo1 -V, fo.
Since F,; = —F;,, this becomes
Fiz (Vp, = Vp,)fo-

Particle 1 interacts not only with particle 2 but also with particles 3, .., N, and the same is true for
particle 2. After the states of particles 3, .., N are integrated out, the force exerted by one additional
particle requires the simultaneous distribution of particles 1, 2 and that third particle. This is f.
Define the complete two-particle Liouville operator

2
p.
Ly=o0+ Z [EL - Vy, + X vpi] +Fiy - (Vp, = Vp,)-

i=1

The exact equation for f, can then be written without suppressing any force contribution,

Lyf,(1,2,8) = —[ d3[Fi3 -V, + Fa3 -V, |f3(1,2,3,0).

Thus the two-particle distribution is not closed either: its exact evolution requires the three-
particle distribution.

General BBGKY hierarchy

Repeating the same reduction for an arbitrary s gives the hierarchy

N

Lofo== ) [ dGs+ DFiger Vpforr, 1Ss<N.

=1

To display every contribution explicitly, separate this operator into a one-particle part and a
retained pair-interaction part,

Ly =L 4 £Pa0),

The one-particle part is

N
7] pi
©_9 P, ext |
£ _6t+Z[m Ve, FEC0, ],
i=

and the mutual interactions among the retained particles are
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Lgpair) _ z Fj - (Vpi — ij).

1<i<jss

The first operator contains explicit time dependence, one-particle streaming and acceleration by
external forces. The second contains all pair interactions among the s particles whose states are
retained explicitly. Each retained particle also interacts with all N-s particles whose states have
been integrated out. Because these unretained particles are identical and the N-particle distribution
is permutation symmetric, their combined contribution can be written as one integral over the
state labelled s+1; the factor N-s is already contained in the normalization of f;, 4.

The hierarchy has the structure

|f1 < f2 f2 < f3 o) fn-1 < fN-|

The arrows in this expression indicate dependence of one evolution equation on the next
distribution. They do not represent a sequence in physical time.

The hierarchy terminates at fy = N! py. If every equation is retained, the description remains exact
and contains the same information as the original Liouville equation.
What the hierarchy has achieved

The BBGKY construction has reorganized the N-particle dynamics according to the number of
particles that are described explicitly. It has not yet produced a closed equation for f;.

Three properties must be kept separate.

First, the reduction

Py = fs
is an exact procedure. No time averaging and no finite phase-space cell have been introduced.

Second, the complete hierarchy remains reversible because it is derived exactly from the Liouville
equation. No irreversible collision law has yet been introduced.

Third, a kinetic equation for f; requires a closure: the influence of f, must be expressed using the
variables retained at the one-particle level. The physical content of a kinetic approximation lies in
this closure step.

Pair correlations and statistical independence

Suppose, as a reference case, that the states of two distinct particles are statistically independent.
The probability density for one randomly selected particle is f; /N. The joint probability density for
two independently selected distinct particles is the product of the two one-particle probabilities.
Since there are N(N-1) ordered pairs of distinct particles, the corresponding ordered-pair
distribution is

1, 2, N-1
f1(N t) f1(N ) _ —ALOA(2,0.

The factor (N-1)/N appears because the one-particle distribution is normalized to N, whereas the
two-particle distribution is normalized to N(N-1), the number of ordered pairs of distinct particles.
This factor follows from the chosen normalization; it is not an additional physical correlation.

NN = 1)

It is therefore useful to write the exact two-particle distribution as

N

-1
fl(li t)fl(zr t) + g2(1'21 t):

f2(1'2; t) = N

where g, is the two-particle correlation function. It measures the difference between the actual
pair distribution and the pair distribution that would result from statistically independent particles.
With the normalizations defined above, it satisfies
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[ d2g,(1,2,t) = 0.|

The integral identity above is only a normalization condition. It does not imply that the two-particle
correlation function vanishes for each pair of states. Positive and negative deviations from the
independent-particle reference distribution can cancel when the state of particle 2 is integrated
over.

Statistical independence is the much stronger pointwise condition g, = 0 for every pair of one-
particle states 1 and 2. In that case the exact factorized pair distribution is the one written above.
For a system containing N particles, and in the macroscopic limit N > 1,
N-1
N >~
the normalization factor approaches unity, and the independent-particle pair distribution is
commonly written as

1,

f2(1;2i t) = fl(]-f t)fl(zf t)'

For an interacting system, this factorisation is generally not exact. Interactions can make f, differ
from the independent-particle product, and that difference is represented by g,.

Weakening of correlations and the closure problem

For a dilute system with short-range or effectively screened interactions, away from a critical point,
correlations produced by a local interaction decay as the particle separation increases. If two
particles are separated by a distance much larger than the characteristic correlation length £ 4y,
their joint distribution approaches the statistically independent form,

N-1

|l‘1 - l‘2| > ‘gcorr = f2(1.2. t) - N

f1(LOf1(2,0).

This is a boundary condition on the correlations, not a statement that f, factorises at all
separations. Particles that are interacting, or that have recently interacted, can be strongly
correlated.

Immediately after a nonequilibrium state is prepared, the two-particle, three-particle, and higher
reduced distributions can contain correlations fixed independently by the initial preparation.
Bogoliubov’s kinetic hypothesis assumes that this separate memory of the initial higher-order
correlations disappears on a microscopic correlation time. At later times the higher distributions
still contain correlations, but those correlations are determined primarily by the current, more
slowly evolving one-particle distribution. One then writes schematically,

(L5, =F[AB], 522

where the functional F; depends on the interaction regime and on the approximation being used.
This relation is not a consequence of the exact BBGKY hierarchy. It is an additional kinetic
assumption used to close the hierarchy.

Relation to the time-scale hierarchy

The time scales introduced in Sections 1 and 2.1 clarify when such a closure can be useful. For a
dilute gas with short-range interactions,

Tint K Tloc K Ty, Tloc ~ Tmfp-

A binary encounter lasts only for the microscopic interaction time t;,;. The mean interval between
successive encounters of a given particle is the much longer mean-free-flight time introduced in
Section 2.1, and local relaxation of the one-particle distribution occurs on the comparable kinetic
scale 1j,.. The separation

Tint « Tloc
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means that a temporal resolution chosen between these two scales does not resolve the continuous
force and detailed trajectory during a short encounter. The encounter can instead be represented
by the relation between the incoming and outgoing momenta, while the slower evolution of f;
remains resolved.

The exact BBGKY equations themselves do not require any temporal coarse-graining. Temporal
coarse-graining enters only when a kinetic closure is introduced: instead of evolving the higher
reduced distributions with independent initial data, the approximation expresses their relevant
correlations through the current one-particle distribution and no longer resolves structures that
evolve on times shorter than the chosen kinetic resolution. In the notation fixed in Section 2.1, the
kinetic resolution satisfies

|Tint K Atyip K Tloc-|

This is the many-particle analogue of the first temporal coarse-graining used for Brownian motion
in Section 1.

Two routes from BBGKY

The decomposition

N-1
fa= N fifi + 92

shows why different interaction regimes lead to different kinetic equations.

For long-range interactions, the force exerted by many particles can remain important even when
pair correlations are weak. Substituting the factorised part of f, into the first BBGKY equation
replaces the exact pair-force term by an average over the states of the other particles: the pair force
is integrated against their one-particle distribution, and the resulting average force acts on particle
1. This is a self-consistent mean field because the same one-particle distribution determines both
the force and the particles that evolve in that force. Neglecting the correlation correction g, at
leading order produces a Vlasov-type kinetic equation. The detailed derivation will be given later.

For a dilute gas with short-range interactions, the important change of momentum occurs during
isolated binary encounters. The pair correlation generated during an encounter cannot be
discarded. The Boltzmann closure instead assumes statistical independence for the incoming
particles before a collision, follows the binary encounter, and allows the outgoing particles to be
correlated. Molecular chaos is therefore a condition imposed on the distribution of pre-collision
pairs. It is not the statement that f, = f; f; throughout the collision.

The two limiting routes can therefore be written separately as

|1ong-range collective interactions — mean-field closure — Vlasov equation,|

and

|short-range binary encounters — binary-collision closure — Boltzmann equation.|

Both begin from the same exact BBGKY hierarchy. The hierarchy is therefore the exact bridge
between microscopic Hamiltonian dynamics and the kinetic equations developed in the following
subsections. The next step is to specify the physical assumptions appropriate to a dilute gas and
derive the Boltzmann collision term from binary encounters.
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2.4 The Boltzmann kinetic equation

Section 2.3 established that the exact evolution of the one particle distribution depends on the pair
distribution. With the notation defined there, the first BBGKY equation reads

Lifi(1,6) =9,(1,8) = —[ d2Fy, - V,, fo(1,2,0). (2.4.1)

The operator £, contains the time derivative, streaming and acceleration by the external force. The
integral on the right describes the effect of interparticle forces. Since F;, is appreciable during a
collision, this integral requires the pair distribution at the separations where the two particles
interact.

For a dilute gas, we can calculate the effect of collisions by following the mean number of particles
in a small momentum element. A collision removes a particle from that element if its momentum
changes to a value outside it. Another collision adds a particle if its final momentum lies inside the
element. The difference between these two rates is the collision integral.

This calculation requires both the mechanics of scattering and the statistics of particles before they
collide. The two particle scattering problem determines the momentum changes for specified initial
momenta and an impact parameter. The distribution of particles before the collision determines
how frequently those initial states occur together. We shall combine these two ingredients to obtain
the loss and gain rates.

We first perform the counting for a spatially uniform gas without an external force. After deriving
the collision integral, we shall state the conditions under which the same calculation applies locally
to a nonuniform gas. The subsequent Bogoliubov derivation will examine the physical basis of the
assumption about pair statistics used in collision counting.

Diluteness and the separation of collision times

Consider identical classical particles of mass m, interacting through the short-range central
potential @(|r; — ry|). The interaction range is d, as in Section 2.1. We consider elastic, unbound
collisions, after which the two particles separate again.

Let n be the number density. The mean volume per particle is 1/n; its cube root defines the
characteristic distance a between particles. The dilute condition is therefore

3
— —1/3 3 _ (4
a=n"13,  nd (a) « 1. (2.4.2)

For the dilute gas states considered here, the mean number of additional particles in a volume of
order d3 is of order nd3. Thus the force acting during a typical collision is predominantly the force
between the two colliding particles. This permits us to calculate their momentum changes using
isolated two particle mechanics. The statistical distribution of the two particles before the collision
will be specified separately.

The length scales also determine the relevant times. Let vy, be a typical thermal speed and A,¢, the

mean free path. A collision lasts for a time of order d/vy,, whereas the mean interval between
successive collisions of one particle is of order Apg, /Vy,.

As defined in the preceding sections, 7, is the time over which collisions relax the local momentum
distribution, and 7y is the longer time of hydrodynamic evolution. The counting interval Aty;, is
chosen between the collision duration and the collisional relaxation time:

Amfp

vy
Tint K Tloc K Ty Tloe ~ Tmfp»

Tint 1G4 Atkin K Tloc-

d
Tint ~ V_th v Tmfp

(2.4.3)
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The lower bound allows a typical collision to be represented by its complete change from initial to
final momenta. The upper bound allows the momentum distribution to be treated as approximately
constant when calculating the collision rate over this interval.

For a numerical illustration, take n = 3 x 102> m~3, together with the representative values
introduced in Section 2.1: d = 3.5 x 107'%m, vy, = 5 x 10°ms™*, and Ayg = 7 X 10°8 m. These

give:

Quantity Estimate
Characteristic particle separation a 32%x107m
Mean number nd? in an interaction volume 1.3x 1073
Collision duration T, 7x 107135
Mean interval 7,,,¢, between collisions 1.4 x 10710

Thus d < a < Ayp,, and the mean interval between collisions is about two hundred times the
collision duration. For example, during a counting interval Aty;, ~ 10~!!s, the mean number of
collisions of one particle is approximately Aty;,/Tng = 0.07. A typical collision is completed within
this interval, while only a small fraction of the particles undergo a collision.

At the same time, collisions are numerous when counted over a gas volume containing many

particles. A cube of side Ayg contains approximately n/lilfp ~ 10* particles. During the same

counting interval, these particles undergo about 4 x 102 binary collisions. This estimate follows by
multiplying the particle number by the mean number of collisions per particle and dividing by two,
since each binary collision involves two particles.

The collision count therefore averages over many completed collisions, although only a small
fraction of the particle population changes momentum. Since At;, < 1),., many counting intervals
fit within one relaxation time. Successive counts can consequently follow the collisional evolution of
f1, treating it as approximately constant during each interval.

The correlations generated during an individual collision develop on the much shorter time ;.
Numerous collisions are completed during Aty;,, while f; changes little. This separation motivates
Bogoliubov’s kinetic hypothesis: after a short initial relaxation, the pair, three particle and higher
distributions adjust rapidly to forms determined by the slowly evolving f;. Their subsequent
evolution then follows that of f;, including the correlations continually generated by collisions.

The numerical estimates establish the separation between collision duration and collisional
relaxation. The loss of independent dependence on the initial higher correlations is the additional
physical assumption in Bogoliubov’s hypothesis. We shall examine that assumption in the
derivation from BBGKY.

We first determine the momentum changes and incident geometry of one elastic binary collision.

Two particle scattering and the cross section

Consider a collision that adds a particle to the momentum population around p;. Denote the
momenta of the two particles after this collision by p4, p,, and their momenta before it by p,’, p,’.
Thus, in the gain contribution, the primed momenta are the incoming momenta that produce the
specified final states. The loss contribution will concern collisions starting with p;.

These momenta are measured at separations where the pair potential is negligible. For an isolated
elastic collision, conservation of total momentum and energy gives

p:i' +p2' =p1 +Dp2
M_}_pz_lz_p_%_}_p_% (2.4.4)

2m 2m 2m - 2m’
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The mutual forces give equal and opposite momentum changes to the two particles. Their total
momentum therefore remains constant, and their centre of mass moves uniformly. The interaction
depends on their relative position, which we denote by R = r, — ry, through the potential @(|R]).
The scattering problem can consequently be reduced to their relative motion.

We therefore separate the conserved total momentum from the relative velocity. For the unprimed
separated state, define

P=p; +p, g=272, g=|g (2.4.5)

The centre of mass has velocity P/(2m). The vector g is the velocity of particle 2 relative to particle
1, consistent with our definition of R: at this separated state, R= g.

Solving the sum and difference of the momenta in (2.4.5) gives

P mg P  mg
Substituting these expressions into the kinetic energy, the terms proportional to P-g cancel,

leaving
mg?

2 2 2
bi pp_ P mo% (2.4.7)
am

2m 2m 4

Define the corresponding incoming quantities by P’ = p;" + p,’ and g’ = (p,' — p,')/m, with g’ =
|g'|. Equation (2.4.4), together with the energy decomposition (2.4.7), then gives

P'=P, g=g9 (2.4.8)
The relative velocity generally changes direction, while its magnitude has the same value before
and after scattering. This equality compares the two separated states. Within the interaction region,

energy is exchanged between relative kinetic energy and the pair potential, so the instantaneous
relative speed generally varies.

The scattering problem therefore determines the change of direction between g’ and g. Once these
directions and the conserved total momentum are known, (2.4.6) gives the individual momenta;
replacing g by g’ gives the incoming momenta.

The relative speed also enters the collision count. On the straight incident portion of the motion, the
particles cover a relative distance gAty;, during the counting interval. Together with the transverse
area of the incident paths, this distance determines the volume containing partners that reach the
interaction region during that interval.

Before the force becomes appreciable, particle 2 moves relative to particle 1 along a straight line
with velocity g'. The impact parameter b is the perpendicular distance from R = 0 to that line. Let ¢
be the azimuth of this perpendicular displacement in the plane normal to the incident direction.

The incident lines with impact parameters between b and b + db, and azimuths between ¢ and ¢ +
d@, occupy the transverse area

do = bdb de. (2.4.9)

From the distribution of incoming pairs to the collision count

The scattering calculation determines the momentum changes in a collision with specified initial
momenta and impact parameter. To calculate the collision integral, we also need the number of
particles undergoing such collisions. We first count collisions that remove particles from a small
momentum element around p;.

Let d3r d3p, be a small phase space element around (r, p; ). Its mean particle number at time t is
dN = fi(r,py,t) d°r dp;. (2.4.11)

For this loss count, p; and p, denote the momenta before the collision. The relative incident
velocity is therefore g = (p, — p1)/m, consistently with (2.4.5).
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Choose one of the particles counted in (2.4.11). The number of its possible collision partners
depends on the pair distribution: knowing the mean number of particles near p, alone does not
specify how frequently they occur together with the selected particle.

Write 1 = (r,p;) and 2 = (ry, py). Let £i(1,2, t) denote the pair distribution in the separated states
before the mutual force becomes appreciable. According to the normalization established in Section
2.3, fin(1,2,t) d1d2 is the mean number of ordered pairs in these elements. Dividing this pair
number by the first particle number f;(1,t) d1 gives the mean number of partners of the selected
particle in d2. Thus the mean number of partners with momenta in d3p,, per unit spatial volume
nearr,, is

dni = f;l((ll'i';) d3p,. (2.4.12)
The positions of partners that will collide during At;, are determined by the incident geometry. In
relative coordinates, particle 1 is at R = 0. Surround this point by a sphere of radius 2d, whose
surface lies outside the region of appreciable force. Consider incident paths with impact parameters
that lead to scattering, and select the transverse area do = b db d¢ defined in (2.4.9). These paths
intersect a small entry patch on the sphere.

Before reaching that patch, particle 2 moves freely relative to particle 1 with speed g. During Aty;,,
it travels the relative distance gAt,;,. Consequently, the partner positions from which entry occurs
during this interval form a column of transverse area do and length gAt,;,. Its volume is

dVCO]l = gAtkin dO' = gAtkin b db d(p (2413)

Incoming collision column

Incident area

g Aty

db

do=bdbdyp

dVeon =& Alyin do

Figure 2.4.1. The shaded column contains the initial partner positions from which entry through the selected sphere
patch occurs during Aty;,,. The right panel shows its transverse area da = b db d. The positive z direction is along
g; the labels pq, p,, identify the initial particle momenta.

The delay between entry through the sphere and completion of the collision is of order .
Counting entries instead of completed collisions therefore changes the count only for collisions
near the ends of the counting interval. The relative correction is of order t;,;/Aty;,, which is small
under (2.4.3).

To find the number of partners in the column, we now specify their statistics. The approximation
called molecular chaos treats the states of the two particles before their collision as statistically
independent. With the ordered pair normalization of Section 2.3, this gives

(12,0 ~ = (L OAR L. (2.4.14)
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Substitution into (2.4.12) gives the conditional partner density [(N — 1)/N]f;(r,, p2, t) d3p,. The
factor (N — 1)/N accounts for the N — 1 particles available as partners of the selected particle. This
approximation allows their number density to be calculated from f;.

For the spatially uniform gas considered here, f; is independent of position. For N > 1, equation
(2.4.14) therefore becomes

2"(1,2,8) = fi(r,py, 0) f1(1, p2, 1), (2.4.15)
This factorization concerns the statistics before the collision. During the collision, the mutual force
couples the momentum changes of the two particles, and their pair distribution evolves according
to the two particle dynamics.

The partner density in (2.4.12) is now approximately constant throughout the incident column.
Equation (2.4.3) also allows f; to be treated as constant during the counting interval. The mean
number of collisions of the selected particle with partners in d3p, and incident area b db dg is
consequently

dnil dV.oy = fi(r,pa, t) d3p, gAt, b db de. (2.4.16)

Multiplication by the particle number (2.4.11) gives the loss count for these partner momenta and
impact parameters. The gain count concerns collisions with incoming momenta p,’,p,’ that
produce the specified final momenta p, p,.

Gain and loss in the momentum distribution

Multiplying the mean number of collisions per particle in (2.4.16) by the particle number in (2.4.11)
gives the mean loss count:

dNioss = f1 (1, p1, 1) f1 (1, p2, 8) d°r d°py d°p, gALy, do. (2.4.17)
Here p;, p, are the momenta before the collision, and do = b db d¢. The separate collision counts
include paths entering the interaction region. Within the short range approximation, these have 0 <
b < d; more distant paths are represented by free motion.

Dividing (2.4.17) by Aty;, d3r d3p, and integrating over partner momenta and collision parameters
gives the positive loss rate:

Closs 1] (. p1, t) = [ d3ppf do g fi(r,p1,t) fi (1, 2, 1) (24.18)
The gain rate counts collisions with incoming momenta p,’,p,’ that produce the specified final
momenta p;, p,. Molecular chaos assigns these incoming pairs the product f; (r,p;’, t) f;(r,p,’, t). To
express their count per final momentum element, we change from the incoming to the final collision
variables.

The linear relations (2.4.6) have absolute Jacobian m3/8. Since the total momentum P is conserved,

d*py d*p, =2 AP d’g,

S (2.4.19)

d3p," d3p,’ = - d3pd3g'.

Liouville’s theorem preserves the two particle phase volume. Using (2.4.19) and the collision
volume (2.4.13), this gives preservation of the complete collision integration measure:

g' d3p,' d3p,' do = g d3p, d®p, do. (2.4.20)

The relative speeds satisfy g’ = g, as established in (2.4.8). Using (2.4.20) with the incoming
statistical product gives the mean gain count:

ngain = f1(r,p1’,0) fi(r,p;' 1) d3r d3p, d3p, gAty, do. (2.4.21)
Dividing by Aty;, d3r d3p, and integrating gives the positive gain rate:
Cgain [fl] (r' P1 t) = f d3p2f do ) fl (I', p1,' t) fl (I', pZI' t)' (2422)
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Both rates use the statistics before a collision. For loss, those momenta are p4, p,. For gain, they are
p1’, p,': the initial momenta that produce the specified final pair for the collision parameters b, .

For paths outside the interaction range, the momenta remain unchanged: p;’ = p; and p,’ = p,.
Their gain and loss products are equal. We therefore write the combined impact parameter integral
over0 < b < .

For the uniform gas without an external force, the change of f; is the gain rate minus the loss rate.
Denoting their difference by C[f;], we obtain

%fl't) = C[fl](r’ Py t) = Cgain[fl] - Closs[fl]
=&, ["bdb["deg (2.4.23)
X [fi(r,p,t) fi(r,po', ) — f1(r, py, t) f1(r, pa, )]

Equation (2.4.23) is the Boltzmann collision integral. Its first product counts collisions that produce
the specified momentum p;; its second product counts collisions starting with that momentum.

For a nonuniform gas, the same calculation applies locally when f; varies little over distances of
order the mean free path. A region of that size is then approximately uniform for the collision count.
The external force must also change the momenta negligibly during t;,,;, and the counting interval
must be short compared with the times of appreciable evolution of f; by streaming or external
acceleration. Under these conditions, all four distributions in (2.4.23) are evaluated at the same
kinetic position r and time t.

Restoring streaming and external acceleration through the operator £; gives the Boltzmann kinetic
equation:

a
L BV fy + F ) -V, fu = CLAIC P ©). (2.4.24)

The collision integral is closed in f; because (2.4.15) expresses the statistics before each collision
through the two one particle distributions.

The closure problem and the purpose of Bogoliubov’s derivation

The collision counting derivation led to the Boltzmann equation (2.4.24) by combining two
ingredients: the momentum changes determined by two particle scattering and the statistical
population of incoming pairs. Molecular chaos approximated the distribution of approaching
particles as the product of the two one particle distributions, as in (2.4.15). This replacement
allowed the collision rate to be calculated from f;.

The exact first BBGKY equation (2.4.1) contains the pair distribution f, at separations where the
mutual force is appreciable. It therefore requires the pair statistics during the collision. Equation
(2.4.15) approximates the distribution of incoming pairs by the product of the two one particle
distributions. Here, “incoming” refers to the states of the two particles before the mutual collision
whose effect we are calculating. This assumed distribution specifies the population of pairs
entering the collision. We calculate how the incoming pair distribution evolves under the mutual
force. The resulting f, includes the pair correlations generated during an isolated collision,
expressed in terms of the current f;.

The distinction between f; and f, is essential here. The function f; specifies the population of
individual particle states, while f, specifies how two particle states occur together. Systems with
the same f; can have different pair statistics and consequently different interaction terms in (2.4.1).
Expressing that term through f; therefore requires a physical approximation relating the higher
distributions to the one particle distribution.

Bogoliubov’s approach examines the conditions under which the higher distributions can be
calculated from the current f;. In deriving the Boltzmann collision integral from the BBGKY
hierarchy, we shall combine the factorization of the distribution of approaching particles with
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interacting pair dynamics to calculate the f, entering (2.4.1). Bogoliubov’s kinetic hypothesis
assumes that the pair, three particle and higher distributions, including their correlations, relax
towards forms determined by the current f; over a time much shorter than the time for f; to
change appreciably. We begin by examining the physical meaning of this hypothesis and the
separation of relaxation times on which it depends.

The kinetic stage and Bogoliubov’s hypothesis

During an isolated binary collision, the momenta of the two particles can change appreciably over
the interaction time t;,;. To understand how this rapid pair dynamics affects f;, we return to the
exact first BBGKY equation:

Lifi(1,6) =9,(1,8) = —[ d2Fy, - V,, fo(1,2,0). (2.4.1)

As defined in Section 2.3, f, is a density: the quantity f,(1,2,t) d1 d2 is the mean number of ordered
pairs in the two phase space elements d1 and d2. In (2.4.1), the state of particle 1 is held fixed,
while the integration runs over the positions and momenta of particle 2.

Because the pair force is independent of momentum, the momentum derivative can be taken
outside the partner integral. Thus the interaction term can also be written as

5,(1,t) = =V, - [ d2F;,f>(1,2,0)]. (2.4.25)

The expression inside the brackets sums the force contributions from all possible partner states,
weighted by the pair density. The momentum divergence then determines the redistribution of the
one particle population. The effect of the detailed pair dynamics on f; is therefore calculated after
integrating over the partner states. This integration is the statistical averaging involved in
passing from the pair description to the one particle equation.

For the dilute gas considered here, we use the separation of times introduced in (2.4.3): the
interaction time t;,; is much shorter than the collisional relaxation time 7j,.. The temporal
resolution Aty;, lies between these times. A collision is completed within this interval, while the
collisional change of f; remains small. This time separation allows us to calculate an individual
collision with the current f; held approximately fixed and to follow the evolution of f; over longer
times.

Bogoliubov’s kinetic hypothesis adds a statement about the pair, three particle and higher
distributions. It assumes that, after a short initial relaxation, these distributions have approached
forms determined by the current f;. As f; evolves, the higher distributions continue to adjust to f;.

Following Section 2.3, denote the relation that calculates f; from f; by the functional F. The
functional takes the whole one particle distribution as its input and returns the distribution of the
states of s particles:

(1.8 =F[A0O] s=2. (2.4.26)

The meaning of the hypothesis can be stated by comparing two samples of the same gas. Suppose
the samples were prepared with different initial pair and higher correlations. At a later time within
the kinetic stage, if both samples have the same one particle distribution f;, relation (2.4.26)
assigns both samples the same higher distributions. Within this approximation, the initial pair and
higher correlations have lost their independent influence on the subsequent evolution. Any changes
of f; produced during the initial relaxation remain in the value of f; from which the kinetic
evolution proceeds.

The functionals F;[f;] still contain correlations generated by interactions. In particular, F,[f; ] must
describe the correlated pair statistics during a collision. Calculating ¥, and substituting it into
(2.4.1) will express the interaction term through f;. The pair equation and the statistical condition
for incoming pairs are needed to carry out that calculation.
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The dilute approximation in the first two BBGKY equations

To calculate the interaction term in (2.4.1), we need the pair distribution during a collision. The
second BBGKY equation provides its evolution equation. As established in Section 2.3, the operator
L, contains the mutual force between particles 1 and 2, whereas the integral involving f; accounts
for forces exerted on them by the other gas particles. We shall use the small density parameter to
determine which contributions are required for the binary collision approximation.

The distributions f; have the normalization N!/(N — s)! introduced in Section 2.3. To display the
corresponding density factors explicitly, let V be the system volume, v = V /N the mean volume per
particle, and define

Vs (N s)!

£(1,..,st) =

Thus f; = (N/V)f; and f, = [N(N — 1)/V ]fz. Substitution into the first two BBGKY equations
gives

(1.8, s=123. (2.4.27)

Lify = ——fd2 Fip- Vple:
Lyfy = —_f d3[Fy3 - Vp, + Fas- sz]f3

The coefficient in each equation follows by dividing the normalization factor for f;,, by that for f;,
giving (N — s)/V. For large N, both coefficients in (2.4.28) approach N/V = 1/v.

(2.4.28)

The integration over d2 = d3r, d3p, covers the gas volume and the full momentum space. At fixed
r4, the force F;, becomes negligible when |r, — r;| exceeds the interaction range d. Those positions
therefore contribute negligibly to this integral, although the pair distribution remains defined there.
In the second equation, F,; is appreciable when particle 3 is within the force range of particle 1, and
F,3 when it is within that range of particle 2.

The spatial regions in which these force factors are appreciable have volumes of order d3.
Comparing d® with the mean volume per particle gives the small parameter
3
=T «1. (2.4.29)

For a uniform gas, 1/v = n, and ¢ is the mean number of particles in a volume d3. Equation (2.4.29)
then coincides with the dilute condition (2.4.2). In a nonuniform gas, the corresponding local

condition is n(r, t)d® « 1 in the collision region.
Using 1/v = /d3, we write the hierarchy in the large N limit as
L1]E1 = _%f d2Fy, - Vplfz'
) . 3 (2.4.30)
Lyf; = _gf d3[Fy3-Vp, + Fa3 - Vp |fs.

The integral involving f; in the second equation of (2.4.30) is explicitly multiplied by &, but the
distribution functions also depend on this parameter. To determine which terms of f, are required
for the derivation of the collision integral, we expand f, and f; in powers of the small parameter .
We assume that the expansion has finite coefficients. Superscripts (0) and (1) denote the
coefficients of the zeroth and first powers, respectively:

f=fO4+efD 106,  s=23. (2.4.31)

The coefficients are functions of the particle states and time, independent of the expansion
parameter. Substitution into both equations of (2.4.30) gives

~ 1
1f1 = __f d2Fy, -V, [ef, AR SZf(l)] +0(e3),

(2.4.32)
Lo+ eLofil = — 232 [ d3F; -V, /i + 0(e2).

31



Complementary Statistical Physics — Section 2

In (2.4.31), the correction to the pair distribution is sfz(l). The first equation of (2.4.30) multiplies
this correction by another factor £/d3. Their product produces the term proportional to ngz(l) in

the first equation of (2.4.32).

Comparing the terms independent of ¢ in the second equation of (2.4.32) gives szz(o) = (0. Writing
the operator explicitly,

] ; =
o+ 22 (B Wy + B, ) 4 Fip - (W, — 9, IR = 0. (2.4.33)
This is the Liouville equation for an isolated interacting pair subject to the prescribed external
forces. Particle 2 exerts the force F;, on particle 1, while particle 1 exerts —F;, on particle 2. Their

contributions to (2.4.33) are Fy, - Vplfz(o) and —F;, - szfz(o), respectively. Neither contribution
carries a factor ¢, so both are retained in the equation for the zeroth order coefficient.

Retaining the coefficient fz(o) in (2.4.31) gives the zeroth order approximation to the pair

distribution. This approximation includes the correlations generated during a binary collision.
Comparing the terms proportional to € in the second equation of (2.4.32) shows that the forces

exerted by an additional particle contribute to the first correction, € ];2(1).

Retaining the term proportional to ¢ in the first equation of (2.4.32) gives
Lify = == [ d2Fy, -V O+ 0(e?). (2.4.34)

Thus the zeroth order approximation to £, is sufficient to retain the term proportional to ¢ in the
first equation of (2.4.30). Its first correction affects that equation at order £2, as shown in (2.4.32).

Returning to the normalization of Section 2.3, the pair distribution used at this accuracy is

f2,0) =" FO 2 ), (2.4.35)

Equation (2.4.33) describes the evolution of the pair distribution at zeroth order in ¢. To determine
];2(0) in terms of the one particle distribution f;, we use the principle of weakening of correlations to
specify the distribution of widely separated particles before their mutual collision. As introduced in
Section 2.3, this principle expresses factorization at separations much larger than the correlation
length £, In terms of the scaled distributions, it reads

(12,0 > AADARD,  [rp—1i] » Lo (2.4.36)
This factorization specifies the boundary values at large separation. The pair distribution within the
force region is determined using the interacting Liouville equation (2.4.33). The following
derivation explains how the principle of weakening of correlations is applied to the incoming states
and how it is connected to the factorization used in (2.4.15).

How weakening of correlations enters the pair equation

Section 2.1 established the general Liouville result: the distribution density of a Hamiltonian system
retains its value along that system’s phase space trajectories. For the complete gas, this applies to
pn- Retaining the zeroth order coefficient reduced the second BBGKY equation to the Liouville
equation (2.4.33) for an interacting pair. We now apply the same general result to this pair
equation.

Consider a specified pair state (1,2) at time t. Let r;(t") and p;(t’), with i = 1,2, describe the
interacting two particle motion that passes through this state at t' = t. Write i(t") = (r;(t), p;(t)),
sothat 1(t) = 1 and 2(t) = 2.

For a positive interval 7, constancy of the Liouville density along this motion gives

20 =20 -1),2(t—1),t —1). (24.37)
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Equation (2.4.37) permits us to use weakening of correlations. It expresses the pair density needed
during the collision through the density at earlier states of the same interacting pair.

For the unbound scattering considered here, following the two particle motion backwards reaches
separated states before their mutual collision. We take 7 sufficiently large that the earlier positions
satisfy

rp(t—17) —1r(t —1)| > d, Lo (2.4.38)
The incoming boundary condition is imposed in the limit T — oco. This limit refers to the isolated two

particle motion retained in (2.4.33), for which unbound particles are asymptotically separated
before the collision.

At the earlier states in (2.4.38), the principle of weakening of correlations supplies the factorization
(2.4.36). Applying it to the right-hand side of (2.4.37) gives

2020 = fAE-1),t =) i =), = ). (24.39)

The present pair density is therefore obtained from a product evaluated at earlier separated states
before the collision. These are the incoming states. Their role follows from the constancy of the
Liouville density: factorization at these earlier arguments determines the density within the force
region through the interacting pair motion.

Equation (2.4.39) also explains how the collision correlations are retained. The earlier state
1(t — 7) depends on both present states 1 and 2, because the momentum evolution of particle 1
involves the force exerted by particle 2. The same holds for 2(t — 7). Consequently, both factors on
the right-hand side depend on the present joint pair state through the interacting motion described
by (2.4.33). The resulting distribution generally contains correlations during the collision, even
though it factorizes at the separated incoming states.

The one particle factors in (2.4.39) still have their explicit earlier positions, momenta and time as
arguments. The following calculation will express these factors using the one particle distribution
at time t, and then obtain the local pair distribution required in the collision integral.

Calculating the correlated pair distribution

Equation (2.4.39) expresses the pair density during the collision through a product of one particle
distributions evaluated at earlier, separated states of the interacting pair. The factorization follows
from the principle of weakening of correlations at those incoming states. The interacting pair
motion then determines the correlations present during the collision.

The two factors in (2.4.39) still refer to time t — t. Bogoliubov’s kinetic hypothesis (2.4.26)
expresses the higher distributions through the one particle distribution at the same time t. The
remaining mathematical question is therefore how the product at the earlier incoming states is
expressed through f; at time t, while retaining the interacting pair dynamics.

The required relation follows from the one particle Liouville equation at zeroth order in €. In the
first equation of (2.4.32), the collision integral is proportional to ¢; at zeroth order, the one particle
distribution consequently evolves through independent one particle motion. For Ff** = 0, this
equation is

ofi . p 7

il =0 (2.4.40)

During free motion, the momentum p remains constant. Over an interval 7, the position therefore

changes from r to r + pt/m. We introduce the one particle evolution operator Sr(l) to represent this
change of phase space arguments. For any function A(r, p), its action is defined by

SPAGp) = A(r+L21,p). (2.4.41)
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For 7 > 0, a particle at (r,p) at time t —t reaches (r+ pt/m,p) at time t. Constancy of the
distribution density along this free motion gives

fl(r, p,t—1) = fl (r + %T, P t) = Sr(l)fl(r, p, t). (2.4.42)

Equation (2.4.42) uses the zeroth order evolution (2.4.40). The operator changes the position
argument; the explicit time argument of the distribution on its right-hand side is t.

For the pair, the Hamilton equations include the force F;, on particle 1 and —F;, on particle 2. The
functions 1(t") and 2(t") defined before (2.4.37) describe the solution passing through the specified
state (1,2) at time t. For any function B(1,2), define the two particle evolution operator by

s@p(1,2) = B(1(t - 1), 2(t - 7). (2.4.43)

Thus SEZT) evaluates B at the earlier positions and momenta calculated from these two particle
Hamilton equations.

Taking the factorization in (2.4.39) as the asymptotic boundary condition for separated incoming
particles gives

202,60 =lims@ (A t-D At -D). (24:44)

Let Sf(l)(i) denote the one particle operator acting on the variables of particle i. Applying (2.4.42) to
each factor in (2.4.44), and using the definition (2.4.43), gives

£P02,60 = Iim [T fi (e =), pit =), 6 = 1)
= m T /i (it =0+ pt =) pit = ).t) (24.45)
= lims@PsP s @ (A0 A2,0).

The second equality applies (2.4.42) at each earlier particle state. The last equality uses the
operator definitions (2.4.41) and (2.4.43).

We denote the limiting operator in the last line of (2.4.45) by o,:
o, = limS@sP@)s®(2). (2.4.46)
T—00

=T

The negative shift in SEZT) selects the separated states before the collision, where weakening of
correlations supplies the boundary condition. Equation (2.4.45) then reads

£91,2,6) = o (fl(1, t) (2, t)). (2.4.47)

All distribution functions in (2.4.47) refer to time t. The operator g, is calculated from the two
particle Hamilton equations, while the product on which it acts is specified by the one particle
distribution. Equation (2.4.47) is therefore the zeroth order functional relation of the form (2.4.26),
obtained by imposing weakening of correlations at the incoming states.

Using f; = (V/N)f, from (2.4.27), together with (2.4.35), gives

(12,0 =" o, (LD £ 2.0)
=2 0 (AAD A2D).

The factor (N — 1)/N tends to unity for large N.

(2.4.48)

For a spatially uniform gas, f; depends only on momentum and time. Equation (2.4.41)
consequently gives

Sr(l)(i) Aupnt) = fi (I’i + %pi'pi' t) = fi(pi, ). (2.4.49)

Thus the one particle operators leave these homogeneous factors unchanged.
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For unbound scattering by the short range force, the particle momenta approach constant incoming
values as T — 0. Define these momenta by

pi" = limp;(t — 1), i=1,2. (2.4.50)
T—>00
Using (2.4.43), (2.4.49) and (2.4.50), equation (2.4.47) becomes

2020 = 1imsS (b1, 0 fi(p2,0)
= lim Hi—l filpi(t—0),0) (2.4.51)
= f1(pl1n: t) 1Py, ©).

Obtaining the Boltzmann collision integral

Equation (2.4.51) expresses the pair coefficient during a collision through the one particle
distributions at the incoming momenta. Substitution into (2.4.34) will close the equation for the one
particle distribution. The remaining calculation is the integral over the position r, and momentum
p2- The second BBGKY equation will allow us to convert this force integral into a difference
between the pair distributions at large separation. Their boundary values will give the gain and loss
contributions.

We first consider a spatially uniform gas with zero external force. The incoming momenta p'", pi
retain their definition (2.4.50), as the momenta before the physical forward collision.

For this uniform one particle distribution, £,f; = d,f;. Equation (2.4.34) therefore gives d,f; =
0(e), while f; = 0(1).

An infinitesimal variation 8 f; (g, t) of the one particle distribution, where q ranges over momentum
space, induces a variation § fz(o)(l,z, t) of the pair coefficient. The first line below defines the
functional derivative by relating these variations. Taking §f; = (9,.f;)8t gives the second line.
Differentiating the product in (2.4.51) then gives the third line. In this partial time derivative, the

specified pair state is fixed. The incoming momenta have no explicit time dependence, because they
are calculated from that state using the time independent pair potential.

. z(0) .
§FO,2,6) = [ a3q 220 57 (q,0),

8fi(at)
afz(O)(lzt) = [ q3q 020 o@D
57000 o (2.4.52)
af,(pint 01 (pz't
= (P, 1) 1(p1 )+f1 '\ t) 15;:?2)
_0(5).

Each product in the third line contains one factor of order 1 and one time derivative of order €. The
partial time derivative of the pair coefficient is therefore of order ¢.

The collision integral in (2.4.34) already has the prefactor £/d3. A correction of order ¢ to the pair
distribution consequently contributes at order £2 to the one particle equation. To calculate the
collision integral through order ¢, we retain the pair equation at zeroth order. At this accuracy, both
the time derivative estimated in (2.4.52) and the integral involving f; in the second equation of
(2.4.32) are omitted.

For a uniform gas, the pair coefficient depends on position through R = r, — ry. Its gradients with
respect to r; and r, are therefore —VRfZ(O) and +Vsz(0). With g = (p, — p1)/m, the streaming

contributions combine into g - VRfZ(O). The force on particle 1 is F;, = VR@(|R]|). With zero external
force and the time derivative omitted at this accuracy, equation (2.4.33) becomes

(8- Ve + Fizo - (Vp, = Vp, )15 (R Py, P2 ©) = 0. (24.53)

The time argument remains because the one particle distribution in (2.4.51) evolves on the kinetic
time scale.
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In (2.4.34), the collision integral contains F;, - Vplfz(o), integrated over r, and p,. Expressing its

momentum integral as a spatial derivative will allow the remaining position integral to be
evaluated from the pair distribution at large separation. Integrating (2.4.53) over p, provides this
derivative.

The force F;, is independent of p,. With the decay of the distribution at large momentum assumed
in Section 2.3, integration of the derivative with respect to p, gives zero. The remaining
contributions in (2.4.53) then give the second equality:

J d3pyFyy- szfz(o) =0,
fd3pz Fi2 - Vp, ~2(0) = —f d®p, g- Vsz(O)-

Substituting the second equality in (2.4.54) into (2.4.34), using 1/v = £/d® and d3r, = d3R at fixed
Iy, gives

(2.4.54)

0u) L1 g, [ @Ry Tufi® + O(e2). (2455)

We substitute the operator relation (2.4.47) for ];2(0) in (2.4.55). For the homogeneous one particle
factors, (2.4.49) shows that the free one particle operators in (2.4.46) leave each factor unchanged.
Hence

%ﬁl't) = if d®p,[ d°Rg- Vg0, (f1(p1:t) f1(p2:t)) + 0(€?)

\ ) (2.4.56)
= +[ &®pf &®Rg - Vr limSS (fi(ps, D) fi(p2 ) + OeD).

In the last line, SEZT) evaluates the product at the momenta p;(t — 7), as in (2.4.51). These momenta
depend on the specified relative position R through the two particle Hamilton equations. The
derivative Vg acts on the resulting pair coefficient.

For each fixed pair of momentum arguments p;, p,, the vector g is independent of the integration
position. Write g = |g|. We use cylindrical coordinates in the space of relative positions R, choosing
the positive axis along g, the velocity of particle 2 relative to particle 1. Let Z be the unit vector along
this axis. The signed coordinate z is the projection of R onto it; b is the perpendicular distance, and
@ is the azimuth. Thus
2=% z=R-3 b2=|R?-2%
g 5 (2.4.57)
d®R=bdbdpdz, g-Vg=g >
Here z is a coordinate of the relative position, measured along an axis chosen separately for each
fixed momentum pair.

Using (2.4.57) in (2.4.55), the integration over z gives the upper boundary value minus the lower

boundary value. Writing the pair coefficient in the operator form of (2.4.56), we obtain

ofi(pp,t) 1 o 2 +o0 af®
TR =[P, [ b db [[Tdeg [ dz =+ 0(e)

o] 2 . ~ ~
= [ &, [ b db " d o g limSS (fi(ps, ©) fi(p2,0))

In (2.4.58), the limit 7 — oo is taken at each fixed pair state, as in (2.4.51). The subsequent limits
z = —oo and z = o0 are taken with b, @, p1, p,, t fixed.

(2.4.58)

Z=+400
+ 0(&?).

Z=—00

By definition (2.4.43), SEZT) evaluates the product at earlier states of the interacting pair. Outside the
force region, the momenta remain constant. On that free portion of the motion,
R(t —7) = R(t) — %T = R(t) —gr,
z(t —1) = z(t) — gr, (2.4.59)
IR(t — 1)|? = b? + (z(t) — g1)?, 7> 0.
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For z - —oo, subtracting gt makes the negative coordinate more negative. Equation (2.4.59) shows
that the separation increases. The earlier motion therefore stays outside the force region. The
momenta remain p, p,, so their incoming values coincide with these specified arguments.

For z —» +oo, evaluating earlier states reduces the positive coordinate and decreases the separation
until the pair enters the force region. The earlier positions and momenta within that region are
calculated from the interacting Hamilton equations. Continuing to earlier times reaches the
separated states before the physical forward collision, with momenta pi", pi defined in (2.4.50).
The specified momenta p,;,p, at the positive boundary are therefore the momenta after that
collision. Equation (2.4.59) applies only to the free portion of this motion.

The two boundary values are consequently
tim £ = f(p1,6) fi(p2 ),
lim £ = £, (p,£) (P £).

Z—+00

(2.4.60)

The second line uses the incoming momenta for a collision ending with the specified pair p4, p,. The
superscript in continues to mean before the physical forward collision.

For impact parameters at which the force produces negligible scattering, the momenta remain
unchanged to the retained accuracy. The two products in (2.4.60) then coincide and cancel in
(2.4.58). Substitution of these boundary values into (2.4.58) gives

af1(py,t) 1 ) 2
F= = [ dPp, [ bdb [ " dog

x (AN O AERD = AP0 filpe D)+ 0(e?).

The positive boundary contribution gives the gain of particles with momentum p; through
collisions ending in that state. The negative boundary contribution gives their loss through
collisions starting in that state. Both contributions follow from the pair equation and its incoming
boundary condition.

(2.4.61)

In the gain term, p', p* have the same meaning as the primed momenta in the collision counting
formula: their physical forward collision produces the specified momenta p4, p,.

To restore the normalization of f;, multiply (2.4.61) by N/V and substitute f; = (V/N)f;. Since
1/v = N/V, the coefficient multiplying each product becomes (N/V)(1/v)(V/N)? = 1. With
bdbde = do, as defined in (2.4.9), this is the collision integral obtained by counting.

The derivation above assumes spatial homogeneity and zero external force. A sufficient condition
for using the same collision integral locally in a nonuniform gas is that f; and the external potential
vary negligibly over distances of order the mean free path, with the external force changing the
momenta negligibly during a collision. All four one particle factors are then evaluated at the same
kinetic position r, while retaining their respective momentum arguments and time t. With the
normalization restored as above, substitution into (2.4.1), retaining streaming and external
acceleration in £, recovers the Boltzmann kinetic equation (2.4.24).

The scope of the method and extensions beyond binary collisions

Equation (2.4.61) retains the contribution of isolated binary collisions. Bogoliubov’s method also
specifies how to calculate corrections: the BBGKY hierarchy determines successive coefficients in
the expansion in powers of €. Retaining the first correction to the pair distribution gives, from
(2.4.32),

Llﬁ = _%fd2F12 vplfé(O)

2 . , (2.4.62)
_EdeFlz.VFhfZ +0(£ )
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The first integral gives the binary collision contribution derived in (2.4.61). The second gives its
correction at order 2.

Calculating ]52(1) requires the three particle coefficient f~3(0), which appears in the second equation of
(2.4.32). At zeroth order, the third BBGKY equation reduces to the Liouville equation for three
interacting particles, with the forces between all three pairs retained. The influence of a fourth
particle enters at the next order in €.

For unbound three particle scattering, the operator construction in (2.4.43)-(2.4.47) extends

directly. Define Sg) as the operator that evaluates a function at the earlier three particle states
obtained from their coupled Hamilton equations, with the specified state (1,2,3) at time t. Denote
the corresponding limiting operator by g;. Weakening of correlations at the separated incoming
states gives

oy = limsPsP s (@25 (3),
223,60 =03 (AL AR O AGD).

This coefficient supplies the contribution of particle 3 to the pair equation at order . At the same
order, the partial time derivative estimated in (2.4.52), omitted in (2.4.53), is also retained. The pair

(2.4.63)

equation with these contributions and its incoming boundary condition determines ];2(1)’ and hence
the second integral in (2.4.62).

The three particle dynamics includes simultaneous interactions and correlated sequences of binary
collisions. For example, collisions of particles 1 and 2 with the same particle 3 can correlate their
states before a subsequent collision between 1 and 2. The incoming pair statistics are then affected
even when the individual collisions are separated in time. Higher orders incorporate four and more
particles by continuing the comparison of powers of ¢ in the hierarchy.

This procedure provides a systematic ordering under the finite-coefficient assumption in (2.4.31). A
controlled truncation requires € < 1. In a dense fluid, ¢ = nd® is generally of order unity, so
successive powers no longer suppress the higher contributions. Corrections may be comparable to
the binary contribution, and retaining only the first few terms loses its justification. Convergence of
the formal series is a separate question; a dense-fluid theory requires another justified
approximation for the higher distributions.

Bogoliubov’s kinetic hypothesis (2.4.26) is broader than this expansion. It postulates that, after a
short initial relaxation, the higher distributions are determined by the complete one particle
function f; (r, p, t) at the observation time t. Its physical requirement is that the relevant pair, three
particle and higher correlations adjust much faster than f; changes appreciably. During their
adjustment, f; changes little; subsequently, the higher distributions continue to follow its evolution.

The hypothesis concerns the loss of independent memory of the initial higher correlations. Their
influence during the initial relaxation can change f;, and those changes remain in the distribution
from which the kinetic evolution proceeds. Once the hypothesis applies, separate initial data for the
higher distributions are no longer required.

Interaction correlations remain present in the functionals F;[f;]. The dilute pair coefficient in
(2.4.47) already illustrates this. In a dense fluid, substantial correlations between neighbouring
particles are likewise compatible with a functional description through f;, provided they adjust
rapidly to it. The strength of a correlation and its relaxation time are separate physical properties.

Spatial weakening of correlations concerns a different property: sufficiently distant particles
become statistically independent, as in (2.4.36). This property may remain valid in a dense fluid
with a finite correlation length. Its extension to collision separations, however, requires the

influence of surrounding particles. The second equation of (2.4.30) represents that influence
)

through f;. The isolated operator S-7/ omits those forces, so transporting a distant factorized
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product with that operator gives only the binary approximation. Spatial weakening alone therefore
supplies neither the complete dense-fluid functional nor the required separation of relaxation
times.

The interaction energy provides a physical reason to examine whether f; is sufficient. Let E;,(t) be
the mean energy of the pair interactions. Since f, counts ordered pairs, each physical pair is
counted twice, giving

Ein(t) =5 [ d1d2 & (|ry —r3]) ,(1,2,1). (2.4.64)

States with the same f; have the same mean kinetic energy, but different pair distributions can give
different interaction energies. A closure through f; alone presupposes that the pair correlations
relevant to the evolution, including their energy contribution, have become determined by f;.

If pair correlations evolve as slowly as f;, the reduced description can retain f, alongside f;. The
generalized kinetic hypothesis then expresses f;, with s = 3, through both current functions. The
one particle and pair equations evolve f; and f,, with f; supplied by this generalized closure.

Collision invariants and the transition to the H-theorem

For the dilute gas, the collision integral (2.4.23) describes how elastic binary collisions change the
momentum distribution. Each collision preserves particle number, total momentum and total
kinetic energy. We now derive the corresponding conservation conditions, introduced in Section
2.2, directly from the gain and loss terms.

We assume that the momentum integrals below converge. To identify the quantities conserved by
collisions, we multiply the collision integral by a function ¥ (p;) and integrate over momentum:

Iy(r,t) = [ d®py(p) CLA](T Py, ). (2.4.65)
All distribution factors in the calculation are evaluated at the same position r and time t. The
abbreviations

fi=Aput),  fi'=fA@plD, Yi=yv@), Y =)
refer to i = 1,2; here the subscript on f; labels a momentum argument of the one-particle

distribution. As in the collision integral, p;’, p,’ are the incoming momenta that produce p;, p,. The
relative speed is g = |p, — p1|/m, and do = b db d¢. Substitution of (2.4.23) into (2.4.65) gives

Ly = J d®p, d3p2f bdbdo g, (fi'fa" — fif2)- (2.4.66)

Exchanging the labels of the two identical particles leaves the collision measure and both
distribution products unchanged, while 1; becomes 1,. Averaging the original integral and the
integral with exchanged labels therefore gives

1

Iy =3[ &py d®p,[ bdbde g W1 +Y)(A'f' = fif)- (2.4.67)

The next change of variables interchanges the initial and final collision states. In (2.4.67), however,
the primed momenta are functions of p;, p2, b, ¢. To make the change explicit, we first write the
same integral with all four momenta as integration variables and impose the scattering relations
with Dirac delta functions.

For specified p4,p-, b, ¢, the two-particle scattering problem determines the incoming momenta
p"(p1, P2; b, ). With these arguments understood on the right-hand side, the required weight is

W(py,P2;P1,p2) = [ bdbdep g 5®(p," — pi) 6@ (p,' — piP).

Integration over p,’ and p,’ sets p;/ = p" in the remaining factors. The four momentum variables
are therefore constrained by the same scattering relations as in (2.4.67), which becomes

1
Ly = Ef d3py d3p, dp, Pp,' W (W1 + ) (' 2’ = fif2)-
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Here and below, W has the arguments displayed in its definition. Reversibility of the elastic
collision and the invariance of the complete collision measure in (2.4.20) give
W(p1,p2;P1,p2) = W(p1', p2's P1. P2).
We can now interchange the four integration variables in pairs,
P: © P, pP: P

This permutation has absolute Jacobian one. The symmetry of W restores its original arguments,
while the other factors transform as

Y1+ Py = ), ' =fifze fif - f'f.
1 ! ! ! 1A ! !
Ly = _Ef d3p; d3p, d3p," Pp,' W (1" + VA — fif)-

Averaging the two expressions for I, gives

1
Ly = Zf d*py d3p, d3py dPp,' W (1 + 0, — 1 =PV = fif)-

Finally, substitution of the definition of W and integration over p;’,p,’ using the delta functions
return the original collision measure. We obtain the Boltzmann lemma,
1

Iy =] &py &®p,[ bdbde g (s + Y, =1 = VA = ff)- (2.4.68)

The first factor in parentheses is the difference between the sum of i for the final pair and its sum
for the initial pair. A function whose sum is conserved in every allowed collision is called a collision
invariant. It satisfies

Y(p1) +¥(p2) = ¥(Pp.") + ¥(p2). (2.4.69)

For such a function, this factor in (2.4.68) vanishes in every collision, and hence I, = 0.

Particle number is conserved because each binary collision has two particles before and two
particles after scattering. Conservation of total momentum and kinetic energy gives the other four
basic collision invariants. Together, the five functions are

L, Pu Py P (2.4.70)

Choosing these functions successively in (2.4.65) gives

fdgpl C[fl](r' let) =0,
J &®pyp1 CIA1](r,py, 1) = 0, (2.4.71)

2
fd3p1 :_;l Clfil(r,ps,t) = 0.

Thus collisions make no contribution to the local rates of change of particle number, momentum or
kinetic energy. Streaming can transport these quantities between different positions, and the
external force can change momentum and energy.

For example, integrating the Boltzmann equation (2.4.24) over momentum and using the particle-
number identity in (2.4.71) removes the collision integral. Using the definitions of number density
n and mean velocity u from Section 2.2, the streaming integral becomes V, - (nu). Since F®*' is
independent of momentum, its contribution is a momentum boundary integral, which vanishes
when f; decays sufficiently rapidly at large momentum. The result is the continuity equation,

&4V, - (nu) = 0. (2.4.72)

Many different momentum distributions have the same particle number, momentum and kinetic
energy. Their conservation therefore leaves open the question of how collisions drive relaxation
among these distributions. Section 2.5 introduces the H-function and uses the identity (2.4.68) to
calculate its change due to collisions. The resulting sign determines the direction of collisional
relaxation, while the equality condition identifies the local Maxwell distribution.
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2.5 The Boltzmann H-theorem

Section 2.4 showed that elastic collisions conserve particle number, momentum and kinetic energy.
These conservation laws constrain the redistribution of particles among momenta, but they do not
determine the direction of that redistribution. We now derive a functional of f; whose time
derivative has a definite sign under the Boltzmann equation. We then determine when the
derivative vanishes and relate the result to equilibrium and entropy.

The H-function and the assumptions

The identity (2.4.68) contains the combination ¥ (p;) + ¥ (p2) — ¥(p1") — Y (p;'). Choosing P to be
a logarithm turns this sum into a logarithm of the ratio of the pair products f; (r, p1, t) f1 (r, p2, t) and
fi(r,p1, ) fi(r,p,’,t) that occur in the collision integral. This is the reason for the following
definition.

Let f.ef > 0 be a fixed constant with the same units as f;, and let V be the fixed spatial region
occupied by the gas. Define the Boltzmann H-function by

H(®) = [,d*rf d®p f,(r,p, t)ln%. (2.5.1)

The reference constant makes the logarithm dimensionless. Since [ d3rd3p f; = N, changing fe
adds only a time-independent constant proportional to N. It therefore has no effect on dH/dt. No
averaging cell or additional distribution is introduced in (2.5.1).

We assume that f; is positive and sufficiently regular, that H and the required collision integrals
and moments are finite, and that its momentum tails make the integrations by parts below valid.
The external force F®*'(r, t) remains independent of momentum, as in Sections 2.2 and 2.4. We use
periodic spatial boundaries or stationary walls with specular reflection, so that the spatial
boundary contribution to dH /dt vanishes. Specular reflection reverses the normal component of
momentum and preserves its tangential components. The sign proof can also be extended to
distributions with zeros by a suitable limiting procedure; the equality argument below concerns
smooth positive distributions.

Time derivative of H

Differentiating (2.5.1) gives

dH a
S=f,drfap (1+ ln%) % (2.5.2)

Insert the Boltzmann equation (2.4.24). For the spatial streaming term, use V.[fiIn(fi/frer)] =
(1 +ln(f1/fref))Vrf1. If dS denotes the outward directed surface element of dV, the resulting
contribution is

3 3, P f;
—f,drf & v [ L
_ 3.. P fi _
——éavdS'fd pzfl n?ef—O.

For periodic boundaries, the contributions from opposite faces cancel. At a specular wall, the
incident and reflected distributions have equal values. Their normal velocities have opposite signs,
so their contributions to the surface integral cancel in pairs.

(2.5.3)

The force term is a divergence in momentum space because F®' is independent of p. Its

contribution is
— [, d3rf d*pFet- Y, [filn L]
fref (2 5 4)
=—[ d3r[ d3pV, - [F*flnL] = 0. o
4 p 1 fref
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Here the boundary integral at large momentum vanishes by the assumed decay. The collision term
is therefore the only remaining contribution. Its part weighted by 1 vanishes because [ d3p C[f;] =
0, as established in (2.4.71). Thus

dH (r,py,t)
% = fp 1] dipy PR CIf ) py, ). (25.5)

This reduction does not require spatial homogeneity. Streaming can redistribute the integrand of H
in space, but it gives no net change of H under the stated boundary conditions.

The sign of the collisional contribution

At each fixed r and ¢, apply (2.4.68) with ¥(p) = In(f; (1, p, t)/frer)- Its possible dependence on r and
t does not affect the exchanges of momentum variables used to derive that identity. The primed
momenta retain their meaning in (2.4.23): they are the incoming momenta that produce the
specified pair p;, p,. The collision integration uses g = |p, — p1|/m and do = b db d¢, defined in
(2.4.5) and (2.4.9). The four logarithms combine as

_ N _ N _ 1. S1@pt)fi(rp2.t)
Y(p1) + ¢P(p2) —¥(p1) —YP(pz) =In AT ) (2.5.6)

Combining the logarithms divides each pair product by f.%; the identical reference factors cancel in
their ratio. Substituting (2.5.6) into the symmetrized identity and then into (2.5.5) gives
dH

L= —2f, @[ dp.f d*p,f dog

X [fi(r,pr, Ofi(rp2, 1) — f1(r,p1, O (1, p2' )] (2.5.7)
fiep ) fi(tpzrt)’
For any positive numbers x and y, monotonicity of the logarithm implies that x — y and Inx — Iny
have the same sign. Consequently,

(x — y)1n§ > 0. (2.5.8)

Equality in (2.5.8) holds if and only if x = y. Apply it with x = f;(r,p1,t)f1(r,p,,t) and y =
fi(r,p1, ) fi(r,p2', t). The relative speed g and the area element do = b db dg are nonnegative.
Every contribution to the integral in (2.5.7) is therefore nonnegative before multiplication by —1/4,
and

a4 <o, (2.5.9)

Equation (2.5.9) is the Boltzmann H-theorem under the assumptions stated above. The collision
integral decreases H whenever the two pair products differ on a set of collisions with nonzero
integration weight.

Equality and the local Maxwell distribution

Because the integrand in (2.5.7) has a fixed sign, dH /dt = 0 requires, at almost every position and
for almost every collision with nonzero weight,
fl (1", P1, t)fl (1", P2, t) = fl (I‘, p1’» t)fl (I‘, pZI' t)' (2510)
For a smooth positive distribution, this condition extends by continuity to the allowed collisions.
Taking its logarithm gives
Y(p1) +¥(p2) = ¥(pi) + ¥(p2),

_ 1. iopt)
$(p) =In=2==

Thus ¢ is a collision invariant in the precise sense of (2.4.69). Equation (2.4.70) lists the five
invariants 1, p,, py,pz,pz /(2m). To obtain the equality distribution, we must also justify that a

(2.5.11)

smooth invariant has no further independent momentum dependence.

42



Complementary Statistical Physics — Section 2

We work at fixed r,t and assume that the allowed elastic scattering connects all directions of the
relative velocity at each nonzero g. This is the usual three-dimensional scattering case; a collision
law that preserves additional quantities would need a separate equality analysis. At fixed total pair
momentum P and relative speed g, equations (2.4.6)-(2.4.8) allow the relative velocity to change
direction while preserving the pair energy. Let §p be an infinitesimal change of the first momentum
on this surface. The second changes by —ép. Conservation of energy and differentiation of the
invariant condition give

(p1 —Pp2)-6p =0,
[Vp,¥(p1) = Vp,¥(p2)] - 6p = 0.
The first line says that dp can be any tangent direction perpendicular to p; — p,. The second says
that the difference of the two gradients is perpendicular to every such direction. That gradient
difference must therefore be parallel to p; — p,.

(2.5.12)

Let K (p) be the Hessian matrix of ¥, with entries Kqp = 0%/ dp, 0pp, where a, 8 = x,y, z. Choose
p, = p1 + dp e, where e is any unit vector and dp is a small momentum increment. Divide the
gradient difference by dp and take §p — 0. It follows that K(p;)e is parallel to e for every direction.
Choosing the three coordinate directions makes K diagonal; choosing sums of two coordinate
directions makes its diagonal entries equal. Denote their common value by the scalar function A(p),
and let 64 be the Kronecker delta. Then

Kop(p) = A(p)dagp- (2.5.13)

The vanishing mixed second derivatives in (2.5.13) mean that dy/ dp, depends only on p,. Each
diagonal second derivative therefore depends only on its own coordinate. Since the three diagonal
derivatives are equal for independently variable p,, py, p,, their common value 4 must be constant
in momentum. Integrating twice gives the general invariant. Denote its scalar coefficients by a,(r, t)
and a,(r, t) and its vector coefficient by a; (r, t). Then

2

f p
ln#ef =aota;-ptay;—. (2.5.14)

Normalizability over all momenta requires a, < 0. Introduce a positive parameter T and a vector u
by

a=—-———, a=-— (2.5.15)

17 kT

Completing the square in (2.5.14) then yields

mu? (p—mu)?
fi = frer€Xp (ao + M) exp[— m]. (2.5.16)
The Gaussian is centered at mu, so its mean particle velocity is u. Its normalization uses
3 _ (p-mw?, 3/2
[ d3pexp[ i) = (2mmkgT)3/2. (2.5.17)

Fixing the remaining prefactor by n = [ d3p f; gives

— n _ (p-mu)?
fue(r,p,t) = (2mmkpgT)3/2 exp[ 2mkgT 1 (2.5.18)

All three fields in (2.5.18) depend onr, t. Each Cartesian Gaussian variance is mkgT, so
(p—mu)? 3
[ d*p P fip = ~nkgT. (2.5.19)

Hence the parameters n,u, T are exactly the density, flow velocity and kinetic temperature defined
in Section 2.2. Equation (2.5.18) is the same local Maxwell distribution f; ; used there.

Conversely, the logarithm of (2.5.18) has the form (2.5.14). In the sum of two such logarithms, the
constant term cancels between incoming and outgoing states, the linear term cancels by
momentum conservation, and the quadratic term cancels by energy conservation. Thus every
allowed collision satisfies (2.5.10), and

Clfiel = 0. (2.5.20)
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The equality condition is local. An arbitrary choice of fields n,u, T in (2.5.18) does not automatically
solve the full Boltzmann equation. If the distribution is exactly local Maxwellian, that equation also
requires

0fi
Lifig = a—iE + % Vifig + F& - Vpfip = 0. (2.5.21)

Spatial gradients or external forces can make L;fir nonzero even when C[fijg] =0. In a

hydrodynamic approximation, small departures from the local Maxwell form provide the collision
term needed to balance the slow evolution of the fields.

Equilibrium minimum and the meaning of monotonic decrease

For a concrete global equilibrium statement, specialize to a spatially homogeneous gas with no
external force and periodic boundaries. Let IV be the volume of V. In addition to the fixed particle
number N, define the total gas momentum P,,, and total kinetic energy E;, by

Pt = fv rf dppfi,
3 3, P’
Ekin = fvd T'fd 4 %fl
These quantities are time independent by (2.4.71); there is no external force or boundary

momentum or energy transfer. The symbol P, refers to the whole gas, whereas P in the collision
kinematics refers to one pair.

(2.5.22)

Define the uniform density n.,, mean velocity u., and temperature T, from these conserved
quantities:

n _N u _ Piot
eq _;! ed — mn’
AT ’1’\;2 (2.5.23)
2 Bleq — kin_zm Ueq-

Assume positive thermal energy, so Toq > 0. The uniform Maxwell distribution with the same three
conserved moments is

foq(P) = ——— exp[— w]. (2.5.24)

(2mmkpgTeq) 2mkpTeq

It is stationary: its collision term vanishes, it has no spatial gradient or explicit time dependence,
and the external force is zero. Write H[f;] for the functional (2.5.1) evaluated on f;, and define
Heq = H[feql- The logarithm of f.,/frer grows only quadratically with momentum, so the Gaussian
tail gives a finite Hoq.

The function ln(feq/fref) is a linear combination of 1, the three momentum components, and
p?/(2m) with constant coefficients. Since f; and feq have matching moments,
fe
f, @ 7] d%p (fy = feg)n 2L
Split In(f;/fref) = ln(fl/feq) + ln(feq/fref) in H[f;] and subtract H[f.q]. Equation (2.5.25) removes
the second contribution, leaving

=0. (2.5.25)

H[fi] = Heq = [, d*r[ d®p filn ]{_: (2.5.26)

For positive x, y, put z = x/y. The function zlnz — z + 1 has derivative Inz and its minimum is zero
atz = 1. Therefore

xlng —x+y=>0. (2.5.27)

Equality in (2.5.27) holds if and only if x = y. Use x = f, ¥y = f.q and integrate. The terms —f; + fq
integrate to zero because both distributions count N particles. Equations (2.5.26) and (2.5.27) give

H[fl] = Heq' (2528)
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Equality in (2.5.28) requires f; = foq almost everywhere. Thus the equilibrium Maxwell

distribution minimizes H at fixed N, P, Ey, in this setting. For a solution existing for all ¢ = 0, the
nonincreasing function H(t) has a finite lower bound. It consequently has a finite limit, which we
denote by Hy,:

imH () = Heo 2 Heg. (2.5.29)

This statement alone does not establish H,, = Heq or convergence of the whole distribution to feq.

Such convergence requires further information about the solution and its long-time dynamics. The
H-theorem also supplies no relaxation rate. The figure illustrates the additional case in which
relaxation to equilibrium does occur.

H(@) ,

v

0 t

Figure 2.5.1. Schematic H (t) for relaxation to uniform Maxwell equilibrium. The dashed line marks Heq; the curve
does not represent a specified relaxation law.

Relation to entropy

At fixed N, let S, be a time-independent additive constant specifying the entropy convention. Define
the kinetic entropy functional by

Skinlf1] = —kgH[f1] + So- (2.5.30)
The sign result (2.5.9) immediately gives

dSkin —_ d_H
— = kg =20. (2.5.31)
To determine the thermodynamic meaning of this functional, evaluate it on the local Maxwell

distribution already obtained. The logarithm entering H[f.g] is

Jie _ n _ (p-mu)?
I = I i~ 2micpr (2.5.32)

In the definition of H[fig], each term in (2.5.32) is multiplied by fig and integrated over
momentum. The first term is independent of momentum, so its contribution is n times that term.
The second contributes —3n/2 by (2.5.19). Hence

n 3

Hlfigl = J,, d%m[lnm—z], (2.5.33)

For example, choosing the additive convention Sy = Nk yields

fre (2 k T)3/2 5
SkinlfLel = kg fvd3rn[ln% +-].

(2.5.34)
This has the state dependence of the classical monatomic ideal-gas entropy; the remaining additive
constant per particle is fixed by f..r. At local equilibrium, the expression in square brackets gives
the entropy per particle, in units of kp, of an element with local density n and temperature T.
Integrating over the gas gives its thermodynamic entropy within the dilute ideal-gas
approximation. The flow velocity does not appear because the kinetic energy relative to that flow

determines the temperature.
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Away from local equilibrium, (2.5.30) defines an entropy functional of the retained one particle
distribution. It does not include the independent many particle correlation information contained
in f,, f3,.... In particular, it cannot by itself supply the nonideal entropy corrections of a dense
interacting gas. The local equilibrium calculation above establishes the thermodynamic
interpretation in the regime where the local Maxwell form is applicable.

Microscopic reversibility and the scope of the theorem

Section 2.1 established that Hamiltonian dynamics preserves phase space volume and transports
py without changing its value along a trajectory. Let py ¢ > 0 be a fixed constant with the same
units as py. For a sufficiently regular full distribution with finite integrals and vanishing boundary
terms, the Liouville equation gives

a I A PN
dtf dr len PN ref f dr V[‘ [Flen pN,ref] (2535)
=0.
The divergence form follows from d,py = —I" - V-py and V. - I' = 0. Thus the corresponding fine-

grained integral is conserved. The decreasing one particle functional H belongs to the closed
Boltzmann description. Its sign law requires the collision approximation and the factorization of the
incoming pair distribution in (2.4.15); it does not follow from exact marginalisation alone.

For a time-reversal invariant microscopic system, reverse all particle momenta at some later time.
The subsequent exact trajectories retrace the original motion. Pairs that were leaving a collision
then become pairs approaching the reversed collision. The correlations generated in the original
collision are consequently present in the incoming pairs of the reversed evolution. Those pairs
generally fail the independence condition used to derive the Boltzmann collision integral. A one
particle equation imposing that condition therefore need not describe this reversed preparation.

The kinetic resolution 7;,; < 4ty;, < 7o Mmakes the internal force history of a binary collision
unresolved while retaining the slower evolution of f;. The incoming correlation condition supplies
the statistical time direction of the closure. Choosing a temporal resolution alone does not imply
that condition or the inequality (2.5.9).

The equality analysis identifies the local Maxwell form toward which collisional relaxation can
drive the momentum distribution. The time 7, defined in (2.4.3) characterizes that relaxation, but
its value is not calculated by the H-theorem. When local relaxation is fast compared with the
evolution of n,u, T, these fields can support the subsequent hydrodynamic description.

2.6 Kinetic description of plasma and the Vlasov equation

Section 2.3 showed that the interaction term in the equation for f; contains two contributions: a
force calculated from the one-particle distribution and a correction that requires the pair
correlation g,. Sections 2.4 and 2.5 retained the correlations generated during isolated binary
encounters and obtained the Boltzmann description. We now develop the other approximation
identified in Section 2.3, in which the force produced by many charged particles is the leading
effect.

For a Coulomb interaction, a particle experiences forces from charges far beyond its nearest
neighbours. If the interaction with one neighbour is weak, the combined electric force of many
particles can still change the distribution appreciably. A kinetic equation for this regime must
therefore retain the electric field generated by the particle density. The field changes the
distribution, while the changing distribution changes the field. Our first task is to derive a closed
equation that includes this mutual dependence.

The resulting equation also allows us to study two concrete physical problems. A stationary charge
inside a plasma attracts or repels electrons and therefore changes the potential that it would
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produce in vacuum. We shall calculate the resulting charge redistribution and the distance over
which it reduces the electric field. A small electron-density disturbance produces an electric field
even without an additional charge. We shall then determine whether that disturbance oscillates and
whether its field can decrease when collisions are negligible.

The plasma model and its uniform reference state

We consider plasma containing electrons and positive ions, with zero net charge in its unperturbed
state. To describe the electron response with one kinetic equation, we consider N classical,
nonrelativistic electrons of mass m and charge —e, where e > 0 is the magnitude of the elementary
charge. The positive ions are represented by a prescribed uniform background of charge density
eny. Here ny is the electron number density in the neutral, unperturbed state. Keeping the
background fixed isolates the electron response; the motion of the ions is outside this model.

We restrict the calculation to electrostatic fields. In SI units, with €, denoting the vacuum
permittivity, the electron pair interaction energy and the force on electron 1 due to electron 2 are

2
o(r; — 1) = ———,
4meg|r;—17|
S s (2.6.1)
12~ e ameg ry—rp |3

The force points away from electron 2, as required for repulsion between two negative charges. The
symbol @ retains its meaning from the preceding sections: it is a pair interaction energy. The
electric potential introduced below will be denoted by the lower-case symbol ¢.

The statistical variable remains the distribution f; defined in Section 2.2. The quantity
fi(r,p,t) d3r d3p is the mean electron number in the corresponding one-particle phase-space
element. Its normalization and density moment are

J&rd®pfie,p,t) =N,  n(rt) =[dpfi(rp0). (2.6.2)
Thus f; /N, rather than f;, would be the probability density for one randomly selected electron. We
initially consider a large neutral system. The calculations of screening and of a density wave will
concern its bulk, where boundary effects can be neglected.

Both disturbances will be measured relative to a plasma prepared with uniform density ny, zero
mean flow, and temperature Ty > 0. The corresponding Maxwell distribution is the uniform
specialization of fi g in Section 2.2 and of fq in Section 2.5:

— o _ p? 3 —

féq(p) - (Zn,kaTo)3/2 exp( zkaTo)' fd pfeq - nO' (263)
The unperturbed electron charge density is —en, and cancels the positive background. With no
imposed field, the bulk electric field is therefore zero. The Maxwell form specifies the prepared
reference state about which we shall calculate the electron response.
The self-consistent electric force from the hierarchy
The first BBGKY equation identifies exactly what must be approximated. With 1 = (ry,p;) and d2 =
d3r, d3p,, itis

Lifi(1,t) = —=[ d2F;5 -V, fo(1,2,1). (2.6.4)

As in Section 2.3, £; contains the time derivative, spatial streaming, and acceleration by the

prescribed external force. For the present model, the prescribed force includes the force of the fixed
positive background. The electron-electron force is the contribution on the right of (2.6.4).

Section 2.3 separated the independently distributed part of the pair population from its correlation
correction:

£12,0) == AW OA26) + g,(1.2,1). (2.6.5)

47



Complementary Statistical Physics — Section 2

The factor (N —1)/N follows from the normalization of f, to the number N(N — 1) of ordered
distinct pairs. Define the mean electron force F,; by averaging the pair force with the one-particle
distribution of electron 2:
N-1
Fou(1,) = — [d2F,fi(2,0). (2.6.6)
To see how this force enters the kinetic equation, insert the first term of (2.6.5) into (2.6.4). The
momentum derivative acts only on f; (1, t), because f;(2,t) depends on the variables of electron 2.

Its contribution is consequently

N-1
——— [ d2F,f,(2,) - Yy f1(1,0) (2.6.7)
= — mf(l't) ‘ Vplfl(li t)

Moving (2.6.7) to the left gives

(L1 + Fp- Vp )fa(1,0) = —[ d2Fy; -V, g2(1,2,0). (2.6.8)
Equation (2.6.8) is still exact. The mean force is already determined by f;, whereas the right-hand
side requires the additional pair information g,. This identifies the closure step: the Vlasov
approximation keeps the mean force and neglects the contribution on the right to the accuracy
being considered.

We need physical conditions under which this step is useful. Let a = n51/3 be the characteristic
electron separation. Weak coupling means that the Coulomb interaction energy at this separation is
small compared with the thermal energy:

_-1/3 e?
a=n,"'",

& kgT,. (2.6.9)

4-71'6061
We also consider smooth density variations on a length L much greater than a, so that a region of
size L3 contains many electrons. The density average in (2.6.6) then describes a collective force. The
initial pair distribution is assumed to have a correlation force contribution small enough to omit
from (2.6.8) on the timescale being considered.

Denote by 7, the time on which Coulomb encounters appreciably change the distribution through
the correlation contribution in (2.6.8). We study evolution over times short compared with ;.
This retains the change produced by the collective electric field while neglecting accumulated
collisional changes. The binary-encounter resolution used for the dilute gas in Sections 2.1-2.4
served a different calculation: there the force during a short encounter was replaced by its net
scattering effect. Here the electric force remains explicitly resolved in the evolution equation.

The connection between the mean force and the density is particularly simple because (2.6.1) is
independent of momentum. Integrating over p, in (2.6.6) gives

N-1 e?

me(r' )= N ame

r—r/

[ d3r" n(x',t) (2.6.10)

r—rs|3"
For N > 1, the normalization factor can be replaced by one. Denote the total electric field of the
electrons and background by E. The total force on an electron is then —eE. The background and
electron charges are combined before taking the infinite-system limit. Their net charge density,
denoted by p,,, determines the field through Gauss’s law:

pa(r,t) = e[ng —n(r,t)],  V,-E=22 (2.6.11)
0

The second relation is Gauss’s law. In the electrostatic approximation, the potential ¢ is defined by

E = —V,¢. Gauss’s law therefore becomes Poisson’s equation,
Vip==(n-n), E=-V. (2.6.12)
0
Neglecting the correlation contribution in (2.6.8) now gives the Vlasov equation,
ofi . P
a_tl + - Vifi —eE-Vpfi = 0. (2.6.13)
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The equation is closed together with (2.6.2) and (2.6.12). At a given time, the momentum integral of
f1 gives the electron density. The difference between this density and n, determines the charge
density and hence the electric field, once field boundary conditions are supplied. That field appears
in (2.6.13) and determines how f; changes. This dependence of the force on the same distribution
that it evolves is the self-consistency of the field. The uniform Maxwell distribution (2.6.3) is a
stationary solution: its spatial and time derivatives vanish, and its charge density gives E = 0.

To see how the equation transports the statistical population of one-particle states, write it in
conservation form. Since p/m is independent of r and E is independent of p, (2.6.13) is equivalent
to

of
LtV (B)+ V- (—eER) =0, (2.6.14)
This is a continuity equation for the mean electron population in one-particle phase space. Spatial
streaming changes the population of a phase-space element through its coordinate-space boundary.

The electric force redistributes that population through its momentum-space boundary.

Integrating (2.6.14) over momentum makes the momentum boundary term vanish when f; decays
sufficiently rapidly. With the flow velocity u defined in Section 2.2, the result is

nu= [dp %fl, Z—’Z +V, - (nu) = 0. (2.6.15)

A solution of the Vlasov-Poisson system requires an initial distribution and field boundary
conditions compatible with its charge density. For a localized perturbation of the infinite uniform
plasma, the perturbing potential tends to zero at infinity. For a neutral periodic system, we take the
mean electric field to vanish and fix the irrelevant additive constant in ¢. These are the settings
used below for the localized screening problem and the density-disturbance calculation,
respectively.

Small disturbances of the uniform plasma

The closed system is nonlinear: the field determined by f; multiplies a momentum derivative of f;.
To calculate the response of the uniform plasma to a weak charge or a weak density disturbance,
we retain only the first change from the reference state (2.6.3). This is the purpose of linearization.

Denote the distribution change by § f; and its density moment by én:
fi = foq + 611, n=ng + om, on = [ d3p6f;. (2.6.16)

The unperturbed field vanishes, so E and ¢ are themselves perturbing quantities. The first-order
response is the part proportional to the disturbance amplitude. Products of two perturbing
quantities belong to the next order. Substitution into (2.6.13), using the spatial uniformity of f.,
gives

951,

at

Only the last term contains a product of two perturbations. Omitting it gives the linear kinetic
equation; Poisson’s equation gives the accompanying field equation:

+ % -V, 0f; — €E - Vpfoq — eE- V,8f; = 0. (2.6.17)

96f1 | p
6_t1+; . Vr6f1 =cE- vpﬁeqr

2.6.18
Vi¢p=—6n  E=-Vo. ( )
0

The first equation determines the change of the distribution caused by the field. The second
determines the field caused by the density moment of that change. In the screening problem there
will also be a prescribed external charge in the second equation. In the density-disturbance
problem the field will be produced entirely by én. The approximation that made the force a mean
field and the approximation that made its response linear are separate steps.
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The electron response to a stationary charge

In vacuum, the potential of a positive charge decreases as the inverse distance from that charge.
Inside a plasma, that potential changes the electron distribution: electrons are attracted towards
the charge, and their additional negative charge contributes to the same electric potential. The
stationary potential must therefore be calculated together with the induced electron density. This
calculation determines how effectively the plasma reduces the field of an embedded charge.

We represent the embedded object by a fixed positive test charge Q at the origin. Let §3(r) denote
the three-dimensional Dirac delta with integral one; the source charge density is then Q8@ (r). The
electron plasma extends to infinity, with n - ny and ¢ — 0 far from the charge. The positive
background remains fixed. Poisson’s equation becomes

Vip = :40611 - e%6(3)(r). (2.6.19)

We study the stationary Maxwell response at the reference temperature T,. This specifies the
stationary momentum dependence: the density may depend on position, while the normalized
Maxwell momentum distribution is unchanged. Thus

0P =2F (B),  Vpfig= ——2—fi (2.6.20)

e  mkgT,
The stationary Vlasov equation expresses the balance between the spatial density gradient and
acceleration by the electrostatic force. Substituting (2.6.20) into (2.6.13), with E = —V¢, gives

JaP . rgp — 2 yg] = 0. (2.6.21)

ngm kgTo
The bracket must vanish because the equation holds for every momentum direction. Dividing the
resulting relation by n gives Vinn = (e/kzT,)V¢. Integration and the far-field conditions fix the
integration constant:
_ e¢(r)
n(r) = nyexp (kBTo ) (2.6.22)
For the weak response being considered, |e¢| K kgT,. Expanding (2.6.22) to first order and using
(2.6.20) gives
Sn=2C¢ 5f =g (2.6.23)

~ kgTo " kpTp’®

The signs have a direct meaning. A positive potential increases the electron density, so the induced
charge density —edén is negative and opposes the positive source. A negative source would reverse
these signs in the linear equations.

Inserting (2.6.23) into (2.6.19) produces a coefficient with the dimensions of an inverse length
squared. We define the electron Debye length A, by this coefficient:

€okpTo

22 = (V2 — 152)p = —§5<3)(r). (2.6.24)

ngez ’
This length has arisen from the competition between the electric response and thermal motion,
through the density-potential relation (2.6.23). Its role in screening follows from solving the
potential equation.

The source and the reference plasma are spherically symmetric. For radial distance r = |r| > 0,
(2.6.24) therefore reduces to

ii(rz @) _2 _o. (2.6.25)

r2dr ar E
The substitution y(r) = r¢(r) removes the radial first-derivative term. The resulting equation and
its solution, with constants A and B, are

y" — Ap%y =0, y(r) = Ae~"/*> + BeT/p, (2.6.26)
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The boundary condition ¢ — 0 at infinity requires B = 0. The remaining constant is fixed by the

source charge. Integrating (2.6.24) over a sphere and then shrinking its radius to zero gives
240 _ _Q =0
e A

€’ amey’

lim4nr
r—0

Here the volume integral of the term proportional to ¢ tends to zero, whereas the delta source
contributes Q. The potential is consequently

(2.6.27)

$(r) = —2—e T/, (2.6.28)

4TEQT

At distances small compared with Aj, the exponential factor is close to one and the potential
approaches the Coulomb form. At distances large compared with 4j, the additional exponential
factor strongly suppresses it. This is electrostatic screening. The screening length is the electron
Debye length for the fixed-background model; allowing the ions to respond would require including
their density change as well.

The potential alone does not show where the compensating charge is located. Denote the induced
charge density by p;,q = —eén. Equations (2.6.23) and (2.6.28) give

pind(r)=—§—1§)¢(r)= 9 —e7T/, (2.6.29)

4nAdT

To determine how much charge has accumulated within a given distance, define Q;,q(r) as the
induced charge inside the sphere of radius r. Writing the radial integration variable as s, integration
of (2.6.29) over that sphere yields

Qua(r) = 47 [ s* pina(s) ds
= —Q[1—(1+-)e /]
QM = (1+5) e
In this linear solution, Q;,q(r) = —Q as r — oo: the integrated electron response compensates the
source. The total enclosed charge, denoted by Q.,.(r), includes the source and the induced charge.
Gauss’s law relates it directly to the radial field component E,.:

(2.6.30)

r

Qenc () = Q + Qina (1) = Q (1 + =) 772,
D
encT
E.(r)= %-
Thus Q.,/Q is also the ratio of the screened electric field to the vacuum field Q/(4meyr?). The
decrease of the field can now be attributed quantitatively to the induced charge contained inside
the sphere.

(2.6.31)

A thin spherical shell between r and r + dr contains induced charge dQ;,q = 4mr?p;,q(7) dr.
Although the density magnitude in (2.6.29) increases towards the origin, the shell volume
decreases there. The magnitude of the shell charge per unit radius is —dQ;,q/dr. Dividing by Q/1p
gives its dimensionless form:

_%% - ie—T/AD. (2.6.32)
This quantity has its maximum at r = Aj. Figure 2.6.1 shows both the shell contribution and the
accumulated charge. At one Debye length, only about 26% of the compensating charge lies inside
the sphere; at three Debye lengths the fraction is about 80%. The response is spread over several
Debye lengths, and the field decreases continuously with distance.
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Induced charge in spherical shells Charge compensation and field
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Figure 2.6.1. Screening as charge compensation in the linear point-source solution. Left: the normalized magnitude of
the induced charge per radial interval, (2.6.32), is largest at one Debye length. Right: the accumulated compensating
fraction —Q;,4/Q and the remaining charge fraction Q.,./Q from (2.6.30) and (2.6.31). The latter is also the electric
field relative to its vacuum value. At v = 31, about 80% of the source charge is compensated and about 20% of its
vacuum field remains.

The local linearity condition remains essential. The ideal point-source potential (2.6.28) diverges at
the origin and eventually violates |e¢| < kgT,. The source normalization above is the mathematical
normalization of the linear potential equation; the linear density (2.6.29) describes the electron
response only outside the region where this condition fails. We have calculated the stationary
response with the specified Maxwell momentum dependence. Its preparation or its approach after
a charge is suddenly introduced would require a separate time-dependent calculation.

The derived length also allows us to check the collective approximation quantitatively. Let N, be
the mean electron number in a sphere of radius 4. Then
am 41 (Ap\3 e? 1 [ a\?
ND = ?TlollgD = ? (FD) , m = E(E) . (2633)
When a « Ap, the response extends over a region containing many electrons, Np > 1, while the
typical pair interaction is weak. These are the conditions used to treat the induced density as a
continuous source of the mean electric field.

For example, an electron plasma with

ny = 101%m=3, Ty = 105K (2.6.34)
has the length and particle-number scales
Ap =218 x 10™*m, a=464x10"°m, Np =~ 4.35 x 10°. (2.6.35)

Here a is much smaller than the screening length, and a Debye sphere contains many electrons. For
a source Q = e, the distance e?/(4meykyT,) is about 1.67 x 1071% m. Since this is much smaller
than Ap, the potential energy |e¢| is small compared with kzT, throughout the distances that
contribute most of the screening response.

The evolution of an electron density disturbance

Screening concerned a stationary response to a prescribed charge. We now study a plasma whose
electron density is initially slightly nonuniform, with no added charge maintaining the disturbance.
A region with an excess of electrons has net negative charge relative to the fixed background. Its
electric field changes the electron flow, and that flow changes the density through (2.6.15). The
problem is to determine the resulting density and field as functions of time.

The uniform reference state has no preferred spatial direction. We study a sinusoidal density
variation along the coordinate x and denote its positive wave number by k. The distance between
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successive maxima is the wavelength 2m/k. Because the linear equations have spatially uniform
coefficients, different spatial Fourier components evolve independently. Studying this sinusoidal
component therefore gives a building block for a general small density disturbance.

Complex spatial amplitudes simplify the derivatives: differentiating e™** gives ike’**. The physical
quantities are their real parts. Define the distribution, density, potential, and field amplitudes by

8f1(x,p,t) = Re[8f1 x(p, )™ ],
Sn(x,t) = Re[6n, (t)e™*], (2.6.36)
¢(x,t) = Re[pp(De™],  Ex(x,t) = Re[Ex(t)e™™].
The potential depends only on x, so the electric field is directed along x as well. Such a field is called
longitudinal: it is parallel to the direction of the spatial density variation. A simple initial
disturbance changes the density while leaving the Maxwell momentum dependence and the mean
flow unchanged. For a real initial density amplitude 6n,(0), itis

8f1e(P,0) = fea®), 16 (0)] K 7o, (2.6.37)

This gives dn(x,0) = én,(0)cos(kx) and zero initial mean flow. The initial electric field is fixed by
the charge density through Poisson’s equation. The calculation below keeps the initial distribution
explicit, so it can also describe other small preparations.

dn(0)
No

Substituting (2.6.36) into (2.6.18) leaves equations for time and momentum only:

aafl,k . & _ afeq
—at + ik m 6f1,k = €Ek(t) Dy ,

—k2pi(t) = —omi(8),  Omy = [ dpSfie (26.38)
0
Ep(t) = =ik (O).
Before solving these equations, we can identify the electric restoring effect directly from the density
and momentum moments. Let §u, denote the first-order flow velocity along x, and let §PX" denote

the first-order change of the pressure-tensor component defined in Section 2.2. At zero reference
flow, their definitions are

X 2
nodu, = [ d®p 251, 6PN = [ d*p B 6. (2.6.39)

The correction from the squared mean flow to the pressure is second order, so it does not enter
these definitions. Integrating the linear kinetic equation first with weight one and then with weight

D, gives

26 a6
Gt =0,
Kin (2.6.40)
d8u, , 06PLR
mny—- + rym —engykE,.

The force moment uses [ p, 0p, feq d3p = —n,, obtained by integration by parts. Differentiating the

first line of (2.6.40) in time, substituting the second, and using d,.E, = —edn/¢e, gives
926n . mge? _19%5P§R
52 T e M=o (2.6.41)

The positive coefficient of dn has the sign of a restoring force. Define the positive electron plasma
frequency w, by this coefficient. If the pressure-gradient contribution is omitted, the density

equation becomes

2 2
2 = o€ I0% 4 w26n =0, (2.6.42)

P mey’ ot?

The density therefore undergoes harmonic oscillation with frequency w,, in this approximation. An
excess of electrons gives a negative second time derivative of that excess, and a deficit gives the
opposite sign.
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For comparison with thermal motion, use the thermal-speed notation of Section 2.1 with a definite
convention: here vy, is the root-mean-square velocity along one Cartesian direction of the Maxwell

state. Its value and its relation to the screening length are
2 1 P2 __ kgT, vy
vi = n—of d*p Zfoq="22,  Ap=-" (2.6.43)

m wWp

For a smooth thermal disturbance, the pressure change is of order kzT,dn. Its contribution to

(2.6.41), for a Fourier component of wave number k, is therefore of relative order (kvth/a)p)z =
(kAp)?. At long wavelengths, kA, « 1, the electric restoring term dominates and the frequency is
close to wy,.

The moment equations explain why oscillations occur, but do not determine the pressure response:
SPK™ depends on the evolving momentum distribution. They also do not determine whether the
field amplitude decays. Both questions require solving the kinetic equation (2.6.38), which retains
the different responses of different electron momenta.

The frequency response and the resonant integral

We want the response to the initial disturbance, rather than a solution with an arbitrarily assigned
time dependence. A one-sided time transform converts (2.6.38) into algebraic equations and
retains the initial distribution as an explicit source term. Introduce a complex frequency w and
define

8f1e(pw) = [, dtetsf, . (p, 0. (2.6.44)

The hats on ¢, and £, denote the same transform of their respective time amplitudes. Initially Imw
is positive and sufficiently large for convergence: the factor e "™®t suppresses the integrand at
large time. Integration by parts then gives

© iwt 00 . w7
[y dtelwt 2k = _5f, (p,0) — iw8f . (2.6.45)
Applying this identity to the first equation in (2.6.38), and using £}, = —ik¢,, yields

gﬁ,k =

The first numerator term comes from the specified initial state. The second is the distribution
change produced by the electric potential. The denominator contains the response frequency w and
the streaming frequency kp, /m of electrons with momentum component p,.

i 5f1,k(p;0)+ek$k 6feq/apx
W—kpyx/m '

(2.6.46)

To insert (2.6.46) into Poisson’s equation, the transverse momenta can be integrated out. Define the
one-dimensional marginal ]_feq by this integration; a prime on it will denote differentiation with

respect to p,:

]_ceq(Px) = f dp, dp, feq(p) = #e—pﬁ/@mkﬂo)’

(2mmkpT,y)1/2
J-_OOOO d Px feq(px) = Ng.

The transformed Poisson equation contains a term proportional to ¢, from the electron response.
Bringing that term to the left defines the dimensionless dispersion function D(k, w):

(2.6.47)

_ e? (oo F’eq(px)
Dk,w) =1+ " f_m—w_kpx ™ dp,. (2.6.48)
With this definition, the potential is determined by
~ _ e 3. 6f1k(P,0)
Dk, w)Pp(w) = e [d%p PR (2.6.49)
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Equation (2.6.49) separates the dependence on the initial disturbance, on the right, from the
response of the plasma, in D. The time-dependent potential is recovered by the inverse transform.
If o > 0 is chosen above the singularities of the transformed response, this inversion is

b (®) = - [T717 dwe 9 P (w). (2.6.50)
This integral initially follows a horizontal line in the upper half of the complex w plane. For t > 0,
the factor e~'“! decreases as the integration line is moved down. Where continuation of the
transformed response permits such a displacement, each crossed simple pole contributes a residue
multiplied by e ~“t evaluated at that pole. Zeros of D produce these poles unless the numerator in
(2.6.49) also vanishes there. The frequencies of these collective field contributions therefore satisfy
the dispersion equation

D(k, w) = 0. (2.6.51)
The initial distribution determines how strongly each contribution is excited. We are seeking the

frequency and decay rate of a collective field contribution; the full momentum distribution can also
retain other time dependence from its initial preparation.

The integral in (2.6.48) requires care when w approaches the real axis. For a real initial
disturbance, the physical oscillation combines contributions with opposite real frequencies. We
calculate the one with positive real frequency, denoted by w, > 0. At frequency w,, the
denominator vanishes at the resonant momentum
mwy

Pres = Kk (2.6.52)
At this momentum the electron velocity along x equals w, /k, the velocity of the spatial phase of the
oscillation. The singularity cannot be handled by simply omitting its value: how the integral
approaches it affects the imaginary part of the response and hence the decay rate.

The initial-value construction specifies that approach. The transform was defined for positive
imaginary frequency. Writing w = w, + in, where n > 0 has units of frequency, puts the momentum
pole at p,es + imn/k, above the real momentum axis.

Let PV denote the principal value of the momentum integral: equal small intervals are removed on
either side of p.., and their width is then taken to zero. Taking n — 0% while keeping the
integration path below the pole gives

©  fleq(Dx)
dpy = PVf_OOq— dpy

lim foo fleq (Px)
@r=kpx/m (2.6.53)

N0t "~ ® wr—kpyx/m+in
itm—,
_Tf eq(pres)-
The first term on the right is the principal-value integral. The remaining term is the contribution of
the small semicircle below the pole in Figure 2.6.2. Along that semicircle from left to right, the

integral of 1/(p, — Pres) is im. Since the denominator in (2.6.53) is —(k/m)(p, — Pres) in the limit,
the semicircle contributes —in(m/k)f’eq(pres). This fixes the sign explicitly.
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(a) Pole forn>0 (b) Limit n-0"*
Im px Im py

Pres + Iml]/k

pres

Pres Repx U R

Path passes below the pole

A 4
A 4

Figure 2.6.2. The resonant pole and the causal momentum contour in (2.6.53). The arrows indicate integration from
left to right. In the limit the contour passes below the pole, giving the principal value and the negative imaginary term.

We shall seek a decaying contribution, for which the frequency lies in the lower half-plane. Its
dispersion function must be the continuation of the function already defined by the initial-value
transform. As the pole moves down, the momentum path must remain below it. Replacing that path
by a new, undeformed real-axis integral after the crossing would change the function. This
prescription is called causal because it belongs to the response generated by the specified state at
t = 0 for later times; it does not introduce a finite collision rate.

Denote the real and imaginary parts of the limiting dispersion function by Dy and D;. Equation
(2.6.53) gives

S ]_c’eq(px)
X

2
=1+—P
Dr(k, w,) + €ok v f—°° wr—kpy/m (2.6.54)

nmme? —

Dl(k: (Ur) = - eok? f,eq(pres)-

The imaginary part depends on the slope of the momentum distribution at resonance. For the

Maxwell marginal, ]_”eq = —px]_ceq/(kaTO), which is negative at p,.; > 0. Consequently D; > 0. We

shall use this sign when determining whether the field contribution grows or decays.

The oscillation frequency and its decay rate

The moment argument in (2.6.41) suggests a frequency close to w, when ki, < 1. We now
calculate the thermal correction and the decay of that collective field contribution. In this regime,
w, is much larger than kvy,: for momenta of order mvy,, the streaming frequency kp, /m is small
compared with the oscillation frequency. The resonant momentum, by contrast, satisfies
Pres/(mvy,) = 1/(kAp) > 1 and lies in the Maxwell tail.

These two momentum ranges enter differently. The electrons with typical thermal momenta
determine the leading real part of the frequency through the principal-value integral. The
distribution’s slope at the resonant momentum determines the imaginary part through (2.6.54).
For the first calculation, expand the denominator in powers of the streaming frequency:

1 1 kpx | kK*p | K’pd
Py ———— [1+ — + il T mha + -] (2.6.55)
This is an asymptotic expansion of the principal-value integral for w,/(kvy) > 1. It is not a
convergent expansion at the resonant momentum. The resonant contribution is already retained

separately in D;.
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To evaluate the real part, we need four moments of the derivative of the Maxwell marginal. Its
decay at large |p,| permits integration by parts, and its symmetry makes the odd moments of ]_”eq

vanish. The required results are

JooF eqdpe =0, [ Pxfleqdpy = =1y,
JouPEfleqdpe =0, [7 D3 feqdpy = —3nomksTo.
For example, the last integral is —3/ p,%]_‘eq dp, = —3ngmkgT,. Inserting these moments into
(2.6.55) and then into (2.6.54) gives

(2.6.56)

2 21,2,,2
Dr(k,wy) = 1 — 25 — 2050 (2.6.57)

Setting this expression to zero and keeping the first correction in (kA )? yields
wf = wf + 3k*v§, = wi[1+ 3(kAp)?]. (2.6.58)

The nonzero frequency as k — 0 comes from the electric restoring term already found in (2.6.41).
Thermal motion raises the frequency at finite k. The coefficient 3 follows from the momentum
moment in (2.6.56); it is therefore determined by the kinetic calculation, rather than by an assumed
relation between pressure and density.

To calculate a weak decay, define a positive decay rate y by writing the complex frequency as

w = w, — iy, e~lwt = gTiwrto=yt, (2.6.59)
Assume y < w,. Expanding the continued dispersion function about the real frequency, and
retaining its leading small imaginary contribution, gives

. D
0 =~ Dg(k, w,) + i[D;(k, wr) — Ya_w}:]'

~ Dy (k,w;)
Y = etk @) e,

(2.6.60)

The real part vanishes by the frequency condition. A term involving y 0D,/ dw, is of higher order in
the small resonant contribution. At leading order, (2.6.57) gives Dy / dw, = wa,/a)f > 0. Together
with D; > 0 for the Maxwell distribution, this proves that y is positive: the collective field
contribution decays.

Evaluating the derivative of the Maxwell marginal at p,..; = mw,./k in (2.6.54) gives

_ [ wbor __wf
Dk, w,) = \/; PR exp( 2k2vt2h)' (2.6.61)
The resulting decay rate is
T wf w2

The thermal correction in (2.6.58) is small relative to wg, but it contributes a finite constant to this
exponent. Using A, = vy, /wy, we find

wi 1
2k2vd  2(kAp)?

+ 3 + 0((kAp)?). (2.6.63)

We therefore retain this constant while replacing the prefactor by its leading value. The long-
wavelength decay rate is

Y o~ | —Bexp[— ——— — 3
oy \ﬁ(klu) expl—soa5 3 (2.6.64)

The relative corrections to this formula are of order (kAp)2. At small kAp, resonance requires
electrons with velocity w,./k far above vy,. Their Maxwell population is exponentially small, which
accounts for the small decay rate. The frequency changes only quadratically with kA, whereas the
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decay rate changes rapidly through the exponential. Figure 2.6.3 displays both dependencies within
the long-wavelength regime.

Oscillation frequency 10-4 Decay rate
1.06 1
10—8 -

o .
§, 1.04 3& 10-12 ]
3 =

1.02 1 10-16

1'00 1 T T T 1 10_20 T T T T 1

0.00 0.05 0.10 0.15 0.20 0.10 0.12 0.14 0.16 0.18 0.20
kAD RAD

Figure 2.6.3. The long-wavelength estimates (2.6.58) and (2.6.64), plotted for kA, < 0.20. The decay-rate panel uses a
logarithmic vertical scale. Both curves are evaluated using the stated asymptotic formulas.

For the density and temperature in (2.6.34), the characteristic speed and frequency are
Vg = 1.23 X 10 ms™1, wp = 5.64 x 107 s71, (2.6.65)

As a numerical illustration, a component with kA, = 0.20 has the following wavelength, oscillation
frequency, and leading asymptotic decay rate:
21
— ~686x10"3m,
k (2.6.66)
w, =~ 597 x 10%s71, y = 3.7x10%s71,

The corresponding oscillation period 2m/w, is about 1.05 ns, while the amplitude decay time y ™! is
about 2.7 us. These values illustrate the separation between rapid oscillation and slow collisionless
decay; the decay rate is an asymptotic estimate. The condition w, 7, > 1 permits collisions to be
neglected during an oscillation. To observe the much slower decay predicted here without an

appreciable collisional change, the stronger time condition 7.,; > ¥ ! is needed.

Collisionless damping and the H-theorem

The decay obtained above is called Landau damping. It is a decay of the collective electric-field
contribution, obtained from the Vlasov equation without a collision integral. Section 2.5 related
irreversible relaxation in the Boltzmann equation to a decrease of the H-function. We must
therefore determine what decreases in the present calculation and whether the same change of H
occurs.

The distinction follows from the difference between the full momentum distribution and its density
moment. Solving the first equation in (2.6.38) with an integrating factor, and denoting the
integration time by t’, gives

Sfik(P t) = 6f1 (P, 0)e~ikpxt/m

P )
+e a];eq fot Ep (t")e~tkpx(t=tn/m g

The first term is the streaming of the initial distribution. The second is the change caused by the
electric field between the preparation at 0 and the observation at t. At each fixed momentum, the
streaming factor has unit magnitude; its phase, however, varies with p,. Consequently its integral
over momentum can become small even though the momentum-resolved term has not decreased in
magnitude.

(2.6.67)
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For the initial Maxwell density disturbance (2.6.37), this cancellation can be calculated directly. The
density moment of the first term in (2.6.67) is a Gaussian Fourier integral:

J @®p 8fy 1 (p, 0)e =Pt/ = ny, (0)exp[— %} (2.6.68)
This is the density contribution from free streaming of the initial disturbance. The self-consistent
field supplies the second term in (2.6.67), so this Gaussian is not the density evolution of the
plasma. The full response includes the plasma oscillation and the decay obtained from the
dispersion function. The integral nevertheless shows explicitly how a density moment can decrease
through cancellation of different momentum phases.

Two momenta separated by 4p, acquire a phase difference kdp,t/m. A phase difference of 27
therefore corresponds, for ¢ > 0, to the momentum interval

2mm
Apy ==, (2.6.69)
The momentum dependence becomes finer as time increases. The development of these different
phases and their cancellation in moments is called phase mixing. Thus a small collective field at late
times does not imply that the full distribution has become the original Maxwell distribution.

Information about the disturbance remains in its momentum dependence.

We can compare this statement directly with the H-theorem by returning to the full Vlasov
equation, whose leading field response was calculated above. We use a finite neutral periodic
region V and assume a positive, regular distribution with sufficient momentum decay and finite
integrals. The H-function and the constant reference phase-space density f..f > 0 retain their
definitions from Section 2.5:

— 3 3 i
H(®) = [,d*r[ d®p fyln (fref). (2.6.70)
The two transport coefficients in (2.6.14) have zero total phase-space divergence:
v, % +V, - (—eE) = 0. (2.6.71)

The first term vanishes because p/m does not depend on position; the second because the
electrostatic force does not depend on momentum. Define h = f;In(f; /f.er). Multiplying (2.6.13) by
1 + In(f;/frer) and using (2.6.71) gives

oh
e+ Ve (Bh) +V, - (—eEn) = 0. (2.6.72)

The spatial surface terms cancel between opposite faces of the periodic region, and the momentum
surface term vanishes at infinity. Integrating (2.6.72) therefore yields

dH _
== (2.6.73)

The Boltzmann collision integral in Section 2.5 changed H because it changed the distribution
through binary scattering. Vlasov transport conserves this H while developing fine momentum
dependence. There is no conflict with a decreasing field contribution: the field depends on a
momentum integral of f;, whereas H depends on the full distribution before that integral is taken.

Energy conservation provides a second check. For the density-disturbance problem, there is no
imposed test charge or external time-dependent field, and the fixed background carries no current.
Retain E;, for the total particle kinetic energy, as in Section 2.5. Define the electrostatic field energy
Wy and the electric current density j by

2
Ekin = fV d3 Tf d3p Zp_mflr WE = EZ_OJ'V d37' |E|21

(2.6.74)
j=—efd’p %fl = —enu.
Multiplying (2.6.13) by p?/(2m), integrating, and using the same boundary conditions gives
dEjin .
d—';=—efvd3rE-fd3p%f1=fvd3r]-E. (2.6.75)

59



Complementary Statistical Physics — Section 2

The sign follows by integrating the momentum derivative by parts: the gradient of p?/(2m) is p/m.
The field does work on the electron distribution at the rate j - E.

Since the background is fixed, the number continuity equation (2.6.15) also gives charge continuity.
Differentiating Gauss’s law in time then yields

6pel = JE =\ _

Pat1vj=0, V(e +i)=0. (2.6.76)
Multiply the second relation by ¢ and integrate over V. The periodic surface terms cancel, and
V¢ = —E, so the remaining volume integral is [, E - (€9 9.E +j) d°r = 0. It follows that

dWg _ 3.5
—£ = J,d*rj-E. (2.6.77)
Equations (2.6.75) and (2.6.77) therefore give
d
= (Exin + Wg) = 0. (2.6.78)

A reduction of field energy is accompanied by an increase of electron kinetic energy. This exact
balance is compatible with conservation of H: neither statement requires the full distribution to
become Maxwellian. The damping calculation describes the collective field and density response,
while the distribution retains the momentum structure generated by its evolution.

The two applications show why retaining the collective electric field matters. The stationary
density response produces screening, and the time-dependent density response produces plasma
oscillations with collisionless damping. These effects are present before the correlation
contribution in (2.6.8) appreciably changes the distribution. On times comparable with 7., that
contribution must be restored. In a weakly coupled plasma, the accumulated effect of many small-
angle Coulomb deflections then leads to a collisional kinetic correction. Its derivation requires the
pair-correlation dynamics that the present mean-field closure has neglected.

2.7 The Pauli master equation

Quantum states and the purpose of the Kkinetic description

The preceding subsections described relaxation starting from classical particle dynamics. We now
seek a kinetic description starting from quantum mechanics. Its statistical variables will be the
populations of the quantum states of the complete N particle system.

Let H be a time-independent Hamiltonian whose orthonormal eigenstates 1,, form a complete
basis, with corresponding energies E,;:

Hy, = Egpy. (2.7.1)
The label n collects all quantum numbers needed to specify a basis state of the entire system.
The statistical preparation used in the derivation is an ensemble in which the state 1, is prepared
with probability w, (t) at the initial time t. These probabilities are the weights of a statistical

mixture. They specify how frequently the different initial states occur among the ensemble
members.

This mixture can be represented by a density operator g(t), constructed as a weighted sum of the
projectors |, {1, | onto the prepared states:

ﬁ(t) = Zan (t)llpn)(lpnl' Wn(t) =0, Zn Wn ® =1 (2.7.2)

The normalization concerns alternative states of the whole system. The one-particle distribution f;
used earlier instead counts particles in phase space and is normalized to N.

A statistical mixture and a coherent superposition have different meanings. In the mixture, the
different preparations occur with probabilities w,, (t). In a coherent superposition, the basis states
occur within a single wavefunction with complex amplitudes and definite relative phases. The
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probabilities of basis-state measurement outcomes alone do not specify those phases. Equation
(2.7.2) explicitly selects the initial mixture used here.

Under H alone, each prepared basis state acquires only a phase, so its projector and the mixture
populations remain unchanged. A weak additional interaction §H(s) couples different basis states
and allows these populations to change. The interaction may be time independent or explicitly
dependent on time.

Each ensemble member has its own wavefunction ¥ (s). For a member initially prepared in v, its
subsequent evolution obeys the Schrdodinger equation, with A denoting the reduced Planck
constant:

in D = A+ SH@W (), () = (2.7.3)

The ensemble subsequently consists of the evolved wavefunctions of all its initially prepared
members. The initial weights remain attached to those members, while the probabilities of finding
the fixed basis states 1),, can change. At a later time s, these basis-state populations are w,(s) =

(Wl p($)[Yn)-

The interaction generally also generates matrix elements (¢, |9(s)|,,) with n # m. These contain
information about quantum coherence between different basis states. Thus the form (2.7.2)
specifies the initial preparation; its preservation under the full quantum evolution is not assumed.

Our objective is to establish the statistical and temporal conditions under which the populations
wy,(s) obey a closed balance equation with transition rates. We shall first calculate their finite
change from the specified initial mixture, then examine the approximation that leads to the Pauli
equation.

The population change over a finite time interval

The initial ensemble is the statistical mixture defined in (2.7.2). For an interval of duration 7 > 0,
we seek the change w,,(t + t) — w,(t) produced by the quantum evolution of its members. This
finite population increment will be the starting point for the kinetic approximation.

For the transition calculation, the perturbation is switched on at time t and acts until t + 7. The
conditional probability P(n; n’; t,7) describes a system initially prepared in i,, being found in y,,, at
the end of this interval.

Because the initial ensemble is a mixture, contributions from its different initial states are added as
probabilities. The population of state n receives probability from systems initially in other states
and loses probability through transitions out of n. The probability of remaining in n is one minus
the total probability of leaving it. Consequently,

Wy (t + ) — Wy (t) = Ypan W (P05 t,7) — w,, () P(n; s ¢, T)]. (2.7.4)

The first term is the gain of probability from initial states n’; the second is the loss from the initial
state n. This relation uses the mixture at the beginning of the interval. During the interval, each
member may evolve into a superposition, and that quantum evolution is included in the conditional
probabilities P.

To calculate these probabilities, consider one member initially prepared in ,,. Its wavefunction,
governed by (2.7.3), is expanded as
W(s) = Y ay (s)e Exls=O/hy, . a,(t) =1, ap(t) =0 (k#n). (2.7.5)

The exponential factors describe evolution under H alone. The additional interaction changes the
amplitudes ay(s). Its matrix element between W, and ,, is denoted by (W, |6H(s)|Py).
Substitution into the Schrodinger equation, followed by projection onto ¥,,, gives

.. d nr iT i - -
iR = T (Y| SH () e BB~ g (), (27.6)
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This equation is exact. At zeroth order in the interaction, a, (s) = 1 and all other amplitudes vanish.
Substituting these values on its right-hand side and integrating gives the amplitudes to first order.
Forn' # n,

a6+ 1) = =L [T s (1 [T () e B B0/, (27.7)

The lower bound is the time at which the initial amplitudes are specified. The conditional transition
probability is P(n;n; t,T) = |a,, (t + 1)|2. Its first nonzero contribution is therefore quadratic in
the interaction. The approximation is used over intervals for which the perturbative corrections to
the amplitudes, and the total probability of leaving the initial state, remain small compared with
one.

We now specialize to an interaction that is constant during the interval, §H(s) = §H. Performing
the integral in (2.7.7) gives

|2 sin?[(Epr—En)T/(2R)] ,

P(;n'; 1) = 4|, |6H Y, GoEy n' #=n, En #E,. (2.7.8)

For a constant interaction, the probability depends on the duration t, rather than the switch-on
time. When two distinct states have the same unperturbed energy, E,, = E,, the exponential in
(2.7.7) equals one and the time integral gives 7. In that case,

2 T !
P(n;n';7) = S |(n 6H[R)2 0’ #n, En = Ey. (2.7.9)

Hermiticity makes the matrix elements for the two directions complex conjugates. The energy-
dependent factor in (2.7.8) is also unchanged when n and n’ are exchanged. Thus, at the order
retained,

WnlSHYn)) = W l6HIYn),  P(yn;7) = P(n;n;0). (2.7.10)
The gain and loss contributions in (2.7.4) therefore contain the same transition probability. Their
dependence on the energy difference and the interval duration can be written using

ﬁsinz(xr/zh) (2'7'11)

I(x,7) = T[Tr x2
) x =0,

,x #0,

2mh

where x denotes an energy difference. Substitution of the calculated transition probabilities into
(2.7.4) then yields

Wi (4D -wn(t) _

= 28 ren [ | SH [Yon) 12 1 (Eny = By D) W, (8) = W (D). (2.7.12)

Using probability conservation in (2.7.4) includes the loss from each initial state consistently at the
same second order as the calculated transition probabilities.

T

Equation (2.7.12) gives the finite population increment for the specified initial mixture. Its
dependence on the calculation interval is explicit in I(E,, — E,,, 7). The next question is whether
there is a range of durations for which the statistical sum on the right becomes independent of 7 at
the retained accuracy. Establishing that range will justify the passage from this finite increment to a
differential kinetic equation.

The kinetic time resolution and the Pauli equation

Equation (2.7.12) gives the population change over the time interval from t to t + 7. Its dependence
on the duration t is contained in I(E,, — E,, ). The function defined in (2.7.11) has the delta-
function limit

Tllrgl(x, T) = 6(x). (2.7.13)

This limit is used under an integral over energy. For a macroscopic system with densely spaced
energy levels, the sum over final states n’ in (2.7.12) is approximated by an integral over the final
energy. This integral includes the density of final states—the number of states per unit energy—
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together with the squared interaction matrix elements and the population difference wy,(t) —
wy, (1).

To state when the delta-function approximation applies, let §E denote the typical spacing between
adjacent final energy levels. Let AE denote the smallest energy scale over which any of the other
factors in the energy integral changes appreciably. The energy width of I(x, 7) is of order /7, and
the required inequalities are

SE < = « AE. (2.7.14)

The first inequality means that many final levels lie within this width, permitting replacement of the
sum by an energy integral. The second means that the other factors vary little across the width,
permitting replacement of I by the delta function inside that integral.

The duration 7 is also restricted by perturbation theory. The transition amplitudes calculated in
(2.7.7) must remain small, and the total probability of leaving an initial state must be small
compared with one. For the constant interaction considered here, sufficient restrictions are

SWwlSHYR) <1, TpenP (min51) < 1. (2.7.15)

We assume that the interaction is weak enough for the same finite duration 7 to satisfy both
(2.7.14) and (2.7.15). Thus the limit in (2.7.13) provides an approximation to the energy integral
within the time range where the perturbative transition probabilities remain valid.

Using (2.7.8) and (2.7.11), and replacing I by its delta-function limit, gives
P15 7) = T 20 | (Y |SH 1) 26 (Epy — En)- (2.7.16)

As with (2.7.13), this expression is used under the integral over final energies. After that
integration, the transition probability is proportional to the duration 7. Its coefficient defines the
transition probability per unit time, or transition rate. Denoting the rate from n to n' by w(n; n'),
we obtain

W) = 2 (| SH )26 (Epy — En), ' %7, (27.17)

The delta function restricts the transitions to states with E,,, = E,,, expressing conservation of the
unperturbed energy at this accuracy. Hermiticity gives equal squared matrix elements for the two
directions of a transition. Since the delta function is also unchanged when n and n’ are exchanged,

w(n;n') = w(n';n).
Substituting P(n;n’;t) =~ tw(n;n') into the population balance (2.7.4) makes the population
increment proportional to T at the retained accuracy.
We now describe the populations at a coarser resolution in time, using durations 7 satisfying
(2.7.14)-(2.7.15). Variations on times shorter than this resolution are unresolved. In this kinetic

description, the finite population change per unit time is represented by the derivative of a
smoothly varying population:

Awn () _ wa(t+D)—wn(6)
at T ’

(2.7.18)
Using the transition rates in the balance (2.7.4) then gives the Pauli master equation:
= Yorzn [WN; )Wy, () — Wl n)wy, (2)]. (2.7.19)

The first term describes probability gained through transitions into state n; the second describes
probability lost through transitions out of it. On summing over n, each transition contributes once
as a gain and once as a loss. Consequently, Y., d w,/dt = 0, and the normalization in (2.7.2) is
preserved.

dwy(t)
dt
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Relaxation and microcanonical equilibrium

We now consider an isolated system, for which §H describes interactions within the system.
According to (2.7.17), transitions conserve the unperturbed energy. An ensemble initially confined
to a narrow energy interval therefore remains within that interval.

Let E denote the prescribed energy. The function 4(E — E,,) equals one when state n belongs to the
specified narrow interval about E, and zero otherwise. We denote the number of states in this
interval by I'(E), and their populations by w, (E, t). The populations outside the interval remain
zero. In the relaxation calculation below, all sums are restricted to states inside it.

Using the symmetry w(n; n") = w(n'; n), the Pauli equation becomes

dwy(Et)

= 2z W (1 n")[wy, (E, t) — wy(E, t)]. (2.7.20)

We want to establish whether these populations approach stationary values. Equation (2.7.20) is a
linear system with coefficients independent of time. Exponential functions are useful for solving
such a system because differentiation reproduces the same function multiplied by a constant. Since
the coefficient matrix is real and symmetric, its independent exponential solutions form a complete
set and have real exponents.

Let t, denote the time at which the initial populations are specified. Label the independent

exponential solutions by j, denote their coefficients in population n by c,(lj), and their exponential

parameters by A;, with units of inverse time. The general solution within the selected energy
interval can then be written as

wy(E, t) = Z ¢ e=4jt=to),
J

The coefficients are determined by the transition rates and the initial populations. At t = t,, they
satisfy

wy,(E, ty) = Z c,(l]).
J

Each exponential term satisfies the linear equation separately. For one fixed j, write c¢,, = c,(lj) and
A = A;. Substitution into (2.7.20), followed by cancellation of the common exponential factor, gives

—Acn = Znzn W (1) (cpy — €). (2.7.21)
Multiplying by c¢,, and summing over n, we obtain

—AZ c2 = Z Z w (n;n")c,, (¢ — Cp).

n n#n

Exchanging the summation labels n and n' leaves the rate unchanged and replaces ¢, (¢,, — ¢;,) by
Cni (€ — Cpy)- Averaging these two forms of the double sum and using

CTL(CTLI - Cn) + Cn/(cn - Cnr) = _(CTI,I - Cn)z
yields
AT €2 = 2T B W (05 0) (€ — )2, (2.7.22)

Every term on the right is nonnegative. For a nonzero exponential solution, },,,c2 > 0, so 1 > 0.
Thus contributions with A > 0 decay as time increases, while those with A = 0 are stationary.

Denote the stationary populations by w,*(E). They satisfy (2.7.20) with a zero left-hand side,
corresponding to A = 0 in (2.7.21). Setting ¢, = w,,*(E) in (2.7.22) therefore makes its right-hand
side zero. Each squared difference multiplied by a positive transition rate must vanish:

w, (E) = wy (E) whenever w(n;n') > 0. (2.7.23)
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Suppose that any two states within the prescribed energy interval can be connected by a sequence
of transitions with nonzero rates. Applying (2.7.23) at each step makes their stationary
probabilities equal. Normalization fixes this common probability to 1/I'(E), while the probabilities
outside the interval are zero. Written over the full set of quantum states, the result is

A(E—Ey)

eq —
Wn (E) - I—.(E) ’

r(E)=Y,A(E —E,). (2.7.24)

The sum defining I'(E) runs over all quantum states and counts those selected by A(E — E,).
Equation (2.7.24) is the microcanonical distribution.

The condition concerning allowed transitions is essential. If no transitions connect two groups of
states, the total probability of each group is conserved. The stationary probabilities are then equal
within each connected group, while the probability assigned to each group depends on the initial
ensemble.

When the states within the prescribed energy interval are all connected by allowed transitions, the
stationary solution is unique after normalization. All other exponential contributions have 1 > 0
and decay. The Pauli equation therefore predicts

A(E-Ey)

wy(E,t) - @

ast —ty = oo, (2.7.25)

For a discrete spectrum of relaxation rates with a smallest positive value A,;, the longest
relaxation time is 1/A,;,- In a limit where the relaxation spectrum becomes continuous, the
approach to equilibrium need not follow a single exponential law.

The Pauli master equation can also be reduced to the spatially homogeneous Boltzmann equation
for a dilute gas. For pair interactions, summing the many particle population balance over the states
of all particles except one gives an equation for the one particle distribution. In the classical limit,
approximating the distribution of particles before a collision by the product of their one particle
distributions yields the Boltzmann gain and loss terms discussed in §2.4.

2.8 Hydrodynamic regime and transport in a dilute gas

The hydrodynamic regime and the second coarse scale

Section 2.5 identified the local Maxwell distribution fig in (2.5.18), whose parameters are the local
density n(r,t), mean velocity u(r, t) and temperature T(r,t). We now consider the evolution of a
spatially nonuniform gas after collisional relaxation has brought its momentum distribution close
to this form. Our aim is to obtain equations for these three fields and to calculate the momentum
and heat fluxes that determine their evolution.

Elastic collisions redistribute particles among momentum states. At each position, the collision
integral contributes zero to the changes of particle density, momentum density and kinetic energy
density, as expressed by (2.4.71). Collisional relaxation therefore preserves the local moments
defining n(r,t), u(r,t) and T(r,t). These fields evolve through spatial transport and external
acceleration. In the hydrodynamic regime, their appreciable evolution occurs over the time 7y,
which is much longer than the local collisional relaxation time 7.

This separation allows a temporal resolution Aty 4 satisfying
Tloc < Athyd < Ty- (281)

The lower bound makes the observation interval long compared with local collisional relaxation.
The upper bound keeps changes of the hydrodynamic fields small during that interval, so their
subsequent evolution remains resolved.
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Collisions continue during this evolution. Using the mean interval between collisions 7.,¢,, the mean
number of collisions experienced by one particle during 4ty q is of order
At At
—wd T, (2.8.2)
Tmfp Tloc
where we have used 7y, ~ T, as in (2.4.3). Repeated collisions maintain the distribution close to

the local Maxwell form while its parameters evolve slowly. At the Maxwell distribution, the gain and
loss contributions balance; the vanishing collision integral expresses this balance.

This temporal resolution constitutes the second coarse scale. At the Kinetic resolution, 7;,; «
Aty K Tpoe, an individual collision is represented by its completed momentum changes, while
relaxation of the momentum distribution remains resolved. At the hydrodynamic resolution (2.8.1),
that local relaxation is also unresolved, and the retained evolution is primarily the evolution of
n,u,T.

The spatial resolution must be consistent with this description. Let L be the characteristic length
over which the hydrodynamic fields vary appreciably. Choose a spatial cell containing many
particles, and denote its linear size by Axy,q. With Ap,5, denoting the mean free path, we require

Amfp < Axhyd < L. (283)

The cell is larger than the distance associated with molecular free flight, while its size is small
enough for n,u,T to be approximately uniform within it. These conditions allow local density,
velocity and temperature to be assigned to each cell and their spatial variations to be followed
across the gas.

In the local Maxwell approximation,

fl (rl p: t) = fLE(rJ p: t) (284)
Equation (2.8.4) is appropriate after local collisional relaxation, when A,q,/L < 1 and 7j5c/7Ty < 1.
The momentum dependence on the right is specified by the three fields through (2.5.18).

In the local rest frame, the Maxwell distribution is isotropic: its pressure tensor is isotropic and its
heat flux vanishes. To describe viscous stresses and heat conduction, we must calculate the small
departures from this distribution. We shall obtain these departures from the Boltzmann equation
and evaluate their contributions to the pressure tensor and heat flux.

The hydrodynamic approximation uses the two small ratios Apg,/L and 7,./Ty. They measure
spatial variation over a mean free path and temporal variation during local relaxation, respectively.
The separate condition € = nd® « 1, introduced in §2.4, justifies the dilute gas treatment of
collisions.

Conservation equations obtained from the Boltzmann equation

The hydrodynamic description follows the evolution of n,u,T. Their definitions as momentum
integrals of f; allow us to obtain their evolution equations directly from the Boltzmann equation.
We first derive these relations with the distribution f; left general; the local Maxwell approximation
will enter when we evaluate the pressure tensor and heat flux.

We use Cartesian indices «a,f = x,y,z, with summation over repeated indices. Inside the
momentum integrals below, f; denotes f;(r,p,t). The external force F®*'(r,t) is independent of
momentum, and the distribution decays sufficiently rapidly for the momentum boundary terms to
vanish. In component form, equation (2.4.24) reads

0 | PBOfL | pextOfi _
et E L = CIAL (2.8.5)

The quantity f; d3p is the number of particles per unit volume with momenta in d3p. Integrating
(2.8.5) over all momenta therefore gives the rate of change of the particle density.
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Particles in this momentum interval move with velocity pg/m in the § direction. Their contribution
to the particle number flux is (pﬁ/m)f1 d3p. Integration over momentum gives nug, by the

definition of the mean velocity in §2.2. The difference between the fluxes through opposite faces of
a small spatial volume determines its net particle loss; per unit volume, this difference is the

divergence 0, 8 (nu/g).

Collisions conserve particle number, so the integral of C[f;] vanishes by (2.4.71). The external force
changes particle momenta without changing their number; its contribution integrates to a
vanishing momentum boundary term. We thus obtain the continuity equation,

on

5}
P (nug) = 0. (2.8.6)

A positive divergence means that more particles leave a small volume than enter it, so its density
decreases.

To obtain the momentum balance, we weight (2.8.5) with p,. The quantity p,f; d3p is the
contribution of this momentum interval to the momentum density. Its integral is mnu,,.

The streaming contribution requires the flux of this momentum component. Consider a surface of
area 4, perpendicular to the § axis, and first consider particles with pg > 0. During an infinitesimal
time dt, particles within a layer of thickness (pﬁ/m)dt cross the surface. The layer has volume
A(p[g/m)dt. Multiplication by the number density f; d3p gives the number crossing.

Each particle carries momentum p,. Multiplying the number crossing by p,, then dividing by A dt,
gives the momentum flux contribution (papﬁ/m)fl d3p. For particles with pp < 0, the sign of pg/m
accounts for transport in the opposite direction. Thus a specifies which momentum component is
transported, while f specifies the direction of transport. For example, p,p, /m describes transport

of x momentum across a surface perpendicular to y.

We separate this flux into transport by the mean flow and transport by particle velocities relative to
that flow. As defined in §2.2,

Cp =22y, [d3pc,f, =0. (2.8.7)

m

The second relation states that the average velocity relative to the mean flow is zero. Individual
particles still move in different directions in the local rest frame and carry momentum across
surfaces.

In that frame, their momentum is mc,, and their velocity across a surface perpendicular to the
axis is cg. Their momentum flux is the Kinetic pressure tensor introduced in §2.2,
ng‘ =m[ d®p cocpfi. (2.8.8)
Substituting p, = m(u, + c,) into the total momentum flux and using (2.8.7) eliminates the terms
linear in the relative velocities:
PaP ki
[d3p Tﬁ fi = mnugug + Pgp. (2.8.9)

The first term is the momentum density mnu, transported with the mean velocity ug. The second

describes momentum transport relative to the mean flow. Consequently, a gas transfers momentum
through its pressure tensor even where its mean velocity vanishes.

We now integrate (2.8.5) with the weight p,. Elastic collisions conserve the total momentum of the
colliding particles, so their contribution vanishes by (2.4.71). To evaluate the external force
contribution, integration by parts transfers the momentum derivative from f; to p,. With the
boundary term vanishing, this gives

3 extﬂ__ ext 3 aﬁ__ ext
J d*ppaFs s = F&[ d3p fy 7 = nFESX, (2.8.10)
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After transferring this contribution to the right side and using (2.8.9), the momentum balance
becomes

(mnua) +-— (mnuauﬁ + km) = nFg, (2.8.11)

The left side contains the local change of momentum density and the divergence of its flux. The
right side is the external force per unit volume: each particle experiences F®, and there are n
particles per unit volume.

Newton’s second law relates force to acceleration. To identify the acceleration of the mean flow, we
expand the derivatives of mnu, and mnu,ug in (2.8.11). The terms proportional to mu, combine

into mu,, (atn + arﬁ (nuﬁ)), which vanishes by (2.8.6). The remaining terms give

aP};‘,‘;

i i — ext __
n (at + ug arﬂ) U, = nky; o (2.8.12)

The acceleration has two contributions. The derivative d,u, describes the change at a fixed
position. The term ug 0, sUq accounts for the change as the gas moves through a spatially varying

velocity field.

Equation (2.8.12) is Newton’s second law per unit volume: the mass density mn, multiplied by the
acceleration of the mean flow, equals the total force per unit volume. Besides the external force, the
surrounding gas contributes through the pressure tensor. Momentum transfer across opposite
faces of a small volume contributes with opposite signs. A uniform pressure tensor gives cancelling

contributions; its spatial variation produces the net force density — d, k‘é’

To derive the temperature balance, we use the kinetic energy measured relative to the mean flow.
This is the energy entering the definition of temperature in §2.2. Writing ¢? = c,c,, the kinetic
internal-energy density and its flux in the local rest frame are

. ch
Ekin = fd3p - f1 = nkBTr qz’m =Jd% Ty cpfi- (2.8.13)
The heat flux has the same transport interpretation as the momentum flux: mc?/2 is the energy
carried by a particle relative to the mean flow, and ¢ is its velocity across a surface in that frame.
Their product, integrated over the particle distribution, gives the energy transported per unit area

and time.

We therefore multiply (2.8.5) by mc?/2 and integrate over momentum. At each fixed r,t, this
weight is a linear combination of particle number, momentum and total kinetic energy. All three are
conserved in an elastic collision. With u? = u,u,, equation (2.4.71) consequently gives

2
[ d?p S Clfi] = [ dPp (2 — ugpa + ™5 CIA] = 0. (2.8.14)
Thus collisions redistribute energy among particles while preserving the local energy moment
defining T.

The momentum derivative of the energy weight is cg. Integration by parts and (2.8.7) give

[ d3p ™ Fg“% = —Fg[ dpcgfy = 0. (2.8.15)

At a given position, the momentum-independent external force accelerates all particles equally. Its
direct contribution changes the mean motion; the internal-energy moment measures motion
relative to that mean.

The energy weight also depends on position and time through u(r, t). We must therefore apply the
product rule when taking derivatives of the energy integral. At fixed momentum, (2.8.7) gives

9 (mc?\ _ g 9 /mc? oug
at( 2 )_ MCa 75 arB( 2 ) MCa 5 arg’ (2.8.16)
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The contribution from the time derivative of the weight vanishes upon integration because
fdgp Caf1 = 0.

For spatial transport, writing pg/m = ug + cg separates the energy flux into transport by the mean
flow, ugé&yin, and heat flux, q}‘;i“. The spatial derivative of the weight gives an additional contribution.
Its momentum integral contains mJ d®pc, (p,;/m)fl = P}fél, by (2.8.7)-(2.8.8). Applying the
product rule thus yields

[ d3p me? 0fy _ Otun

2 ot ot ’

2.8.17)
mc? pgdfy _ @ ki Kin e (
J ¥ 7 TE IR = o (upewn + qff") + PAR 2.
Together with (2.8.14)-(2.8.15), these identities give the internal-energy balance,
O%kin , 0 _ 0" kindug
at T 61"3 (uﬁgkin) - arﬁ Paﬂ arﬁ' (2818)

The heat flux changes internal energy by carrying it between neighbouring regions. A positive
divergence of the heat flux means a net outward energy transfer and therefore contributes to
cooling. The pressure tensor transfers momentum between regions; when their mean velocities
differ, this transfer also performs mechanical work. Its contribution to the internal-energy balance
is the second term on the right of (2.8.18).

To obtain the temperature equation, substitute &, = %nkBT and expand the derivatives on the left.
The terms proportional to T contain the combination d,n + arﬁ (nu[;) and vanish by (2.8.6). Hence
kin

3 9 9 — _6qB _ pkin 0Ug
kg ( 2 tup mﬁ)T = = PR (2.8.19)

The derivative on the left follows the mean flow, just as in the momentum equation. The right side
identifies the two mechanisms changing its temperature: heat transport and mechanical work.

For example, when the pressure tensor is isotropic, denote its equal diagonal components by p.
Then Pcl{‘;? arﬁua = pV, - u. Compression has V,-u < 0, so the contribution —pV, - u raises the

temperature. Expansion gives the opposite sign and lowers it.

Equations (2.8.6), (2.8.12) and (2.8.19) give five evolution equations: one for n, three for the
components of u, and one for T. They are exact momentum-integral consequences of the Boltzmann
equation within the dilute gas description. Collisions affect these balances through their influence
on f;, and hence on the pressure tensor and heat flux.

A closed hydrodynamic system requires expressions for P}x‘g} and g% in terms of n,u, T and their
spatial derivatives. The local Maxwell approximation supplies their local equilibrium values;

departures from that distribution determine viscous stresses and heat conduction.

Local equilibrium, the Euler equations and thermodynamic equilibrium

The balance equations obtained above contain the kinetic pressure tensor and heat flux, which
depend on the momentum distribution. To obtain a closed system for n,u, T, we first evaluate these
two quantities using the local Maxwell approximation (2.8.4).

In the local rest frame, the Maxwell distribution (2.5.18) is isotropic. Consequently, the off-diagonal
integrals of c,cp vanish, and the three diagonal integrals are equal. Their sum is fixed by the

internal-energy density: mf d3p c?f.g = 3nksT, from (2.8.13). Each diagonal component of the
pressure tensor is therefore nkgT.
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The heat flux vanishes because its integrand, mczcﬁfLE/Z, changes sign under ¢z — —cp, while the

Maxwell distribution remains unchanged. Denoting the scalar pressure by p, and using the
Kronecker delta §,5, which equals one for @ =  and zero otherwise, we obtain

Peg =pap,  p=nksT, ¢ =0 (2.8.20)

These equalities hold for moments evaluated with fig. The short initial collisional relaxation brings
the momentum distribution close to this form. During the subsequent hydrodynamic evolution,
spatial transport continues: particles move between regions with different densities, mean
velocities and temperatures. As explained in §2.5, the resulting derivatives of fir generally make
Lifig # 0, even though C[fig] =0. Small departures from the Maxwell form are therefore
continually generated and relaxed by collisions.

The hydrodynamic conditions ensure that the fields change little over a mean free path and during
a local relaxation time. The distribution consequently remains close to f;g. Using (2.8.20) neglects
the anisotropic part of the kinetic pressure tensor and the nonzero kinetic heat flux produced by
these departures. We shall calculate them when treating viscosity and heat conduction.

kin

We retain the continuity equation (2.8.6), replace P,z by pd,p in the momentum balance (2.8.12),
and set @Xi" = 0 in the temperature balance (2.8.19). Using p = nkpT, the resulting closed system is
St () =0, (2:8.21)

mn ((% +ug %) Uq = NESX — :Ti, (2.8.22)

(%+W%%)r=_§rgf (2.8.23)

Together with p = nkgT, these are the Euler equations for a monatomic ideal gas.

Equation (2.8.22) expresses Newton’s second law for the mean flow. The pressure force per unit
volume is —V,p: a spatial pressure difference produces an imbalance between the forces exerted on
opposite faces of a small gas volume.

With the heat flux set to zero, temperature changes in a gas volume moving with the mean flow are
caused by pressure work. The derivative on the left of (2.8.23) is the rate of change of its
temperature. Compression has arﬁuﬁ < 0, so the right side is positive and the temperature rises.

Expansion gives the opposite sign and lowers the temperature.

This equation also distinguishes convection from thermal equilibration. Convection transports gas
with its local temperature. When the volume neither contracts nor expands, its temperature
remains unchanged in this approximation, even if neighbouring volumes have different
temperatures. Heat transfer between those volumes requires the nonzero heat flux omitted in
(2.8.20). Local Maxwell relaxation establishes the momentum distribution at each local
temperature; it does not make temperatures at different positions equal.

Pressure determines the acceleration in (2.8.22), so we need to know how it changes when the gas
is compressed or expanded. The equation of state p = nkyT alone leaves this question open
because both density and temperature change. The continuity and temperature equations
determine those changes.

Expanding (2.8.21) gives the change of density following the mean flow as —n arﬁuﬁ. Applying the

product rule to p = nkgT, and using (2.8.23), adds the compression coefficients 1 and 2/3.
Combining the resulting pressure equation with continuity gives

2 0\, = _5, %
(a”ﬁa)l’— 3P Gy

(5 vs) ) =

(2.8.24)
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Thus a gas volume following the mean flow preserves p/n>/3. Its pressure rises as n%/3 during

compression and falls according to the same relation during expansion. This is the adiabatic
pressure-density relation for a monatomic ideal gas: temperature changes through mechanical
work, with no heat transfer in the approximation considered.

Since p/n%/3 = kzT/n?/3, the combination T3/ /n also remains constant following the mean flow.
The local equilibrium entropy per particle in (2.5.34) therefore remains constant. Different gas
volumes may have different entropy values; the Euler equations transport those values with the
flow.

We now turn from the evolution of the gas to its equilibrium state. We consider a gas in a fixed
container, subject to a time-independent external potential Ugy (r), with F*' = -V, U,,,. We seek
equilibrium with zero mean velocity relative to the container. This specifies the meaning of “at
rest”: the mean flow vanishes, while the particles retain their thermal motion.

For a stationary state with u = 0, the acceleration in (2.8.22) vanishes. Pressure forces must then
balance the external force:

V,.p = nF&t = —nV, Uy (2.8.25)

This is the hydrostatic balance. It determines the mechanical condition for a gas at rest. To
determine the equilibrium temperature and density profiles, we also require the full distribution to
satisfy the stationary Boltzmann equation.

The distinction matters because the Euler equations permit stationary temperature gradients. For
example, without an external force, a gas with u = 0, constant pressure and spatially varying n, T
satisfies them whenever nT is constant. Heat conduction, which would act on that temperature
gradient, has been omitted from these equations.

For an equilibrium Maxwell distribution, the collision integral vanishes by (2.5.20). A time-
independent local Maxwell distribution with u = 0 must therefore obey

%' VrfLE = ViUeyt - VprE = 0. (2'8'26)
We substitute (2.5.18), allowing its density and temperature to depend on position. Differentiating
its prefactor and exponential, then cancelling the common Maxwell factor, gives

vin 3V, T p?
m n 2T 2mkgT?

ViUext1 _
V.T + H] = 0. (2.8.27)

This equality must hold for every momentum. The term containing p2V,T produces a cubic
dependence on momentum, whereas the other terms are linear. The linear terms cannot cancel the
cubic term for every momentum magnitude. Its coefficient must therefore vanish, giving V.T = 0.

The equilibrium temperature is independent of position; denote its constant value by T.q. The
remaining linear terms in (2.8.27) give

T=T

vy Velnn = — T (2.8.28)

kBTeq.
Let neq(r) denote the equilibrium density, and choose a reference position ry. Integrating the
second relation yields

Uex ( )_Uex ( )
Neq(I) = Neq(Xp)exp[— trkB—Teqtro] (2.8.29)

The reference density is fixed by the total particle number. Substitution into the Maxwell
distribution gives

Ne (I‘ ) 2/(2 )+Uex( )_Uex( )
fug(r,p) = mexp[—p = RB;: w0, (2.8.30)
Bleq e

Within the dilute ideal-gas treatment, this has the one-particle canonical Boltzmann form for kinetic
energy plus external potential energy. Since f,, counts particles, f.q/N is the corresponding
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normalized one-particle probability density. In a canonical setting, a heat reservoir fixes T,; for an

qQ
isolated gas, its equilibrium temperature is determined by the conserved total energy.

The spatial density variation in (2.8.30) balances acceleration by the external force. For a constant
external potential, the density is uniform, and the distribution reduces to the equilibrium Maxwell
distribution at rest discussed in §2.5.

As a concrete example, consider a gas in a uniform gravitational field. Let z measure height
upwards from the bottom of the container, and let gg,, be the magnitude of the gravitational
acceleration. Choosing Uey = MYgrayZz, €quation (2.8.29) gives the equilibrium density and
pressure,

MYgravZ ]

et Peq(2) = kpTeqneq(2). (2.8.31)

Neq (Z) = Ngq (O)exp [_

The density decreases with height because raising a particle increases its potential energy. It falls
by a factor e over the height kg T,/ (mggmv), for which that potential-energy increase equals kT,

The vertical component of (2.8.25) states that pressure decreases upwards at a rate equal to the
local weight per unit volume, mneqggray- The higher pressure below a small gas volume supports its
weight. This is a spatially nonuniform thermodynamic equilibrium: the temperature is uniform,
while the density and pressure vary to balance gravity.

The Euler equations describe pressure-driven motion and adiabatic temperature changes. To
describe viscous momentum transfer and heat conduction during the hydrodynamic evolution, we
must retain the anisotropic pressure tensor and heat flux generated by departures from the local
Maxwell distribution. Their calculation is the next step.

The correction of order Kn to the local Maxwell distribution

The Euler equations were obtained by evaluating the pressure tensor and heat flux with the local
Maxwell distribution. This gives an isotropic pressure tensor and zero heat flux. We now calculate
the correction to the local Maxwell approximation for f;. Its contributions to the pressure tensor
and heat flux will give viscous momentum transfer and heat conduction.

As explained after (2.8.20), spatial transport continually changes the local momentum distribution,
while collisions relax it towards the Maxwell form. The smallness of the resulting correction is
controlled by the variation of the hydrodynamic fields over a mean free path. Using the
characteristic mean free path 4,5, and the length L defined at the beginning of this subsection, the

Knudsen number is
Kn =2 « 1, (2.8.32)

The typical thermal speed vy,, introduced in §2.4, satisfies mv3, ~ kgT. Since Tjo. ~ Tmfp, We also
have A ~ Vi Tioe-

We consider density and temperature variations that are small over a mean free path, and mean-
velocity variations that are small compared with v, over that distance. The external force is also
assumed to change a particle’s momentum by a small amount compared with mvy, during local
relaxation. These assumptions are expressed by

Amfp |VrTL| = O(Kn), Amfp@ = O(Kn)'
duq SFO (2.8.33)
Tocl 5r21 = O(Kn), ™= = O (Kn).

The third estimate compares the velocity change A.f,| du,/ d1g| with vy,. The last compares the

momentum change 7,,.|[F®| with mv,,; it is an additional assumption on the external force. The
fields, their gradients and the external force are taken to vary smoothly over distances of order L.
The estimates in (2.8.33) specify upper bounds; smaller gradients and weaker forces are included.
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For particles with velocities relative to the mean flow of order vy,, thermal transport changes f ; at
a characteristic rate vy, fig/L. During one local relaxation time, the corresponding change has size

TiocV
% fie ~ Kn fi.
This estimate motivates an expansion of the distribution. With dimensionless coefficient functions
)(U ) (r,p, t), it is written as
fi = fie[l + Kn @ + Kn2y@ 4 ...1. (2.8.34)

Substitution of this expansion into the Boltzmann equation will determine the coefficients. The
calculation below retains the contribution Knfi gy ™.

The parameters of f; are defined by the density, mean velocity and temperature calculated from f;.
We impose this agreement at every retained order of the expansion:

J d&®p figx@ =0,
| &@ppafiex? =0,  a=xy,z (2.8.35)
fd3PmTC2fLE)((j)=O' j=z 1
These conditions ensure that f; and f; g, evaluated at the same position and time, give identical
values of n, u, T. They impose no restriction that these fields remain constant in space or time.

Substitution of (2.8.34) into the collision integral generates products of the coefficient functions. As
in §2.4, primes denote the incoming momenta that produce p,, p,. We use fig; = fig(r,p;, t) and

)(l.(j) = x(r, p;, t). All factors have the same position and time arguments. The relative speed is
g = |p2 — P1|/m, and do is the collision cross-section element defined in §2.4.

Conservation of momentum and energy gives fig1'fig2' = fig1fiE2- The contribution containing
only Maxwell distributions therefore vanishes. At first order in Kn, the difference of the two
products contains

1 1 1 1
fieifi2 (Xi " - = x ))-

Factoring fi g ; out of the momentum integral leads to the linearized collision operator

(Cinx®)(x,p1,0) = [ d®p,[ do g fik, (xf”' + 0 — Xg”). (2.8.36)
Thus
Kn2f;
CIA] = Kn firCinx @ + 0 (Z22). (2.837)

The remainder contains terms linear in y? and products of two first-order coefficients. The factor
1/7),c specifies their characteristic collisional rate.

The derivatives of the distribution must now be evaluated to the same accuracy. The calculation
concerns the hydrodynamic stage, after the initial local relaxation. We seek a correction whose
subsequent dependence on position and time is determined by n,u, T and their spatial gradients.
This is the hydrodynamic approximation for the correction; small spatial gradients alone do not
eliminate an initial relaxation transient.

The time dependence of the fields follows from the conservation equations. Writing D, = d; +
ug 0y 8 for the derivative following the mean flow, the streaming operator is

— 0 ext 0
Ll_Dt+Cﬁa+Fﬁ @
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For a distribution close to fig, the pressure has characteristic size p = nkgT, and the heat flux is
small compared with pvy,. The continuity equation (2.8.6) gives Din/n = — arﬁuﬁ. The momentum

and temperature balances, (2.8.12) and (2.8.19), give corresponding estimates using the pressure
and heat-flux scales. Together with (2.8.33), they imply

[Den| _ 0 (m) |Deu| _ 0 (m) [DeT| _ 0 (m)
n L)’ Vin L)’ T L)

These estimates allow particular hydrodynamic motions to evolve more slowly.

Applying £, to the distribution expansion gives

Lify = Lafig + Kn Ly (fiex ™) + 0 (L), (2.8.38)

Tloc

The derivatives of f; g have characteristic size vy, fig/L ~ Knfig/Tioc

The distribution correction already contains one factor of Kn. Its spatial variation over the length L
gives a thermal-transport contribution of size Knvy, fig/L ~ Kn?f, /7. Its time derivative has the
same upper estimate because the correction follows the slowly changing fields and gradients. For
external acceleration, the momentum derivative has characteristic scale 1/(mv,); the force bound
in (2.8.33) again gives a contribution of size Kn?f; g /Tjoc-

Keeping terms through first order in Kn in the Boltzmann equation therefore gives
Kn2f,
Lifip = Kn fsChx® + 0 (TLE) (2.8.39)

To evaluate the left side, the field time derivatives must also be known through first order. Their
dependence on the distribution correction can be found from the fluxes. Substitution of (2.8.34)
into the definitions (2.8.8) and (2.8.13) gives

Pkln = pdap + Kn mf d3p cachLE)((l) + 0(Kn?p),
— KnJ d®p 25 @ 4 0(Kn?
CI,S = KnJ d°p — cpfiex"” + 0(Kn*pvy,).
The pressure correction has characteristic size Knp, and the heat flux has characteristic size Knpvy,.
Their contributions to the momentum and temperature balances satisfy
L0 (Pl — piag) = 0 (Kn'2) = 0 (kn? 22),

mn arﬁ Tloc

nkB arﬁ ( km p6aﬁ) 0ua =0 ( n%) =0 (an i) .

For example, the heat-flux divergence has size Knpvth/L. Division by nkg gives KnTv, /L. The
relation vy, /L ~ Kn/7),. then gives the second power of Kn in (2.8.41). The pressure correction
produces contributions of the same order through its spatial derivative and its product with the
velocity gradient.

(2.8.40)

(2.8.41)

The conservation equations consequently give

=, Jus
Din=—-n orp’
A ) 2 %
Ditg =" = ——2 40 (kn noc)’ (2.8.42)
a
DT =-2T ”"’+0(Kn - )
loc

The continuity equation remains exact. The Euler momentum and temperature equations supply
the time derivatives needed in (2.8.39), because the flux corrections change those derivatives only
at second order in Kn, measured in the local relaxation units displayed in (2.8.42).
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Differentiating the Maxwell distribution (2.5.18), with ¢, = p,/m — u,, gives

LlfLE _ Dtn CB on
fLE T n n arﬁ

me? _ 3) (BT | cp 0T
+ (ZRBT 2)( T ¥ T 5TB> (2.8.43)

mcy ou, Fg©
—| D;u Cg—— — .
+ kgT ( tUa + B org m

The terms containing derivatives of u arise because ¢ = p/m — u depends on position and time.
The external-force contribution follows separately from

ext afLE —— FSXICQ
@ Bpa kBT

LE-

Using the momentum equation in (2.8.42) and differentiating p = nkgT, we obtain

M (Dt — ) = eI T (K07 (2.8.44)

kgT m n ory T 0rg Tloc

The external acceleration in D,u, has cancelled the explicit force contribution in (2.8.43). The
remaining acceleration is determined by the pressure gradient.

The first term on the right of (2.8.44) cancels the density-gradient term in (2.8.43). The second
changes the coefficient multiplying cg 0,,T/T from mc?/(2kgT) — 3/2 to mc?/(2kgT) — 5/2.
The density and temperature time derivatives give

Din mc? 3\ DT mc? ou Kn?
ben (___);: ___ﬂ+0(_)_
n 2kgT 2/ T 3kpT drg Tioc

Combining this result with the remaining velocity-gradient term in (2.8.43), and retaining the first-
order contributions in (2.8.39), yields

L@ =M _1.2 Ouq | (me? _ 5\ cp 0T
Kn Cinx ™ = kgT (C"‘Cﬁ 3¢ 6"‘3) org + (ZkBT 2) T org’ (2.8:45)

Equation (2.8.45) is a linear integral equation for the momentum dependence of y(¥. The local
values of n, u, T and their gradients specify its coefficients and right side.

The tensor multiplying the velocity gradient is symmetric and has zero trace. Its contraction with
the isotropic part of the velocity gradient therefore vanishes. The changes of density and
temperature caused by isotropic compression are already represented by the Euler equations used
in (2.8.42). The second term in (2.8.45) is proportional to the temperature gradient.

The conditions (2.8.35) fix an ambiguity in solving this integral equation. For each collision
invariant 1, p,, p2, the combination of primed and unprimed values in (2.8.36) vanishes. Adding a
linear combination of these invariants to y) therefore leaves (2.8.45) unchanged. Conditions
(2.8.35) exclude these additions by setting the correction’s density, momentum and internal-energy
moments to zero.

The solution of (2.8.45), subject to (2.8.35), determines the correction to the local Maxwell
distribution. Its momentum integrals in (2.8.40) then give the viscous pressure correction and heat
flux. Their evaluation is the next step.

Viscosity, heat conduction and the hydrodynamic equations

The pressure-tensor and heat-flux integrals in (2.8.40) are evaluated once y* is known. We first
calculate yV using the relaxation-time model introduced in §2.2. Its collision term is

g = _AZhe 150, TR~ Tee (2.8.46)
R

T

The local Maxwell distribution is defined with the same n,u,T as f;. The momentum integrals of
f1 — fig, weighted by particle number, momentum and kinetic energy, therefore vanish. The model
collision term preserves these quantities. We take 7z to be independent of momentum, although it
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may depend on the local density and temperature. The approximation replaces the momentum
dependence of collisional relaxation by a single relaxation time.

Substitution of (2.8.34) into (2.8.46) gives the collision term —Knfizy® /7% at first order. The
kinetic equation at this order is consequently
Lifig _ _ Knx®
fie TR
Evaluating the left side by (2.8.42)-(2.8.44), as in the derivation of (2.8.45), gives

@ = g m 25 \ua, (M’ _S\epar
Kn y TR[k (cacﬁ -C 6a5) oy + (ZRBT ) . 07’3] (2.8.47)

For ¢ ~ vy, the velocity-gradient contribution has size 7| du,/ 97|, and the temperature-gradient
contribution has size tyvy,|VT|/T. Both are of order Kn, by (2.8.33) and 7y ~ 7)o Thus the
correction Knfi gy has the size assumed in (2.8.34).

The contraction with c,cg eliminates the antisymmetric part of the velocity gradient. The
subtraction of025aﬁ/3 also eliminates its trace. The symmetric tensor with zero trace is

= 1(%ua | Oup) 15 Ouy
Sap = 2( et m) 3 Oap 5 (2.8.48)

It satisfies S, = Sgo and S, = 0. The velocity-gradient contribution in (2.8.47) can therefore be
written using
(cacﬁ — —c 5‘13) = CaCpSap-

Viscous momentum transfer. Substitution of (2.8.47) into the pressure-tensor integral in (2.8.40)
gives the correction to the momentum flux. The temperature-gradient contribution is odd under
¢ — —¢, so its integral vanishes. The velocity-gradient contribution is evaluated using the Maxwell
fourth moment,

fd prECaCﬁCyCS = 7’1( ) (6aﬁ vé + 60(),5[;5 + 50!55ﬁy)'

The pressure-tensor correction retained in (2.8.40) is consequently

Knm[ d®p cacpfipx™ = yaf d°p fiecaCpeyCs
= _ZPTRSaB-

The contraction with 8,56, 5 gives 6455, = 0. The contraction with 8,,6gs gives Sqp, and the

(2.8.49)

contraction with §,58p, gives Sg, = Sqp- The shear viscosity 7 is defined as the factor multiplying
—2S,p in the pressure tensor. Comparison with (2.8.49) gives

k'“ = pSap — 20Sqp + 0(Kn?p), n = pTg, p = nkgT. (2.8.50)

For a shear flow u = (ux (»),0,0), equation (2.8.48) gives Sy, = 1/2 du,/ dy. Hence, to the retained
order,

As shown in (2.8.9), Pkm contributes to the flux of x-momentum in the y-direction. If u, increases

with y, this flux is negative: collisions and particle motion transfer x-momentum towards the layers
with smaller u,.

Heat conduction. Substitution of (2.8.47) into the heat-flux integral in (2.8.40) gives zero from the
velocity-gradient contribution, because its integrand is odd under ¢ — —c. The temperature-
gradient contribution contains an isotropic Maxwell integral. Isotropy reduces this integral to

2

J d3p firc?eqcp (ch _E) = aﬁfd3pr (;;ZT_E)
= 5n(“2)" 8,5
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The last equality follows from the Gaussian moments

[ d3®p figc* = 15n (kBT)Z, [ d3®p fipc® = 105n (kBT)g.

m m

The heat flux retained in (2.8.40) is therefore

mc? Tpm 0T mc? 5
Knf dp " o fipx® = — 2220 [ 3 fioc?cocs (o - 5)
B B
2 (2.8.51)
_ 5nkBTrR oT
- 2m org

The thermal conductivity « is defined as the factor multiplying the negative temperature gradient
in the heat flux. Thus
; ar 5Kk
qkin = —K5-+ 0(Kn?pvy,), K =Cptp. (2.8.52)
Since k > 0, heat flows towards lower temperature. Equation (2.8.52) is Fourier’s law obtained
from the distribution correction.

The values of 7 and « in (2.8.50) and (2.8.52) follow from the relaxation-time model. In particular,
k _ ks
n  2m’
This fixed ratio results from using the same relaxation time for the velocity-gradient and

temperature-gradient contributions in (2.8.47). The value of 7y is an input to the model.

For a calculation with the full Boltzmann collision integral, y*) is obtained instead from (2.8.45),
using the operator (2.8.36) and the conditions (2.8.35). One practical method approximates y(* by
a sum of known momentum functions multiplied by unknown expansion coefficients. The
momentum functions are chosen so that the correction has zero particle-number, momentum and
energy moments, as required by (2.8.35). Multiplication of (2.8.45) by each retained function,
followed by momentum integration with weight fig, gives linear equations for the expansion
coefficients.

The entries of these linear equations contain collision integrals with the factor gdo and the
differences between the momentum functions evaluated before and after a collision. The collision
cross section and the relation between the primed and unprimed momenta are determined by the
elastic binary-collision law discussed in §2.4. Solving the linear equations gives an approximation to
x@. Substitution into (2.8.40) then determines 7 as the factor multiplying —2S4p in the pressure
tensor and k as the factor multiplying — 0T/ dr,, in the heat flux. Increasing the number of retained
momentum functions allows the convergence of these calculated transport coefficients to be
assessed.

Hydrodynamic evolution with viscosity and heat conduction. Substitution of (2.8.50) into the
momentum balance (2.8.12), with the pressure tensor retained through first order in Kn, gives

« 0 a
mnDu, = nFSt — 22 4 g (2nSap). (2.8.53)

0rg

Equation (2.8.53) is the Navier-Stokes momentum equation for the dilute monatomic gas
considered here. The divergence of the viscous stress gives the additional force per unit volume
beyond the pressure force. The left side is the mass density mn multiplied by the acceleration of the
mean flow. The right side gives the external, pressure and viscous forces per unit volume. The
viscosity remains inside the derivative because it may vary with n and T.

The temperature equation (2.8.19) contains the divergence of the heat flux and the work done by
the pressure tensor. Fourier’s law gives
_daf _ o (o1
aTB - GTB Kk 6rﬁ ’
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The pressure tensor (2.8.50) gives, to the retained order,

_pkin Qe _ _ Oup Tua
aﬁ 6rﬁ - paTB + 277 (xﬁ’ 6r[;'

Because S, is symmetric and has zero trace,

Oug _ 1o (Oua  Oup) _
@B o7y = 2508 (m + ar,,,> = SapSap-
Substitution of these expressions into (2.8.19) gives
3 _ Oug a oT
EnkBDtT = —pa + E (Kﬂ) + anaBSaB. (2854)

The pressure-work term describes cooling during expansion and heating during compression. The
divergence of kVT gives the change of internal energy caused by heat conduction. The last term is
viscous heating. It is nonnegative because 1 > 0 and S,3S4p is a sum of squares.

The conversion of mean-flow energy into internal energy can also be seen directly from the
momentum equation. Multiplication of the viscous force per unit volume by u, gives the viscous
power per unit volume,

9 a
uaE(ZUSaﬁ) = E(277110[5043) — 21SupSap-

When integrated over a volume, the divergence term gives the power supplied by viscous stress at
the boundary. The negative term shows the loss of mean-flow kinetic energy within the volume. Its
magnitude equals the positive viscous-heating term in (2.8.54), so viscosity transfers energy from
the mean flow to internal energy.

The continuity equation (2.8.6), the Navier-Stokes momentum equation (2.8.53), the temperature
equation (2.8.54) and p = nkgT form a closed system for n,u, T once 1 and k are specified. In the
relaxation-time model, their values are given by (2.8.50) and (2.8.52); with the full collision
operator, they are calculated from the binary-collision law.

Propagation and relaxation of weak hydrodynamic disturbances

After local collisional relaxation, a gas may still have spatial variations of density, mean velocity and
temperature. The hydrodynamic equations determine how these variations propagate and decay.
We shall examine weak disturbances of a uniform equilibrium state and distinguish the
propagation caused by pressure forces from the relaxation produced by viscosity and heat
conduction.

Linearized hydrodynamic equations

The reference state is a gas at rest, with constant density ny, temperature T, and pressure py, =
nokgTy. The external force vanishes, and boundary effects are neglected. The disturbances are
defined by

n =ngy + on, T=T,+ 4T, u = du, p = po + Op. (2.8.55)
We assume
Pl My, Mgy, (2.8.56)
o 0 Vth

where vy, is evaluated at T,,. Products of two disturbance amplitudes are omitted. The equation of
state then gives

6p = kgTy On + ngkp 6T. (2.8.57)
The coefficients  and k below denote their values at ng, T,. Variations of these coefficients multiply
gradients of the disturbances and contribute only at quadratic order in the amplitudes. The

convective terms du - Vén, 6u - Vou and éu - VAT are also quadratic. The viscous-heating term in
(2.8.54) is quadratic in velocity gradients and is omitted at this order.
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For disturbances depending on x and ¢, the tensor (2.8.48) has components Sy, = 2/3 0,0uUy, Sy, =
1/20,6u, and S,, = 1/2 0, 6u,. Substitution into continuity, (2.8.53) and (2.8.54) gives

adén 08uy
Fr Mo ox ’
A8u, 06p . 4 0°8uy
Mo =5 = T %x 731 52 (2.8.58)
asu,, 9%6u asu, 9%58u, o
Mo =5 = M55 Mo =5 = N5

3 8T O5Uy 0%6T
EnOkB ot ~Po ax K ax2 ’

These equations have constant coefficients. Each spatial Fourier component therefore evolves
independently. We examine a component with wave number k > 0, whose wavelength is 2rr/k. The
hydrodynamic description requires

kg < 1. (2.8.59)

The small-amplitude conditions (2.8.56) justify linearization; condition (2.8.59) justifies the
hydrodynamic gradient approximation.

Shear relaxation

A velocity directed along y and varying along x is transverse to the direction of spatial variation.
Suppose its initial profile is du, (x,0) = Uycoskx, with the other velocity components and the
density and temperature disturbances zero. Continuity and the temperature equation in (2.8.58)
keep 6n = 6T = 0, because d,.0u, = 0. The gas is not compressed at linear order.

Writing 8u, (x,t) = U(t)coskx, and using 0%coskx = —k*coskx, the transverse momentum
equation gives

av _ 2 _ _.n

o= vkeU, U(0) = U,, V= (2.8.60)

The coefficient v is the kinematic viscosity. Integration gives

Suy, (x,t) = Ugcoskx e/, T, = # (2.8.61)
The stress P;‘,ic“ = —1n 0,6u, transfers y-momentum between regions at different x. This transport
reduces the velocity differences. Collisions conserve momentum locally; relaxation of the spatial
profile occurs through momentum transfer across the distance 1/k. The associated conversion of
mean-flow energy into heat is quadratic in U, consistently with the viscous-heating term in

(2.8.54).

The z-component obeys the same equation and provides a second, independent transverse shear
disturbance.

The expressions (2.8.50) and (2.8.52), evaluated at the reference state, give the transport
coefficients in the relaxation-time model:

kpT K 5 kpT;
VZBOTR' — 2kBho
m nokp 2 m

Tg-
With mv3 ~ kgTy, Tg ~ Tjoc and Amfp ~ VinTioe these expressions give
K 2
VN e ™ VinTloe ~ VinAmep:

These estimates identify the characteristic sizes of the viscous and thermal contributions. The
numerical values of 7 and k are determined by the chosen collision integral.
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Sound propagation

The longitudinal velocity du, changes the density through continuity and changes the temperature
through pressure work. Both changes contribute to the pressure perturbation (2.8.57).
Differentiating that relation in time and using the density and temperature equations in (2.8.58)
gives

aép
at

o8u, 2 9%6T

K .
0 ax 3 0x2

-2 (2.8.62)
The propagation caused by pressure forces follows first from the equations with viscous and heat-
conduction terms omitted. Differentiating (2.8.62) in time and substituting the longitudinal
momentum equation then gives
9%6p _ ,0%6p
atz 7S axz’

2 =Po — 3sTo (2.8.63)

3mny, 3m

Thus pressure disturbances propagate with the sound speed c;. For a Fourier component, the two
directions of propagation are represented by

dp(x,t) = Pycos(kx F cgkt), (2.8.64)

where P, is the pressure amplitude. The minus sign describes propagation towards increasing x,
and the plus sign propagation towards decreasing x.

For these waves, the density and temperature equations, with heat conduction omitted, give
6T /Ty = 2/36n/n,. Compression therefore raises both density and temperature, producing the
pressure increase that accelerates neighbouring gas.

The angular frequency of (2.8.64) is cyk. The viscous and thermal rates in (2.8.58) have
characteristic sizes vk? and kk?/(ngkg). The kinetic estimates v ~ k/(ngkg) ~ VihAmep, together
with ¢g ~ vy, make their ratios to the sound angular frequency of order kA, < 1. This justifies
calculating the propagation from (2.8.63) at the lowest order in the long-wavelength
approximation. Viscosity and heat conduction determine the slower decrease of the wave
amplitude.

Thermal relaxation

The Euler equations also permit temperature and density variations whose pressure contributions
cancel. With zero velocity, this stationary state satisfies
sp=0, 2=-%  su=o. (2.8.65)

Ny To

Equation (2.8.65) describes the stationary Euler state: with heat conduction omitted, (2.8.58)
makes these fields time independent.

Heat conduction transfers energy between its hotter and colder regions. As the temperature
changes, expansion or compression changes the density. The thermal rate is small compared with
the sound angular frequency by the factor kk/(ngkgcs) ~ kdyng. The coupled equations
consequently admit a slow thermal component in which pressure is nearly uniform while
temperature and density evolve. This component and the propagating sound components can occur
together in a general disturbance.

For the thermal component, the relation 6n/n, = —6T /T, is retained at the lowest order in kA,

Its time derivative, combined with continuity, gives

08T .. 06uy
at 0 gx -

(2.8.66)

Substitution of (2.8.66) into the temperature equation in (2.8.58) replaces the pressure-work term
by —ngkg 0:6T. Collecting the two terms containing d;6T on the left gives

5 a8T 0%8T
EnokB? = KW. (2867)
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The factor 5/2 contains the internal-energy contribution 3/2 and the additional contribution from
pressure work during density adjustment. The temperature therefore satisfies a diffusion equation,

2
a8T 28T 2 (2.8.68)

ot T FT ok T ™ snokg’
which defines the thermal diffusivity Dy.
For the thermal solution alone, let &, denote the initial temperature amplitude. The Fourier

solution is
1

8T (x,t) = Oycoskx e~t/r, T = —. (2.8.69)
Drk
Its density perturbation is dn = —ny6T /T, to the retained order. For the same Fourier component,
(2.8.66) gives the small longitudinal velocity
S, (x, £) = — X% sinkx et/ (2.8.70)

0

As a hotter region cools, its density rises to maintain nearly uniform pressure. The velocity in
(2.8.70) supplies this density change.

At the retained order, this thermal solution has initial density and velocity

o0 Drkoy .
070 coskx, Su,(x,0) = —L=Lsinkx.
T, x T,

on(x,0) = —

The zero velocity in (2.8.65) belongs to the stationary Euler approximation. Preparing the
temperature and density profiles of (2.8.65) with finite heat conduction and exactly zero initial
velocity generally excites sound as well as thermal relaxation.

The accuracy of the uniform-pressure approximation follows from the longitudinal momentum
equation in (2.8.58). For the velocity (2.8.70), the amplitudes of the acceleration and viscous
contribution to the acceleration are, respectively,
D23 1%l o—t/er 4D k3190l o—t/er

™ ’ 37T g, .
Both terms have spatial dependence sinkx. The pressure correction for the same Fourier
component therefore has the form 6p(x,t) = P(t)coskx, where P(t) is its amplitude. The pressure-
gradient contribution to the acceleration has amplitude k|P(t)|/(mn,). The momentum equation
bounds this contribution by the sum of the two amplitudes above:

MOl < (D3 + 2Dy k3120l e=t/r,

mngy 0
Since Dy = 2k/(5nykg), the transport estimates derived after (2.8.61) give D, v ~ vy Ay, Dividing
the bound by k, and using p, ~ mnyv?, and |6p| < |P(t)], gives

|6p| _ 210, _
= O[(kAmgp) T—;’e t/r], (2.8.71)

Thus the pressure variation is smaller than the relative temperature and density amplitudes by two
powers of kA, The thermal calculation keeps the temperature and density evolution and the

small velocity required by continuity, while neglecting this higher-order pressure correction.

Transport coefficients and relaxation times

The shear and thermal calculations use 1 and k separately. Within the relaxation-time model,
substitution of (2.8.50) and (2.8.52) into their diffusivity definitions gives
v=Dy =" (2.8.72)

m

The equality is a prediction of using one relaxation time for all momenta. A calculation with the full
Boltzmann collision operator determines 7 and x, and hence the two diffusivities, from the collision
law without imposing this equality.
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The time for sound to travel the distance 1/k is 7 = 1/(csk). Using Ay, ~ vinTioc and the kinetic
estimates for v, D, the propagation and decay times satisfy

I 2 v I (2.8.73)

] 2
Tloc kamfp Tloc Tloc (kﬂmfp)

All these times are long compared with local collisional relaxation. Sound propagation and diffusive
decay have different dependences on wavelength, so the hydrodynamic time 7, depends on the
process being described.

For each wave number, the five hydrodynamic fields give two independent transverse shear
disturbances, two oppositely propagating sound disturbances and one slowly decaying thermal
disturbance. Their long time scales follow from conservation: spatially uniform changes of particle
density, momentum density and energy density are preserved by collisions. Spatial variations
evolve through pressure forces and transport, whose rates decrease as the wavelength increases.

For homework, retain viscosity and heat conduction in the coupled longitudinal equations (2.8.58),
together with (2.8.57). Determine the angular frequency and amplitude decay rate of the two sound
disturbances at long wavelengths, and express the attenuation in terms of v and Dr.

Relaxation times and the scope of the hydrodynamic description

The preceding application makes the distinction between local relaxation and equilibration of the
gas as a whole quantitative. Collisions establish a nearly Maxwell distribution on the time scale 7,
while spatial variations of density, mean velocity and temperature persist. Pressure disturbances
propagate on the time scale 7g; shear and thermal disturbances decay on the time scales 7, and 7.
Equation (2.8.73) shows that all these hydrodynamic times are much longer than 7, when kg, <
1.

This separation explains the successive reductions developed in §§2.4-2.8. At the kinetic stage,
Bogoliubov’s hypothesis expresses the higher distribution functions through the one particle
distribution at the same time, after a short initial relaxation of correlations. Correlations generated
by collisions remain included in the higher distributions, but their evolution no longer requires
separate initial data. The kinetic equation still determines the full momentum dependence of f;.

A further reduction becomes possible after local collisional relaxation. The local Maxwell
distribution is specified by the five fields n, uy,u,,u,, T. Spatial transport continually produces a
small correction to this distribution, whose calculation gives the viscous stress and heat flux. Under
the conditions of the hydrodynamic approximation, the fields and their spatial gradients therefore
determine f; to the retained accuracy. Continuity and the momentum and temperature equations
(2.8.53)-(2.8.54) determine the subsequent evolution of these fields.
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Successive relaxation processes in a dilute gas

Time
Microscopic 0 Coordinates and momenta of all particles:
dynamics {ri, pitv,.
Short relaxation of correlations
Tint T~
e . fst) =Folfi®)], s= 2.
Kinetic . o .
. e Higher distributions are functionals of the current fj.
description ] )
The full momentum dependence of f; is retained.
Local collisional relaxation, Ty
Toc ~ Tmfp +—
fi=fiell + Knx® + ...
Hydrodynamic The fields n, u, T evolve through transport
description and external forces. Their evolution depends
on the boundary conditions.
Equilibration, when the boundaries sustain no flow or heat flux
T™H T
(e.g. 1)
Uniform temperature; density as in (2.6.29).
Equilibrium Conserved quantities and imposed constraints
v fix the equilibrium parameters.

Schematic time axis; labels indicate characteristic relaxation times.

Figure 2.8.1. Successive descriptions and characteristic relaxation times. The dilute-gas estimates of §2.4
give Ty ~ 7 X 1073 sand 1), ~ Tmep ~ 1.4 X 10719 s, As an illustration of the much longer
hydrodynamic relaxation, the shear disturbance (2.8.61), with wavelength 2 mm, has k = 7 /(1 mm).
Takingv =~ 1.4 X 107> m? s~ givesty = 1, = 1/(vk?) = 7 x 1073 s. The time axis is schematic. The
marked times characterize relaxation processes; equilibrium is approached over several decay times.

Whether the hydrodynamic evolution approaches equilibrium or maintains transport depends on
the boundary conditions and external constraints. Moving walls or walls maintained at different
temperatures can sustain velocity gradients or heat flow. Equilibrium at rest has uniform
temperature, while its density may remain nonuniform in an external potential, as in (2.8.29). Local
equilibrium alone imposes neither uniform temperature across the gas nor the absence of mean
flow.

The dilute-gas approximation and the hydrodynamic approximation involve different comparisons
of lengths:

e=nd®«1, Kn="01, (2.8.74)
The first condition concerns the number of particles within a volume comparable to the interaction
volume. Under the assumptions of §2.4, it justifies describing collisions by isolated two particle
dynamics. The second condition requires the hydrodynamic fields to vary little over a mean free
path. Together with the slow temporal evolution specified in (2.8.1), it justifies calculating the
distribution as a local Maxwell distribution plus small gradient corrections.

These conditions have different consequences when they fail. Spatial variations on the scale of the
mean free path require the momentum dependence of f; to be followed with the kinetic equation.
For a sufficiently dilute gas, the Boltzmann equation remains applicable in this regime. Increasing
density instead requires reconsideration of the isolated binary collision approximation.

Retaining higher powers of Kn in a solution of the Boltzmann equation gives further gradient
corrections while retaining the same binary collision integral. Improving the collision integral
requires a different calculation: the contribution of three and more particles to the pair distribution
must also be retained.

For example, if particle 3 exerts forces on particles 1 or 2 during their collision, their momenta
evolve under the forces involving all three particles. The corresponding contribution to the pair
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equation involves f3. Three particle correlations also arise through successive collisions. If particles
1 and 3 collide, then particles 3 and 2 collide, the states of particles 1 and 2 become correlated
through their interaction with particle 3. A subsequent collision between particles 1 and 2
therefore need not begin with a factorized pair distribution, even though each collision occurred
separately in time.

Four particle correlations arise in the same way. For example, collisions within the pairs 1, 2 and 3,
4, followed by a collision between particles 2 and 3, couple the states of all four particles. Their joint
distribution is described by f,. All these correlations are generated by the pair forces already
present in the Hamiltonian. Their contributions to f,, and hence to the collision integral, are
calculated by retaining the corresponding higher BBGKY equations and comparing powers of ¢, as
outlined in §2.4.

A higher gradient correction is physically useful only when the effects omitted from the collision
integral are smaller than the correction being calculated. Increasing the number of terms in the
expansion in Kn alone does not establish this accuracy.

The relaxation-time model introduces a separate approximation. Its use of one relaxation time for
all momenta produces the equality v = D; in (2.8.72). Calculating additional gradient corrections
within that model preserves its assumed collision term. Determining the transport coefficients from
the actual collision law requires the linearized Boltzmann collision integral described after (2.8.52).

Irreversibility already appears at the kinetic stage, before the hydrodynamic approximation is
introduced. Under the assumptions of §2.5, the Boltzmann equation gives
dH

<0.
dt 0

The Hamiltonian dynamics underlying that equation is reversible, and Liouville evolution preserves
the corresponding integral constructed from the full N particle distribution, as shown in (2.5.35).
The distinction therefore concerns the passage from the full distribution to the closed kinetic
equation.

At the first temporal coarse scale,
Tint K Atkin K Tioes

the force history within an individual collision is unresolved. A collision is represented by the
relation between its initial and final momenta, while the slower evolution of f; remains resolved.
This temporal resolution alone does not distinguish one direction of time from the other.

The distinction enters through the condition used to calculate the pair distribution. In §2.4,
weakening of correlations was applied to widely separated particle states before their collision.
Their joint distribution was factorized there, and the two particle dynamics determined the
correlations generated during and after the collision. The boundary condition thus treats the past
and future differently. Imposing the corresponding factorization on separated states after the
collision would select the time-reversed construction and reverse the sign of the collisional change
of H.

The irreversible kinetic equation follows from combining the kinetic temporal resolution with this
condition on incoming correlations. Choosing a temporal resolution and integrating over the
positions and momenta of the other particles do not by themselves imply factorization of the
incoming pair distribution. That factorization is the additional condition used to close the kinetic
equation and obtain the H-theorem. The hydrodynamic approximation subsequently describes the
slower evolution of a distribution whose kinetic equation already has this direction of statistical
evolution.

The monotonic decrease of H also needs to be distinguished from a proof of convergence to
equilibrium. In the homogeneous setting studied in §2.5, the conserved particle number,
momentum and energy give a finite lower bound for H. Its monotonic decrease therefore implies a
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finite limiting value. This alone neither proves convergence of the distribution to the equilibrium
Maxwell form nor determines a relaxation time.

The role of incoming correlations becomes especially clear under exact momentum reversal.
Consider N particles governed by Hamilton equations with time-independent interactions
depending only on particle positions. Let r;(t) and p;(t) denote the position and momentum of
particle i. After evolution from t = 0 to t = t, > 0, reverse every momentum while leaving every
position unchanged. Denoting the subsequent motion by the superscript rev, its initial data are

;% (to) = r;(to), pi”' (to) = —pi(to). (2.8.75)
The Hamilton equations are invariant under simultaneous reversal of time and momenta.
Consequently, if s is the elapsed time after reversal,
;[ (to +5) =1i(ty — 5),
pi*(to +5) = —pi(to — 5),
At time 2t,, the particles recover their initial positions with momenta opposite to their initial
values. This is exact for the specified microscopic dynamics, for any reversal time t,,.

0<s<t,. (2.8.76)

Applying this reversal to the microscopic states represented by the distribution reverses the
sequence of one particle distributions, with momenta inverted. Since the momentum integration
defining H is unchanged by p — —p, the same functional evaluated on the reversed distribution,
denoted by H™V, satisfies

Hrev(to + S) = H(to - S).

Whenever H decreases during the original evolution, it increases during the exactly reversed
evolution.

The reversed incoming pairs retain the correlations generated by the original collisions. Particles
that were separating after a collision now move towards one another, with correlated momenta
that allow them to reconstruct that collision in reverse. Replacing their joint distribution by a
product of one particle distributions removes precisely these correlations. The reversed state
therefore generally violates the incoming factorization used to derive the ordinary Boltzmann
equation. Its increasing H is consistent with reversible mechanics because the assumptions of the
H-theorem no longer hold.

Imperfect momentum reversal changes subsequent collisions and spoils reconstruction of the
earlier motion. Numerical reversal experiments illustrate how strongly recovery depends on the
precision of the reversal. This practical sensitivity does not impose a short-time restriction on the
exact identity (2.8.76).

The time direction of the Boltzmann equation is therefore fixed by the condition imposed on
incoming correlations. Exact momentum reversal produces correlated incoming pairs that
generally violate this condition, so the ordinary Boltzmann collision integral does not describe their
reversed evolution. The subsequent hydrodynamic approximation starts from this kinetic equation
and determines the slower evolution of density, mean velocity and temperature. Viscous relaxation
and heat conduction thus occur within a description whose irreversible statistical evolution has
already been established at the kinetic stage.

Conclusion to Section 2

The BBGKY hierarchy makes explicit why the one particle distribution does not generally obey a
closed evolution equation: its evolution depends on pair statistics, whose evolution depends on
higher distributions. Bogoliubov’s kinetic hypothesis identifies the physical assumption that
permits a reduction: after a short initial relaxation, the higher distributions are determined by the
one particle distribution at the observation time. Correlations remain present, but separate initial
data for their subsequent evolution are no longer required. For a dilute gas, isolated binary collision
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dynamics, together with factorization of the distribution before a collision, leads to the Boltzmann
equation.

A further reduction becomes possible when local collisional relaxation is fast compared with
changes in density, mean velocity and temperature, and these fields vary little over a mean free
path. The momentum distribution is then approximately Maxwellian at each position. Local
equilibrium still permits spatial variations and flow, so the gas can continue to evolve on much
longer time scales. The moments of the Boltzmann equation give the local balances of particle
number, momentum and energy. Evaluating their fluxes with the local Maxwell distribution gives
the Euler equations; the small corrections generated by spatial gradients give viscous stresses and
heat conduction. Transport coefficients therefore connect the collision dynamics with the slower
evolution of macroscopic disturbances.

Conservation laws constrain relaxation but do not determine its direction. Under its stated
assumptions, the Boltzmann H-theorem establishes nondecreasing kinetic entropy and identifies
the local Maxwell distribution as its equality case; monotonicity alone does not prove convergence
to global equilibrium. Irreversibility already enters at the kinetic stage through the condition
imposed on incoming correlations. Temporal coarse resolution alone does not imply that condition.
In the quantum description, the Pauli equation replaces resolved transition dynamics by rates
between many particle states. Its relaxation analysis establishes decay of nonstationary
contributions and yields microcanonical equilibrium when the allowed transitions connect all
states within the prescribed energy interval.
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   ∫ d 1     f 1  ( 1 , t ) = N .


    f 1  ( 𝐫 , 𝐩 , t )     d 3 r     d 3 p


    d 3 r


  𝐫


    d 3 p


  𝐩


  t


    f 1 / N


    𝜌  N →   f 1


    f 1


    𝜌  N


    f 1


  N


    𝒇  𝟏


   n  ( 𝐫 , t ) = ∫   d 3 p     f 1  ( 𝐫 , 𝐩 , t ) .


  𝐮  ( 𝐫 , t )


   n  ( 𝐫 , t )   𝐮  ( 𝐫 , t ) = ∫   d 3 p     𝐩  m     f 1  ( 𝐫 , 𝐩 , t ) .


   𝐜 =   𝐩  m − 𝐮  ( 𝐫 , t ) .


    𝜀 kin  ( 𝐫 , t ) = ∫   d 3 p     m   c 2 2     f 1  ( 𝐫 , 𝐩 , t ) .


    3 2   n   k  B T = ∫   d 3 p     m   c 2 2     f 1 .


    f 1


    P  𝛼 𝛽 kin = m ∫   d 3 p     c  𝛼   c  𝛽   f 1 ,


    𝐪 kin = ∫   d 3 p     m   c 2 2   𝐜     f 1 .


    𝐪 kin = ∫   d 3 p     m   c 2 2   𝐜     f 1 .


    f 1


    f 1


    f 1


    H  N =   H 0 +   H int ,


    H 0 =   ∑  i = 1  N   [     p  i 2  2 m +   U ext  (   𝐫  i , t ) ] .


    H int = 0 .


    ∂   𝜌  N  ∂ t +   ∑  i = 1  N   [     𝐩  i  m ⋅  ∇    𝐫  i   𝜌  N +   𝐅  i ext ⋅  ∇    𝐩  i   𝜌  N ] = 0 ,


    𝐅  i ext = −  ∇    𝐫  i   U ext  (   𝐫  i , t ) .


  N


  2 , … , N


  N ∫ d 2 ⋯ d N     ∂   𝜌  N  ∂ t =   ∂   f 1  ∂ t .


  N ∫ d 2 ⋯ d N       𝐩 1  m ⋅  ∇    𝐫 1   𝜌  N =     𝐩 1  m ⋅  ∇    𝐫 1   f 1 ,


  N ∫ d 2 ⋯ d N     𝐅 1 ext ⋅  ∇    𝐩 1   𝜌  N =   𝐅 1 ext ⋅  ∇    𝐩 1   f 1 .


  i = 2 , … , N


  ∫   d 3   r  i       𝐩  i  m ⋅  ∇    𝐫  i   𝜌  N


  ∫   d 3   p  i     𝐅  i ext ⋅  ∇    𝐩  i   𝜌  N


     ∂   f 1  ∂ t +   𝐩  m ⋅  ∇  𝐫   f 1 +   𝐅 ext ⋅  ∇  𝐩   f 1 = 0 .


    f 1


    ℒ 1 ≡  ∂  ∂ t +   𝐩  m ⋅  ∇  𝐫 +   𝐅 ext ⋅  ∇  𝐩 .


    ℒ 1   f 1 = 0 .


    ℒ 1   f 1 =  ℐ 1  ( 𝐫 , 𝐩 , t ) ,


     ∂   f 1  ∂ t +   𝐩  m ⋅  ∇  𝐫   f 1 +   𝐅 ext ⋅  ∇  𝐩   f 1 =  ℐ 1 .


   ℐ 1


  N


    f 1


    d 3 r     d 3 p


   ℐ 1  ( 𝐫 , 𝐩 , t )     d 3 r     d 3 p


  𝐫


   ℐ 1


   ∫   d 3 p    ℐ 1  ( 𝐫 , 𝐩 , t ) = 0 .


   ℐ 1


  ∫   d 3 p   𝐩    ℐ 1 = 0 ,


  ∫   d 3 p       p 2  2 m    ℐ 1 = 0 .


  ∫   d 3 p       p 2  2 m    ℐ 1 = 0 .


    f LE  ( 𝐫 , 𝐩 , t ) = n  ( 𝐫 , t )    (  1  2 𝜋 m   k  B T  ( 𝐫 , t ) )  3 / 2 exp ​  [ −   ( 𝐩 − m 𝐮  ( 𝐫 , t )  ) 2  2 m   k  B T  ( 𝐫 , t ) ]


    f 1


    ℐ 1   ( R ) = −     f 1 −   f LE    𝜏  R .


    𝜏  R


     𝜏  R ∼   𝜏 loc ∼   𝜏 mfp .


    f LE


  n


  𝐮


  T


    f 1


  ∫   d 3 p    (   f 1 −   f LE ) = 0 ,


  ∫   d 3 p   𝐩    (   f 1 −   f LE ) = 0 ,


  ∫   d 3 p   𝐩    (   f 1 −   f LE ) = 0 ,


  ∫   d 3 p       p 2  2 m  (   f 1 −   f LE ) = 0 .


  ∫   d 3 p       p 2  2 m  (   f 1 −   f LE ) = 0 .


    f eq


    ∂   f 1  ∂ t = −     f 1 −   f eq    𝜏  R .


     f 1  ( t ) −   f eq =  [   f 1  ( 0 ) −   f eq ] exp  ( − t /   𝜏  R ) .


    f 1


    𝜌  N →   f 1


   ℒ 1   f 1 = 0


     𝜏 int ≪   𝜏 loc ≪   𝜏  H ,       𝜏 loc ∼   𝜏 mfp .


     𝜏 int ≪ 𝛥   t kin ≪   𝜏 loc .


    f 1


    𝜏  R


    𝜏 loc


    𝜏 loc ≪ 𝛥   t hyd ≪   𝜏  H ,


    𝜆 mfp ≪ 𝛥   x hyd ≪ L .


    f 1


  n


  𝐮


  T


   ℒ 1   f 1 =  ℐ 1


   ℐ 1


  N


    f 1


      Section 2.2:  one-particle variables and the general structure of a kinetic equation ,   Section 2.3:  exact many-particle origin of the interaction term and the closure problem .


    f 1  ( 1 , t )


   ℒ 1   f 1 =  ℐ 1 .


   ℒ 1


   ℐ 1


  N


    f 1


    f 1


    f 2


    f 2


    f 3


  N


  𝒔


  i ≡  (   𝐫  i ,   𝐩  i ) ,     d i ≡   d 3   r  i     d 3   p  i .


  N


  ∫ d 1 ⋯ d N     𝜌  N  ( 1 , … , N , t ) = 1 .


  1 ≤ s ≤ N


  s


     f  s  ( 1 , … , s , t ) =   N !   ( N − s ) ! ∫ d  ( s + 1 ) ⋯ d N     𝜌  N  ( 1 , … , N , t ) .


    f  s


  s


   ∫ d 1 ⋯ d s     f  s  ( 1 , … , s , t ) =   N !   ( N − s ) ! .


    f  s  ( 1 , … , s , t )   d 1 ⋯ d s


  s


  ∫ d 1     f 1  ( 1 , t ) = N ,


  ∫ d 1   d 2     f 2  ( 1 , 2 , t ) = N  ( N − 1 ) .


    f  s + 1


  s + 1


   ∫ d  ( s + 1 )     f  s + 1  ( 1 , … , s + 1 , t ) =  ( N − s )   f  s  ( 1 , … , s , t ) .


  s = N


    f  N  ( 1 , … , N , t ) = N !     𝜌  N  ( 1 , … , N , t ) .


    f 1 ,   f 2 , … ,   f  N


  N


    f  s


    H  N =   ∑  i = 1  N   [     p  i 2  2 m +   U ext  (   𝐫  i , t ) ] +  1 2   ∑  i ≠ j ​  𝛷  (   𝐫  i −   𝐫  j ) ,


    𝐅  i ext = −  ∇    𝐫  i   U ext  (   𝐫  i , t ) ,       𝐅  i j = −  ∇    𝐫  i 𝛷  (   𝐫  i −   𝐫  j ) .


    𝐅  j i = −   𝐅  i j .


    ∂   𝜌  N  ∂ t +   ∑  i = 1  N      𝐩  i  m ⋅  ∇    𝐫  i   𝜌  N +   ∑  i = 1  N   (   𝐅  i ext +   ∑  j ≠ i ​    𝐅  i j ) ⋅  ∇    𝐩  i   𝜌  N = 0 .


    f 1


  N


  d 2 ⋯ d N


   [  ∂  ∂ t +     𝐩 1  m ⋅  ∇    𝐫 1 +   𝐅 1 ext ⋅  ∇    𝐩 1 ]   f 1  ( 1 , t ) .


  2 , … , N


  N   ∑  j = 2  N ∫ d 2 ⋯ d N     𝐅  1 j ⋅  ∇    𝐩 1   𝜌  N .


  N − 1


  N  ( N − 1 ) ∫ d 2 ⋯ d N     𝐅 12 ⋅  ∇    𝐩 1   𝜌  N .


    f 2


    f 2  ( 1 , 2 , t ) = N  ( N − 1 ) ∫ d 3 ⋯ d N     𝜌  N ,


    [  ∂  ∂ t +     𝐩 1  m ⋅  ∇    𝐫 1 +   𝐅 1 ext ⋅  ∇    𝐩 1 ]   f 1  ( 1 , t ) = − ∫ d 2     𝐅 12 ⋅  ∇    𝐩 1   f 2  ( 1 , 2 , t ) .


    ℐ 1  ( 1 , t ) = − ∫ d 2     𝐅 12 ⋅  ∇    𝐩 1   f 2  ( 1 , 2 , t ) .


    f 2


    f 2


  1 =  (   𝐫 1 ,   𝐩 1 )


    f 1  ( 1 , t )


    f 2  ( 1 , 2 , t )


  1


  2


    f 1


    f 1


    f 2


  N  ( N − 1 )


  d 3 ⋯ d N


    𝐅 12 ⋅  ∇    𝐩 1   f 2 +   𝐅 21 ⋅  ∇    𝐩 2   f 2 .


    𝐅 21 = −   𝐅 12


    𝐅 12 ⋅  (  ∇    𝐩 1 −  ∇    𝐩 2 )   f 2 .


    f 3


    ℒ 2 =  ∂  ∂ t +   ∑  i = 1 2   [     𝐩  i  m ⋅  ∇    𝐫  i +   𝐅  i ext ⋅  ∇    𝐩  i ] +   𝐅 12 ⋅  (  ∇    𝐩 1 −  ∇    𝐩 2 ) .


    f 2


    ℒ 2   f 2  ( 1 , 2 , t ) = − ∫ d 3    [   𝐅 13 ⋅  ∇    𝐩 1 +   𝐅 23 ⋅  ∇    𝐩 2 ]   f 3  ( 1 , 2 , 3 , t ) .


  s


    ℒ  s   f  s = −   ∑  i = 1  s ∫ d  ( s + 1 )     𝐅  i , s + 1 ⋅  ∇    𝐩  i   f  s + 1 ,     1 ≤ s < N .


    ℒ  s =  ℒ  s   ( 0 ) +  ℒ  s   ( pair ) .


    ℒ  s   ( 0 ) =  ∂  ∂ t +   ∑  i = 1  s   [     𝐩  i  m ⋅  ∇    𝐫  i +   𝐅  i ext ⋅  ∇    𝐩  i ] ,


    ℒ  s   ( pair ) =   ∑  1 ≤ i < j ≤ s ​    𝐅  i j ⋅  (  ∇    𝐩  i −  ∇    𝐩  j ) .


  s


    f  s + 1


     f 1   ←     f 2 ,       f 2   ←     f 3 ,     … ,       f  N − 1   ←     f  N .


    f  N = N !   𝜌  N


  N


    f 1


    𝜌  N →   f  s


    f 1


    f 2


    f 1 / N


  N  ( N − 1 )     f 1  ( 1 , t )  N     f 1  ( 2 , t )  N =   N − 1  N   f 1  ( 1 , t )   f 1  ( 2 , t ) .


     f 2  ( 1 , 2 , t ) =   N − 1  N   f 1  ( 1 , t )   f 1  ( 2 , t ) +   g 2  ( 1 , 2 , t ) ,


    g 2


   ∫ d 2     g 2  ( 1 , 2 , t ) = 0 .


    g 2 = 0


  N


  N ≫ 1


    N − 1  N ≃ 1 ,


    f 2  ( 1 , 2 , t ) ≃   f 1  ( 1 , t )   f 1  ( 2 , t ) .


    f 2


    g 2


   ℓ corr


    |   𝐫 1 −   𝐫 2 | ≫  ℓ corr   ⇒     f 2  ( 1 , 2 , t ) →   N − 1  N   f 1  ( 1 , t )   f 1  ( 2 , t ) .


    f 2


     f  s  ( 1 , … , s , t ) ≃  ℱ  s  [     f 1  ( t )   ] ,     s ≥ 2 ,


   ℱ  s


     𝜏 int ≪   𝜏 loc ≪   𝜏  H ,       𝜏 loc ∼   𝜏 mfp .


    𝜏 int


    𝜏 loc


    𝜏 int ≪   𝜏 loc


    f 1


     𝜏 int ≪ 𝛥   t kin ≪   𝜏 loc .


    f 2 =   N − 1  N   f 1   f 1 +   g 2


    f 2


    g 2


    f 2 =   f 1   f 1


   long-range collective interactions   →   mean-field closure   →   Vlasov equation ,


   short-range binary encounters   →   binary-collision closure   →   Boltzmann equation .


   ℒ 1   f 1  ( 1 , t ) =  ℐ 1  ( 1 , t ) = − ∫ d 2    F 12 ⋅  ∇   p 1   f 2  ( 1 , 2 , t ) .


   ℒ 1


   F 12


  m


  𝛷  ( |  r 1 −  r 2 | )


  d


  n


  1 / n


  a


  a =   n  − 1 / 3 ,     n   d 3 =    (   d  a ) 3 ≪ 1 .


    d 3


  n   d 3


    v  th


    𝜆  mfp


  d /   v  th


    𝜆  mfp /   v  th


    𝜏  loc


    𝜏  H


  𝛥   t  kin


       𝜏  int ∼   d    v  th ,     𝜏  mfp ∼     𝜆  mfp    v  th ,     𝜏  int ≪   𝜏  loc ≪   𝜏  H ,     𝜏  loc ∼   𝜏  mfp ,     𝜏  int ≪ 𝛥   t  kin ≪   𝜏  loc .


  n ≃ 3 ×  10 25    m  − 3


  d ≃ 3 . 5 ×  10  − 10   m


    v  th ≃ 5 ×  10 2   m    s  − 1


    𝜆  mfp ≃ 7 ×  10  − 8   m


  a


  3 . 2 ×  10  − 9   m


  n   d 3


  1 . 3 ×  10  − 3


    𝜏  int


  7 ×  10  − 13   s


    𝜏  mfp


  1 . 4 ×  10  − 10   s


  d ≪ a ≪   𝜆  mfp


  𝛥   t  kin ∼  10  − 11   s


  𝛥   t  kin /   𝜏  mfp ≃ 0 . 07


    𝜆  mfp


  n   𝜆  mfp 3 ≃  10 4


  4 ×  10 2


  𝛥   t  kin ≪   𝜏  loc


    f 1


    𝜏  int


  𝛥   t  kin


    f 1


    f 1


    f 1


   p 1


   p 1 ,  p 2


   p 1 ′ ,  p 2 ′


   p 1


      p 1 ′ +  p 2 ′ =  p 1 +  p 2 ,       p 1  ′ 2  2 m +     p 2  ′ 2  2 m =     p 1 2  2 m +     p 2 2  2 m .


  R =  r 2 −  r 1


  𝛷  ( | R | )


  P =  p 1 +  p 2 ,     g =    p 2 −  p 1  m ,     g = | g | .


  P /  ( 2 m )


  g


  R


   R . = g


   p 1 =  P 2 −   m g 2 ,      p 2 =  P 2 +   m g 2 .


  P ⋅ g


      p 1 2  2 m +     p 2 2  2 m =     P 2  4 m +   m   g 2 4 .


  P ′ =  p 1 ′ +  p 2 ′


  g ′ =  (  p 2 ′ −  p 1 ′ ) / m


  g ′ = | g ′ |


  P ′ = P ,     g ′ = g .


  g ′


  g


  g


  g ′


  g 𝛥   t  kin


  g ′


  b


  R = 0


  𝜑


  b


  b + d b


  𝜑


  𝜑 + d 𝜑


  d 𝜎 = b   d b   d 𝜑 .


   p 1


    d 3 r     d 3   p 1


   ( r ,  p 1 )


  t


  d N =   f 1  ( r ,  p 1 , t )     d 3 r     d 3   p 1 .


   p 1


   p 2


  g =  (  p 2 −  p 1 ) / m


   p 2


  1 =  ( r ,  p 1 )


  2 =  (  r 2 ,  p 2 )


    f 2  in  ( 1 , 2 , t )


    f 2  in  ( 1 , 2 , t )   d 1   d 2


    f 1  ( 1 , t )   d 1


  d 2


    d 3   p 2


   r 2


  d   n 2  in =     f 2  in  ( 1 , 2 , t )    f 1  ( 1 , t )     d 3   p 2 .


  𝛥   t  kin


  R = 0


  2 d


  d 𝜎 = b   d b   d 𝜑


  g


  𝛥   t  kin


  g 𝛥   t  kin


  d 𝜎


  g 𝛥   t  kin


  d   V  coll = g 𝛥   t  kin   d 𝜎 = g 𝛥   t  kin   b   d b   d 𝜑 .


  𝛥   t  kin


  d 𝜎 = b   d b   d 𝜑


  z


  g


    p 1 ,   p 2


    𝜏  int


    𝜏  int / 𝛥   t  kin


    f 2  in  ( 1 , 2 , t ) ≃   N − 1  N     f 1  ( 1 , t )   f 1  ( 2 , t ) .


  [  ( N − 1 ) / N ]   f 1  (  r 2 ,  p 2 , t )     d 3   p 2


   ( N − 1 ) / N


  N − 1


    f 1


    f 1


  N ≫ 1


    f 2  in  ( 1 , 2 , t ) ≃   f 1  ( r ,  p 1 , t )     f 1  ( r ,  p 2 , t ) .


    f 1


    d 3   p 2


  b   d b   d 𝜑


  d   n 2  in   d   V  coll ≃   f 1  ( r ,  p 2 , t )     d 3   p 2   g 𝛥   t  kin   b   d b   d 𝜑 .


   p 1 ′ ,  p 2 ′


   p 1 ,  p 2


  d   N  loss =   f 1  ( r ,  p 1 , t )     f 1  ( r ,  p 2 , t )     d 3 r     d 3   p 1     d 3   p 2   g 𝛥   t  kin   d 𝜎 .


   p 1 ,  p 2


  d 𝜎 = b   d b   d 𝜑


  0 ≤ b < d


  𝛥   t  kin     d 3 r     d 3   p 1


    C  loss [   f 1 ]  ( r ,  p 1 , t ) = ∫   d 3   p 2 ∫ d 𝜎   g     f 1  ( r ,  p 1 , t )     f 1  ( r ,  p 2 , t ) .


   p 1 ′ ,  p 2 ′


   p 1 ,  p 2


    f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t )


    m 3 / 8


  P


       d 3   p 1     d 3   p 2 =     m 3 8     d 3 P     d 3 g ,     d 3   p 1 ′     d 3   p 2 ′ =     m 3 8     d 3 P     d 3 g ′ .


  g ′     d 3   p 1 ′     d 3   p 2 ′   d 𝜎 = g     d 3   p 1     d 3   p 2   d 𝜎 .


  g ′ = g


  d   N  gain =   f 1  ( r ,  p 1 ′ , t )     f 1  ( r ,  p 2 ′ , t )     d 3 r     d 3   p 1     d 3   p 2   g 𝛥   t  kin   d 𝜎 .


  𝛥   t  kin     d 3 r     d 3   p 1


    C  gain [   f 1 ]  ( r ,  p 1 , t ) = ∫   d 3   p 2 ∫ d 𝜎   g     f 1  ( r ,  p 1 ′ , t )     f 1  ( r ,  p 2 ′ , t ) .


   p 1 ,  p 2


   p 1 ′ ,  p 2 ′


  b , 𝜑


   p 1 ′ =  p 1


   p 2 ′ =  p 2


  0 ≤ b < ∞


    f 1


  C [   f 1 ]


       ∂   f 1  ( r ,  p 1 , t )  ∂ t = C [   f 1 ]  ( r ,  p 1 , t ) =   C  gain [   f 1 ] −   C  loss [   f 1 ]   = ∫   d 3   p 2   ∫ 0 ∞  b   d b   ∫ 0  2 𝜋  d 𝜑   g     × [   f 1  ( r ,  p 1 ′ , t )     f 1  ( r ,  p 2 ′ , t ) −   f 1  ( r ,  p 1 , t )     f 1  ( r ,  p 2 , t ) ] .


   p 1


    f 1


    𝜏  int


    f 1


  r


  t


   ℒ 1


    ∂   f 1  ∂ t +    p 1  m ⋅  ∇ r   f 1 +  F  ext  ( r , t ) ⋅  ∇   p 1   f 1 = C [   f 1 ]  ( r ,  p 1 , t ) .
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    f 2


    f 1
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    f 1


    f 1


    f 1


    f 2


    f 1


    f 1


    𝜏  int


    f 1


   ℒ 1   f 1  ( 1 , t ) =  ℐ 1  ( 1 , t ) = − ∫ d 2    F 12 ⋅  ∇   p 1   f 2  ( 1 , 2 , t ) .


    f 2


    f 2  ( 1 , 2 , t )   d 1   d 2


  d 1


  d 2


   ℐ 1  ( 1 , t ) = −  ∇   p 1 ⋅ [ ∫ d 2    F 12   f 2  ( 1 , 2 , t ) ] .


    f 1


    𝜏  int


    𝜏  loc


  𝛥   t  kin


    f 1


    f 1


    f 1


    f 1


    f 1


    f 1


    f  s


    f 1


   ℱ  s


  s


    f  s  ( 1 , … , s , t ) ≃  ℱ  s ​ [     f 1  ( t )   ] ,     s ≥ 2 .


    f 1


    f 1


    f 1


   ℱ  s [   f 1 ]


   ℱ 2 [   f 1 ]


   ℱ 2


    f 1


   ℒ 2


    f 3


    f  s


  N ! /  ( N − s ) !


  V


  v = V / N


      f ~  s  ( 1 , … , s , t ) =     V  s  ( N − s ) !  N !     f  s  ( 1 , … , s , t ) ,     s = 1 , 2 , 3 .


    f 1 =  ( N / V )     f ~ 1


    f 2 = [ N  ( N − 1 ) /   V 2 ]     f ~ 2


      ℒ 1     f ~ 1 = −   N − 1  V ∫ d 2    F 12 ⋅  ∇   p 1     f ~ 2 ,    ℒ 2     f ~ 2 = −   N − 2  V ∫ d 3   [  F 13 ⋅  ∇   p 1 +  F 23 ⋅  ∇   p 2 ]     f ~ 3 .


    f  s + 1


    f  s


   ( N − s ) / V


  N


  N / V = 1 / v


  d 2 =   d 3   r 2     d 3   p 2


   r 1


   F 12


  |  r 2 −  r 1 |


  d


   F 13


   F 23


    d 3


    d 3


  𝜀 =     d 3  v ≪ 1 .


  1 / v = n


  𝜀


    d 3


  n  ( r , t )   d 3 ≪ 1


  1 / v = 𝜀 /   d 3


  N


      ℒ 1     f ~ 1 = −   𝜀    d 3 ∫ d 2    F 12 ⋅  ∇   p 1     f ~ 2 ,    ℒ 2     f ~ 2 = −   𝜀    d 3 ∫ d 3   [  F 13 ⋅  ∇   p 1 +  F 23 ⋅  ∇   p 2 ]     f ~ 3 .


      f ~ 3


  𝜀


      f ~ 2


      f ~ 2


      f ~ 3


  𝜀


   ( 0 )


   ( 1 )


      f ~  s =     f ~  s   ( 0 ) + 𝜀       f ~  s   ( 1 ) + O  (   𝜀 2 ) ,     s = 2 , 3 .


      ℒ 1     f ~ 1 = −  1    d 3 ∫ d 2    F 12 ⋅  ∇   p 1 [ 𝜀     f ~ 2   ( 0 ) +   𝜀 2     f ~ 2   ( 1 ) ] + O  (   𝜀 3 ) ,    ℒ 2     f ~ 2   ( 0 ) + 𝜀  ℒ 2     f ~ 2   ( 1 ) = −   𝜀    d 3   ∑  i = 1 2 ∫ d 3    F  i 3 ⋅  ∇   p  i     f ~ 3   ( 0 ) + O  (   𝜀 2 ) .


  𝜀     f ~ 2   ( 1 )


  𝜀 /   d 3


    𝜀 2     f ~ 2   ( 1 )


  𝜀


   ℒ 2     f ~ 2   ( 0 ) = 0


  [  ∂  ∂ t +   ∑  i = 1 2   (    p  i  m ⋅  ∇   r  i +  F  i  ext ⋅  ∇   p  i ) +  F 12 ⋅  (  ∇   p 1 −  ∇   p 2 ) ]     f ~ 2   ( 0 ) = 0 .


   F 12


  −  F 12


   F 12 ⋅  ∇   p 1     f ~ 2   ( 0 )


  −  F 12 ⋅  ∇   p 2     f ~ 2   ( 0 )


  𝜀


      f ~ 2   ( 0 )


  𝜀


  𝜀     f ~ 2   ( 1 )


  𝜀


   ℒ 1     f ~ 1 = −   𝜀    d 3 ∫ d 2    F 12 ⋅  ∇   p 1     f ~ 2   ( 0 ) + O  (   𝜀 2 ) .


      f ~ 2


  𝜀


    𝜀 2


    f 2  ( 1 , 2 , t ) ≃   N  ( N − 1 )    V 2       f ~ 2   ( 0 )  ( 1 , 2 , t ) .


  𝜀


      f ~ 2   ( 0 )


    f 1


   ℓ  corr


      f ~ 2  ( 1 , 2 , t ) →     f ~ 1  ( 1 , t )     f ~ 1  ( 2 , t ) ,     |  r 2 −  r 1 | ≫  ℓ  corr .


    𝜌  N


   ( 1 , 2 )


  t


   r  i  ( t ′ )


   p  i  ( t ′ )


  i = 1 , 2


  t ′ = t


  i  ( t ′ ) =  (  r  i  ( t ′ ) ,  p  i  ( t ′ ) )


  1  ( t ) = 1


  2  ( t ) = 2


  𝜏


      f ~ 2   ( 0 )  ( 1 , 2 , t ) =     f ~ 2   ( 0 )  ( 1  ( t − 𝜏 ) , 2  ( t − 𝜏 ) , t − 𝜏 ) .


  𝜏


  |  r 2  ( t − 𝜏 ) −  r 1  ( t − 𝜏 ) | ≫ d ,  ℓ  corr .


  𝜏 → ∞


      f ~ 2   ( 0 )  ( 1 , 2 , t ) ≃     f ~ 1  ( 1  ( t − 𝜏 ) , t − 𝜏 )       f ~ 1  ( 2  ( t − 𝜏 ) , t − 𝜏 ) .


  1  ( t − 𝜏 )


  1


  2


  2  ( t − 𝜏 )


  t


  t − 𝜏


  t


    f 1


  t


  𝜀


  𝜀


   F  i  ext = 0


    ∂     f ~ 1  ∂ t +  p  m ⋅  ∇ r     f ~ 1 = 0 .


  p


  𝜏


  r


  r + p 𝜏 / m


    S  𝜏   ( 1 )


  A  ( r , p )


    S  𝜏   ( 1 ) A  ( r , p ) = A ​  ( r +  p  m 𝜏 , p ) .


  𝜏 > 0


   ( r , p )


  t − 𝜏


   ( r + p 𝜏 / m , p )


  t


      f ~ 1  ( r , p , t − 𝜏 ) =     f ~ 1 ​  ( r +  p  m 𝜏 , p , t ) =   S  𝜏   ( 1 )     f ~ 1  ( r , p , t ) .


  t


   F 12


  −  F 12


  1  ( t ′ )


  2  ( t ′ )


   ( 1 , 2 )


  t


  B  ( 1 , 2 )


    S  − 𝜏   ( 2 ) B  ( 1 , 2 ) = B  ( 1  ( t − 𝜏 ) , 2  ( t − 𝜏 ) ) .


    S  − 𝜏   ( 2 )


  B


      f ~ 2   ( 0 )  ( 1 , 2 , t ) =   lim  𝜏 → ∞   S  − 𝜏   ( 2 )  (     f ~ 1  ( 1 , t − 𝜏 )       f ~ 1  ( 2 , t − 𝜏 ) ) .


    S  𝜏   ( 1 )  ( i )


  i


         f ~ 2   ( 0 )  ( 1 , 2 , t ) =   lim  𝜏 → ∞   ∏  i = 1 2      f ~ 1 ​  (  r  i  ( t − 𝜏 ) ,  p  i  ( t − 𝜏 ) , t − 𝜏 )   =   lim  𝜏 → ∞   ∏  i = 1 2      f ~ 1 ​  (  r  i  ( t − 𝜏 ) +   𝜏  m  p  i  ( t − 𝜏 ) ,  p  i  ( t − 𝜏 ) , t )   =   lim  𝜏 → ∞   S  − 𝜏   ( 2 )   S  𝜏   ( 1 )  ( 1 )   S  𝜏   ( 1 )  ( 2 )  (     f ~ 1  ( 1 , t )       f ~ 1  ( 2 , t ) ) .


    𝜎 2


    𝜎 2 =   lim  𝜏 → ∞   S  − 𝜏   ( 2 )   S  𝜏   ( 1 )  ( 1 )   S  𝜏   ( 1 )  ( 2 ) .


    S  − 𝜏   ( 2 )


      f ~ 2   ( 0 )  ( 1 , 2 , t ) =   𝜎 2  (     f ~ 1  ( 1 , t )       f ~ 1  ( 2 , t ) ) .


  t


    𝜎 2


      f ~ 1 =  ( V / N )   f 1


       f 2  ( 1 , 2 , t ) ≃   N  ( N − 1 )    V 2     𝜎 2  (   V  N   f 1  ( 1 , t )     V  N   f 1  ( 2 , t ) )   =   N − 1  N     𝜎 2  (   f 1  ( 1 , t )     f 1  ( 2 , t ) ) .


   ( N − 1 ) / N


  N


      f ~ 1


    S  𝜏   ( 1 )  ( i )       f ~ 1  (  r  i ,  p  i , t ) =     f ~ 1 ​  (  r  i +   𝜏  m  p  i ,  p  i , t ) =     f ~ 1  (  p  i , t ) .


  𝜏 → ∞


   p  i  in =   lim  𝜏 → ∞  p  i  ( t − 𝜏 ) ,     i = 1 , 2 .


         f ~ 2   ( 0 )  ( 1 , 2 , t ) =   lim  𝜏 → ∞   S  − 𝜏   ( 2 )  (     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) )   =   lim  𝜏 → ∞   ∏  i = 1 2      f ~ 1  (  p  i  ( t − 𝜏 ) , t )   =     f ~ 1  (  p 1  in , t )       f ~ 1  (  p 2  in , t ) .


   r 2


   p 2


   p 1  in ,  p 2  in


   ℒ 1     f ~ 1 =  ∂  t     f ~ 1


   ∂  t     f ~ 1 = O  ( 𝜀 )


      f ~ 1 = O  ( 1 )


  𝛿     f ~ 1  ( q , t )


  q


  𝛿     f ~ 2   ( 0 )  ( 1 , 2 , t )


  𝛿     f ~ 1 =  (  ∂  t     f ~ 1 ) 𝛿 t


     𝛿     f ~ 2   ( 0 )  ( 1 , 2 , t ) = ∫   d 3 q     𝛿     f ~ 2   ( 0 )  ( 1 , 2 , t )  𝛿     f ~ 1  ( q , t )   𝛿     f ~ 1  ( q , t ) ,     ∂     f ~ 2   ( 0 )  ( 1 , 2 , t )  ∂ t = ∫   d 3 q     𝛿     f ~ 2   ( 0 )  ( 1 , 2 , t )  𝛿     f ~ 1  ( q , t )   ∂     f ~ 1  ( q , t )  ∂ t   =     f ~ 1  (  p 2  in , t )     ∂     f ~ 1  (  p 1  in , t )  ∂ t +     f ~ 1  (  p 1  in , t )     ∂     f ~ 1  (  p 2  in , t )  ∂ t   = O  ( 𝜀 ) .


  1


  𝜀


  𝜀


  𝜀 /   d 3


  𝜀


    𝜀 2


  𝜀


      f ~ 3


  R =  r 2 −  r 1


   r 1


   r 2


  −  ∇ R     f ~ 2   ( 0 )


  +  ∇ R     f ~ 2   ( 0 )


  g =  (  p 2 −  p 1 ) / m


  g ⋅  ∇ R     f ~ 2   ( 0 )


   F 12 =  ∇ R 𝛷  ( | R | )


  [ g ⋅  ∇ R +  F 12 ⋅  (  ∇   p 1 −  ∇   p 2 ) ]     f ~ 2   ( 0 )  ( R ,  p 1 ,  p 2 , t ) = 0 .


   F 12 ⋅  ∇   p 1     f ~ 2   ( 0 )


   r 2


   p 2


   p 2


   F 12


   p 2


   p 2


     ∫   d 3   p 2    F 12 ⋅  ∇   p 2     f ~ 2   ( 0 ) = 0 ,   ∫   d 3   p 2    F 12 ⋅  ∇   p 1     f ~ 2   ( 0 ) = − ∫   d 3   p 2   g ⋅  ∇ R     f ~ 2   ( 0 ) .


  1 / v = 𝜀 /   d 3


    d 3   r 2 =   d 3 R


   r 1


    ∂     f ~ 1  (  p 1 , t )  ∂ t =  1  v ∫   d 3   p 2 ∫   d 3 R   g ⋅  ∇ R     f ~ 2   ( 0 ) + O  (   𝜀 2 ) .


      f ~ 2   ( 0 )


       ∂     f ~ 1  (  p 1 , t )  ∂ t =  1  v ∫   d 3   p 2 ∫   d 3 R   g ⋅  ∇ R     𝜎 2  (     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) ) + O  (   𝜀 2 )   =  1  v ∫   d 3   p 2 ∫   d 3 R   g ⋅  ∇ R     lim  𝜏 → ∞   S  − 𝜏   ( 2 )  (     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) ) + O  (   𝜀 2 ) .


    S  − 𝜏   ( 2 )


   p  i  ( t − 𝜏 )


  R


   ∇ R


   p 1 ,  p 2


  g


  g = | g |


  R


  g


   z ^


  z


  R


  b


  𝜑


      z ^ =  g  g ,   z = R ⋅  z ^ ,     b 2 =   | R | 2 −   z 2 ,     d 3 R = b   d b   d 𝜑   d z ,   g ⋅  ∇ R = g    ∂  ∂ z .


  z


  z


       ∂     f ~ 1  (  p 1 , t )  ∂ t =  1  v ∫   d 3   p 2   ∫ 0 ∞  b   d b   ∫ 0  2 𝜋  d 𝜑   g   ∫  − ∞  + ∞  d z     ∂     f ~ 2   ( 0 )  ∂ z + O  (   𝜀 2 )   =  1  v ∫   d 3   p 2   ∫ 0 ∞  b   d b   ∫ 0  2 𝜋  d 𝜑   g      lim  𝜏 → ∞   S  − 𝜏   ( 2 )  (     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) ) |  z = − ∞  z = + ∞ + O  (   𝜀 2 ) .


  𝜏 → ∞


  z → − ∞


  z → + ∞


  b , 𝜑 ,  p 1 ,  p 2 , t


    S  − 𝜏   ( 2 )


     R  ( t − 𝜏 ) = R  ( t ) −    p 2 −  p 1  m 𝜏 = R  ( t ) − g 𝜏 ,   z  ( t − 𝜏 ) = z  ( t ) − g 𝜏 ,     | R  ( t − 𝜏 ) | 2 =   b 2 +    ( z  ( t ) − g 𝜏 ) 2 ,     𝜏 > 0 .


  z → − ∞


  g 𝜏


   p 1 ,  p 2


  z → + ∞


   p 1  in ,  p 2  in


   p 1 ,  p 2


       lim  z → − ∞     f ~ 2   ( 0 ) =     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) ,     lim  z → + ∞     f ~ 2   ( 0 ) =     f ~ 1  (  p 1  in , t )       f ~ 1  (  p 2  in , t ) .


   p 1 ,  p 2


  in


       ∂     f ~ 1  (  p 1 , t )  ∂ t = ​  1  v ∫   d 3   p 2   ∫ 0 ∞  b   d b   ∫ 0  2 𝜋  d 𝜑   g   ×  (     f ~ 1  (  p 1  in , t )       f ~ 1  (  p 2  in , t ) −     f ~ 1  (  p 1 , t )       f ~ 1  (  p 2 , t ) ) + O  (   𝜀 2 ) .


   p 1


   p 1  in ,  p 2  in


   p 1 ,  p 2


    f 1


  N / V


      f ~ 1 =  ( V / N )   f 1


  1 / v = N / V


   ( N / V )  ( 1 / v )    ( V / N ) 2 = 1


  b   d b   d 𝜑 = d 𝜎


    f 1


  r


  t


   ℒ 1


  𝜀


      ℒ 1     f ~ 1 = ​ −   𝜀    d 3 ∫ d 2    F 12 ⋅  ∇   p 1     f ~ 2   ( 0 )   −     𝜀 2    d 3 ∫ d 2    F 12 ⋅  ∇   p 1     f ~ 2   ( 1 ) + O  (   𝜀 3 ) .


    𝜀 2


      f ~ 2   ( 1 )


      f ~ 3   ( 0 )


  𝜀


    S  − 𝜏   ( 3 )


   ( 1 , 2 , 3 )


  t


    𝜎 3


       𝜎 3 =   lim  𝜏 → ∞   S  − 𝜏   ( 3 )   S  𝜏   ( 1 )  ( 1 )   S  𝜏   ( 1 )  ( 2 )   S  𝜏   ( 1 )  ( 3 ) ,       f ~ 3   ( 0 )  ( 1 , 2 , 3 , t ) =   𝜎 3  (     f ~ 1  ( 1 , t )       f ~ 1  ( 2 , t )       f ~ 1  ( 3 , t ) ) .


  𝜀


      f ~ 2   ( 1 )


  𝜀


  𝜀 ≪ 1


  𝜀 = n   d 3


    f 1  ( r , p , t )


  t


    f 1


    f 1


    f 1


   ℱ  s [   f 1 ]


    f 1


    f 3


    S  − 𝜏   ( 2 )


    f 1


    E  int  ( t )


    f 2


    E  int  ( t ) =  1 2 ∫ d 1   d 2   𝛷  ( |  r 1 −  r 2 | )     f 2  ( 1 , 2 , t ) .


    f 1


    f 1


    f 1


    f 1


    f 2


    f 1


    f  s


  s ≥ 3


    f 1


    f 2


    f 3


  𝜓  (   𝐩 1 )


    I  𝜓  ( 𝐫 , t ) = ∫   d 3   p 1   𝜓  (   𝐩 1 )   C [   f 1 ]  ( 𝐫 ,   𝐩 1 , t ) .


  𝐫


  t


    f  i =   f 1  ( 𝐫 ,   𝐩  i , t ) ,       f  i ′ =   f 1  ( 𝐫 ,   𝐩  i ′ , t ) ,       𝜓  i = 𝜓  (   𝐩  i ) ,       𝜓  i ′ = 𝜓  (   𝐩  i ′ )


  i = 1 , 2


    f  i


    𝐩 1 ′ ,   𝐩 2 ′


    𝐩 1 ,   𝐩 2


  g = |   𝐩 2 −   𝐩 1 | / m


  d 𝜎 = b   d b   d 𝜑


    I  𝜓 = ∫   d 3   p 1     d 3   p 2 ∫ b   d b   d 𝜑   g     𝜓 1    (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


    𝜓 1


    𝜓 2


    I  𝜓 =  1 2 ∫   d 3   p 1     d 3   p 2 ∫ b   d b   d 𝜑   g    (   𝜓 1 +   𝜓 2 )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


    𝐩 1 ,   𝐩 2 , b , 𝜑


    𝐩 1 ,   𝐩 2 , b , 𝜑


    𝐩  i  in  (   𝐩 1 ,   𝐩 2 ; b , 𝜑 )


  W  (   𝐩 1 ,   𝐩 2 ;   𝐩 1 ′ ,   𝐩 2 ′ ) = ∫ b   d b   d 𝜑   g     𝛿   ( 3 )  (   𝐩 1 ′ −   𝐩 1  in )     𝛿   ( 3 )  (   𝐩 2 ′ −   𝐩 2  in ) .


    𝐩 1 ′


    𝐩 2 ′


    𝐩  i ′ =   𝐩  i  in


    I  𝜓 =  1 2 ∫   d 3   p 1     d 3   p 2     d 3   p 1 ′     d 3   p 2 ′   W    (   𝜓 1 +   𝜓 2 )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


  W


  W  (   𝐩 1 ,   𝐩 2 ;   𝐩 1 ′ ,   𝐩 2 ′ ) = W  (   𝐩 1 ′ ,   𝐩 2 ′ ;   𝐩 1 ,   𝐩 2 ) .


    𝐩 1 ↔   𝐩 1 ′ ,       𝐩 2 ↔   𝐩 2 ′ .


  W


    𝜓 1 +   𝜓 2 ↦   𝜓 1 ′ +   𝜓 2 ′ ,       f 1 ′   f 2 ′ −   f 1   f 2 ↦   f 1   f 2 −   f 1 ′   f 2 ′ .


    I  𝜓 = −  1 2 ∫   d 3   p 1     d 3   p 2     d 3   p 1 ′     d 3   p 2 ′   W    (   𝜓 1 ′ +   𝜓 2 ′ )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


    I  𝜓 = −  1 2 ∫   d 3   p 1     d 3   p 2     d 3   p 1 ′     d 3   p 2 ′   W    (   𝜓 1 ′ +   𝜓 2 ′ )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


    I  𝜓


    I  𝜓 =  1 4 ∫   d 3   p 1     d 3   p 2     d 3   p 1 ′     d 3   p 2 ′   W    (   𝜓 1 +   𝜓 2 −   𝜓 1 ′ −   𝜓 2 ′ )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


  W


    𝐩 1 ′ ,   𝐩 2 ′


    I  𝜓 =  1 4 ∫   d 3   p 1     d 3   p 2 ∫ b   d b   d 𝜑   g    (   𝜓 1 +   𝜓 2 −   𝜓 1 ′ −   𝜓 2 ′ )  (   f 1 ′   f 2 ′ −   f 1   f 2 ) .


  𝜓


  𝜓  (   𝐩 1 ) + 𝜓  (   𝐩 2 ) = 𝜓  (   𝐩 1 ′ ) + 𝜓  (   𝐩 2 ′ ) .


    I  𝜓 = 0


  1 ,       p  x ,       p  y ,       p  z ,         p 2  2 m .


     ∫   d 3   p 1   C [   f 1 ]  ( 𝐫 ,   𝐩 1 , t ) = 0 ,   ∫   d 3   p 1     𝐩 1   C [   f 1 ]  ( 𝐫 ,   𝐩 1 , t ) = 0 ,   ∫   d 3   p 1       p 1 2  2 m   C [   f 1 ]  ( 𝐫 ,   𝐩 1 , t ) = 0 .


  n


  𝐮


   ∇  𝐫 ⋅  ( n 𝐮 )


    𝐅  ext


    f 1


    ∂ n  ∂ t +  ∇  𝐫 ⋅  ( n 𝐮 ) = 0 .


    f 1


  𝜓  (  p 1 ) + 𝜓  (  p 2 ) − 𝜓  (  p 1 ′ ) − 𝜓  (  p 2 ′ )


  𝜓


    f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t )


    f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t )


    f  ref > 0


    f 1


  𝒱


  H  ( t ) =   ∫  𝒱 ​    d 3 r ∫   d 3 p     f 1  ( r , p , t ) ln     f 1  ( r , p , t )    f  ref .


  ∫   d 3 r     d 3 p     f 1 = N


    f  ref


  N


  d H / d t


    f 1


  H


   F  ext  ( r , t )


  d H / d t


    d H  d t =   ∫  𝒱 ​    d 3 r ∫   d 3 p    ( 1 + ln     f 1    f  ref )   ∂   f 1  ∂ t .


   ∇ r [   f 1 ln  (   f 1 /   f  ref ) ] =  ( 1 + ln  (   f 1 /   f  ref ) )  ∇ r   f 1


  d S


  ∂ 𝒱


     −   ∫  𝒱 ​    d 3 r ∫   d 3 p    p  m ⋅  ∇ r [   f 1 ln     f 1    f  ref ]       = −   ∮  ∂ 𝒱 ​  d S ⋅ ∫   d 3 p    p  m   f 1 ln     f 1    f  ref = 0 .


   F  ext


  p


     −   ∫  𝒱 ​    d 3 r ∫   d 3 p    F  ext ⋅  ∇ p [   f 1 ln     f 1    f  ref ]       = −   ∫  𝒱 ​    d 3 r ∫   d 3 p    ∇ p ⋅ [  F  ext   f 1 ln     f 1    f  ref ] = 0 .


  1


  ∫   d 3 p   C [   f 1 ] = 0


    d H  d t =   ∫  𝒱 ​    d 3 r ∫   d 3   p 1   ln     f 1  ( r ,  p 1 , t )    f  ref   C [   f 1 ]  ( r ,  p 1 , t ) .


  H


  H


  r


  t


  𝜓  ( p ) = ln  (   f 1  ( r , p , t ) /   f  ref )


  r


  t


   p 1 ,  p 2


  g = |  p 2 −  p 1 | / m


  d 𝜎 = b   d b   d 𝜑


  𝜓  (  p 1 ) + 𝜓  (  p 2 ) − 𝜓  (  p 1 ′ ) − 𝜓  (  p 2 ′ ) = ln     f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t )    f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t ) .


    f  ref 2


       d H  d t = ​ −  1 4   ∫  𝒱 ​    d 3 r ∫   d 3   p 1 ∫   d 3   p 2 ∫ d 𝜎   g     × [   f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t ) −   f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t ) ]     × ln     f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t )    f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t ) .


  x


  y


  x − y


  ln x − ln y


   ( x − y ) ln   x  y ≥ 0 .


  x = y


  x =   f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t )


  y =   f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t )


  g


  d 𝜎 = b   d b   d 𝜑


  − 1 / 4


     d H  d t ≤ 0 .


  H


  d H / d t = 0


    f 1  ( r ,  p 1 , t )   f 1  ( r ,  p 2 , t ) =   f 1  ( r ,  p 1 ′ , t )   f 1  ( r ,  p 2 ′ , t ) .


     𝜓  (  p 1 ) + 𝜓  (  p 2 ) = 𝜓  (  p 1 ′ ) + 𝜓  (  p 2 ′ ) ,   𝜓  ( p ) = ln     f 1  ( r , p , t )    f  ref .


  𝜓


  1 ,   p  x ,   p  y ,   p  z ,   p 2 /  ( 2 m )


  r , t


  g


  P


  g


  𝛿 p


  − 𝛿 p


      (  p 1 −  p 2 ) ⋅ 𝛿 p = 0 ,   [  ∇   p 1 𝜓  (  p 1 ) −  ∇   p 2 𝜓  (  p 2 ) ] ⋅ 𝛿 p = 0 .


  𝛿 p


   p 1 −  p 2


   p 1 −  p 2


  K  ( p )


  𝜓


    K  𝛼 𝛽 =  ∂ 2 𝜓 / ∂   p  𝛼 ∂   p  𝛽


  𝛼 , 𝛽 = x , y , z


   p 2 =  p 1 + 𝛿 p   e


  e


  𝛿 p


  𝛿 p


  𝛿 p → 0


  K  (  p 1 ) e


  e


  K


  𝜆  ( p )


    𝛿  𝛼 𝛽


    K  𝛼 𝛽  ( p ) = 𝜆  ( p )   𝛿  𝛼 𝛽 .


  ∂ 𝜓 / ∂   p  𝛼


    p  𝛼


    p  x ,   p  y ,   p  z


  𝜆


    a 0  ( r , t )


    a 2  ( r , t )


   a 1  ( r , t )


  ln     f 1    f  ref =   a 0 +  a 1 ⋅ p +   a 2     p 2  2 m .


    a 2 < 0


  T


  u


    a 2 = −  1    k  B T ,      a 1 =  u    k  B T .


    f 1 =   f  ref exp  (   a 0 +   m   u 2  2   k  B T ) exp [ −      ( p − m u ) 2  2 m   k  B T ] .


  m u


  u


  ∫   d 3 p   exp [ −      ( p − m u ) 2  2 m   k  B T ] =    ( 2 𝜋 m   k  B T )  3 / 2 .


  n = ∫   d 3 p     f 1


    f  LE  ( r , p , t ) =   n     ( 2 𝜋 m   k  B T )  3 / 2 exp [ −      ( p − m u ) 2  2 m   k  B T ] .


  r , t


  m   k  B T


  ∫   d 3 p        ( p − m u ) 2  2 m     f  LE =  3 2 n   k  B T .


  n , u , T


    f  LE


  C [   f  LE ] = 0 .


  n , u , T


   ℒ 1   f  LE =   ∂   f  LE  ∂ t +  p  m ⋅  ∇ r   f  LE +  F  ext ⋅  ∇ p   f  LE = 0 .


   ℒ 1   f  LE


  C [   f  LE ] = 0


  V


  𝒱


  N


   P  tot


    E  kin


      P  tot =   ∫  𝒱 ​    d 3 r ∫   d 3 p   p   f 1 ,     E  kin =   ∫  𝒱 ​    d 3 r ∫   d 3 p       p 2  2 m   f 1 .


   P  tot


  P


    n  eq


   u  eq


    T  eq


       n  eq =   N  V ,      u  eq =    P  tot  m N ,    3 2 N   k  B   T  eq =   E  kin −  1 2 m N   u  eq 2 .


    T  eq > 0


    f  eq  ( p ) =     n  eq     ( 2 𝜋 m   k  B   T  eq )  3 / 2 exp [ −      ( p − m  u  eq ) 2  2 m   k  B   T  eq ] .


  H [   f 1 ]


    f 1


    H  eq = H [   f  eq ]


    f  eq /   f  ref


    H  eq


  ln  (   f  eq /   f  ref )


  1


    p 2 /  ( 2 m )


    f 1


    f  eq


    ∫  𝒱 ​    d 3 r ∫   d 3 p    (   f 1 −   f  eq ) ln     f  eq    f  ref = 0 .


  ln  (   f 1 /   f  ref ) = ln  (   f 1 /   f  eq ) + ln  (   f  eq /   f  ref )


  H [   f 1 ]


  H [   f  eq ]


  H [   f 1 ] −   H  eq =   ∫  𝒱 ​    d 3 r ∫   d 3 p     f 1 ln     f 1    f  eq .


  x , y


  z = x / y


  z ln z − z + 1


  ln z


  z = 1


  x ln   x  y − x + y ≥ 0 .


  x = y


  x =   f 1


  y =   f  eq


  −   f 1 +   f  eq


  N


  H [   f 1 ] ≥   H  eq .


    f 1 =   f  eq


  H


  N ,  P  tot ,   E  kin


  t ≥ 0


  H  ( t )


    H ∞


    lim  t → ∞ H  ( t ) =   H ∞ ≥   H  eq .


    H ∞ =   H  eq


    f  eq


  H  ( t )


    H  eq


  N


    S 0


    S  kin [   f 1 ] = −   k  B H [   f 1 ] +   S 0 .


    d   S  kin  d t = −   k  B   d H  d t ≥ 0 .


  H [   f  LE ]


  ln     f  LE    f  ref = ln   n    f  ref    ( 2 𝜋 m   k  B T )  3 / 2 −      ( p − m u ) 2  2 m   k  B T .


  H [   f  LE ]


    f  LE


  n


  − 3 n / 2


  H [   f  LE ] =   ∫  𝒱 ​    d 3 r   n [ ln   n    f  ref    ( 2 𝜋 m   k  B T )  3 / 2 −  3 2 ] .


    S 0 = N   k  B


    S  kin [   f  LE ] =   k  B   ∫  𝒱 ​    d 3 r   n [ ln     f  ref    ( 2 𝜋 m   k  B T )  3 / 2  n +  5 2 ] .


    f  ref


    k  B


  n


  T


    f 2 ,   f 3 , …


    𝜌  N


    𝜌  N , ref > 0


    𝜌  N


       d  d t ∫ d 𝛤     𝜌  N ln     𝜌  N    𝜌  N , ref = − ∫ d 𝛤    ∇  𝛤 ⋅ [   𝛤 .   𝜌  N ln     𝜌  N    𝜌  N , ref ]   = 0 .


   ∂  t   𝜌  N = −   𝛤 . ⋅  ∇  𝛤   𝜌  N


   ∇  𝛤 ⋅   𝛤 . = 0


  H


    𝜏  int ≪ 𝛥   t  kin ≪   𝜏  loc


    f 1


    𝜏  loc


  n , 𝒖 , T


    f 1


    g 2


  N


  m


  − e


  e > 0


  e   n 0


    n 0


    𝜖 0


     𝛷  ( |   𝐫 1 −   𝐫 2 | ) =     e 2  4 𝜋   𝜖 0 |   𝐫 1 −   𝐫 2 | ,     𝐅 12 = −  ∇    𝐫 1 𝛷 =     e 2  4 𝜋   𝜖 0     𝐫 1 −   𝐫 2    |   𝐫 1 −   𝐫 2 | 3 .


  𝛷


  𝜙


    f 1


    f 1  ( 𝐫 , 𝐩 , t )     d 3 r     d 3 p


  ∫   d 3 r     d 3 p     f 1  ( 𝐫 , 𝐩 , t ) = N ,     n  ( 𝐫 , t ) = ∫   d 3 p     f 1  ( 𝐫 , 𝐩 , t ) .


    f 1 / N


    f 1


    n 0


    T 0 > 0


    f  LE


    f  eq


    f  eq  ( 𝐩 ) =     n 0     ( 2 𝜋 m   k  B   T 0 )  3 / 2 exp  ( −     p 2  2 m   k  B   T 0 ) ,     ∫   d 3 p     f  eq =   n 0 .


  − e   n 0


  1 =  (   𝐫 1 ,   𝐩 1 )


  d 2 =   d 3   r 2     d 3   p 2


   ℒ 1   f 1  ( 1 , t ) = − ∫ d 2     𝐅 12 ⋅  ∇    𝐩 1   f 2  ( 1 , 2 , t ) .


   ℒ 1


    f 2  ( 1 , 2 , t ) =   N − 1  N   f 1  ( 1 , t )   f 1  ( 2 , t ) +   g 2  ( 1 , 2 , t ) .


   ( N − 1 ) / N


    f 2


  N  ( N − 1 )


    𝐅  mf


    𝐅  mf  ( 1 , t ) =   N − 1  N ∫ d 2     𝐅 12   f 1  ( 2 , t ) .


    f 1  ( 1 , t )


    f 1  ( 2 , t )


     −   N − 1  N ∫ d 2     𝐅 12   f 1  ( 2 , t ) ⋅  ∇    𝐩 1   f 1  ( 1 , t )       = −   𝐅  mf  ( 1 , t ) ⋅  ∇    𝐩 1   f 1  ( 1 , t ) .


   (  ℒ 1 +   𝐅  mf ⋅  ∇    𝐩 1 )   f 1  ( 1 , t ) = − ∫ d 2     𝐅 12 ⋅  ∇    𝐩 1   g 2  ( 1 , 2 , t ) .


    f 1


    g 2


  a =   n 0  − 1 / 3


  a =   n 0  − 1 / 3 ,         e 2  4 𝜋   𝜖 0 a ≪   k  B   T 0 .


  L


  a


    L 3


    𝜏  coll


    𝜏  coll


    𝐩 2


    𝐅  mf  ( 𝐫 , t ) =   N − 1  N     e 2  4 𝜋   𝜖 0 ∫   d 3 r ′   n  ( 𝐫 ′ , t )   𝐫 − 𝐫 ′    | 𝐫 − 𝐫 ′ | 3 .


  N ≫ 1


  𝐄


  − e 𝐄


    𝜌  el


    𝜌  el  ( 𝐫 , t ) = e [   n 0 − n  ( 𝐫 , t ) ] ,      ∇  𝐫 ⋅ 𝐄 =     𝜌  el    𝜖 0 .


  𝜙


  𝐄 = −  ∇  𝐫 𝜙


   ∇  𝐫    2 𝜙 =   e    𝜖 0  ( n −   n 0 ) ,     𝐄 = −  ∇  𝐫 𝜙 .


    ∂   f 1  ∂ t +   𝐩  m ⋅  ∇  𝐫   f 1 − e 𝐄 ⋅  ∇  𝐩   f 1 = 0 .


    f 1


    n 0


    f 1


  𝐄 = 0


  𝐩 / m


  𝐫


  𝐄


  𝐩


    ∂   f 1  ∂ t +  ∇  𝐫 ⋅  (   𝐩  m   f 1 ) +  ∇  𝐩 ⋅  ( − e 𝐄   f 1 ) = 0 .


    f 1


  𝐮


  n 𝐮 = ∫   d 3 p     𝐩  m   f 1 ,       ∂ n  ∂ t +  ∇  𝐫 ⋅  ( n 𝐮 ) = 0 .


  𝜙


    f 1


    f 1


  𝛿   f 1


  𝛿 n


    f 1 =   f  eq + 𝛿   f 1 ,     n =   n 0 + 𝛿 n ,     𝛿 n = ∫   d 3 p   𝛿   f 1 .


  𝐄


  𝜙


    f  eq


    ∂ 𝛿   f 1  ∂ t +   𝐩  m ⋅  ∇  𝐫 𝛿   f 1 − e 𝐄 ⋅  ∇  𝐩   f  eq − e 𝐄 ⋅  ∇  𝐩 𝛿   f 1 = 0 .


       ∂ 𝛿   f 1  ∂ t +   𝐩  m ⋅  ∇  𝐫 𝛿   f 1 = e 𝐄 ⋅  ∇  𝐩   f  eq ,    ∇  𝐫    2 𝜙 =   e    𝜖 0 𝛿 n ,     𝐄 = −  ∇  𝐫 𝜙 .


  𝛿 n


  Q


    𝛿   ( 3 )  ( 𝐫 )


  Q   𝛿   ( 3 )  ( 𝐫 )


  n →   n 0


  𝜙 → 0


   ∇ 2 𝜙 =   e    𝜖 0 𝛿 n −   Q    𝜖 0   𝛿   ( 3 )  ( 𝐫 ) .


    T 0


    f 1  ( 𝐫 , 𝐩 ) =   n  ( 𝐫 )    n 0   f  eq  ( 𝐩 ) ,      ∇  𝐩   f  eq = −   𝐩  m   k  B   T 0   f  eq .


  𝐄 = − ∇ 𝜙


      f  eq    n 0   𝐩  m ⋅ [ ∇ n −   e n    k  B   T 0 ∇ 𝜙 ] = 0 .


  n


  ∇ ln n =  ( e /   k  B   T 0 ) ∇ 𝜙


  n  ( 𝐫 ) =   n 0 exp  (   e 𝜙  ( 𝐫 )    k  B   T 0 ) .


  | e 𝜙 | ≪   k  B   T 0


  𝛿 n =     n 0 e    k  B   T 0 𝜙 ,     𝛿   f 1 =   e 𝜙    k  B   T 0   f  eq .


  − e 𝛿 n


    𝜆  D


    𝜆  D 2 =     𝜖 0   k  B   T 0    n 0   e 2 ,      (  ∇ 2 −   𝜆  D  − 2 ) 𝜙 = −   Q    𝜖 0   𝛿   ( 3 )  ( 𝐫 ) .


  r = | 𝐫 | > 0


   1    r 2   d  d r  (   r 2   d 𝜙  d r ) −   𝜙    𝜆  D 2 = 0 .


  y  ( r ) = r 𝜙  ( r )


  A


  B


  y ″ −   𝜆  D  − 2 y = 0 ,     y  ( r ) = A   e  − r /   𝜆  D + B   e  r /   𝜆  D .


  𝜙 → 0


  B = 0


    lim  r → 0 4 𝜋   r 2   d 𝜙  d r = −   Q    𝜖 0 ,     A =   Q  4 𝜋   𝜖 0 .


  𝜙


  Q


  𝜙  ( r ) =   Q  4 𝜋   𝜖 0 r   e  − r /   𝜆  D .


    𝜆  D


    𝜆  D


    𝜌  ind = − e 𝛿 n


    𝜌  ind  ( r ) = −     𝜖 0    𝜆  D 2 𝜙  ( r ) = −   Q  4 𝜋   𝜆  D 2 r   e  − r /   𝜆  D .


    Q  ind  ( r )


  r


  s


       Q  ind  ( r ) = 4 𝜋   ∫ 0  r    s 2   𝜌  ind  ( s )   d s   = − Q [ 1 −  ( 1 +   r    𝜆  D )   e  − r /   𝜆  D ] .


    Q  ind  ( r ) → − Q


  r → ∞


    Q  enc  ( r )


    E  r


       Q  enc  ( r ) = Q +   Q  ind  ( r ) = Q  ( 1 +   r    𝜆  D )   e  − r /   𝜆  D ,     E  r  ( r ) =     Q  enc  ( r )  4 𝜋   𝜖 0   r 2 .


    Q  enc / Q


  Q /  ( 4 𝜋   𝜖 0   r 2 )


  r


  r + d r


  d   Q  ind = 4 𝜋   r 2   𝜌  ind  ( r )   d r


  − d   Q  ind / d r


  Q /   𝜆  D


  −     𝜆  D  Q   d   Q  ind  d r =   r    𝜆  D   e  − r /   𝜆  D .


  r =   𝜆  D


  26 %


  80 %


  −   Q  ind / Q


    Q  enc / Q


  r = 3   𝜆  D


  | e 𝜙 | ≪   k  B   T 0


    N  D


    𝜆  D


    N  D =   4 𝜋 3   n 0   𝜆  D 3 =   4 𝜋 3    (     𝜆  D  a ) 3 ,         e 2  4 𝜋   𝜖 0 a   k  B   T 0 =  1  4 𝜋    (   a    𝜆  D ) 2 .


  a ≪   𝜆  D


    N  D ≫ 1


    n 0 =  10 16    m  − 3 ,       T 0 =  10 5   K


    𝜆  D ≃ 2 . 18 ×  10  − 4   m ,     a ≃ 4 . 64 ×  10  − 6   m ,       N  D ≃ 4 . 35 ×  10 5 .


  a


  Q = e


    e 2 /  ( 4 𝜋   𝜖 0   k  B   T 0 )


  1 . 67 ×  10  − 10   m


    𝜆  D


  | e 𝜙 |


    k  B   T 0


  x


  k


  2 𝜋 / k


    e  i k x


  i k   e  i k x


     𝛿   f 1  ( x , 𝐩 , t ) = Re [ 𝛿   f  1 , k  ( 𝐩 , t )   e  i k x ] ,   𝛿 n  ( x , t ) = Re [ 𝛿   n  k  ( t )   e  i k x ] ,   𝜙  ( x , t ) = Re [   𝜙  k  ( t )   e  i k x ] ,       E  x  ( x , t ) = Re [   E  k  ( t )   e  i k x ] .


  x


  x


  𝛿   n  k  ( 0 )


  𝛿   f  1 , k  ( 𝐩 , 0 ) =   𝛿   n  k  ( 0 )    n 0   f  eq  ( 𝐩 ) ,     | 𝛿   n  k  ( 0 ) | ≪   n 0 .


  𝛿 n  ( x , 0 ) = 𝛿   n  k  ( 0 ) cos  ( k x )


       ∂ 𝛿   f  1 , k  ∂ t + i k     p  x  m 𝛿   f  1 , k = e   E  k  ( t )   ∂   f  eq  ∂   p  x ,   −   k 2   𝜙  k  ( t ) =   e    𝜖 0 𝛿   n  k  ( t ) ,     𝛿   n  k = ∫   d 3 p   𝛿   f  1 , k ,     E  k  ( t ) = − i k   𝜙  k  ( t ) .


  𝛿   u  x


  x


  𝛿   P  x x  kin


    n 0 𝛿   u  x = ∫   d 3 p       p  x  m 𝛿   f 1 ,     𝛿   P  x x  kin = ∫   d 3 p       p  x 2  m 𝛿   f 1 .


    p  x


       ∂ 𝛿 n  ∂ t +   n 0   ∂ 𝛿   u  x  ∂ x = 0 ,   m   n 0   ∂ 𝛿   u  x  ∂ t +   ∂ 𝛿   P  x x  kin  ∂ x = − e   n 0   E  x .


  ∫   p  x  ∂    p  x   f  eq     d 3 p = −   n 0


   ∂  x   E  x = − e 𝛿 n /   𝜖 0


     ∂ 2 𝛿 n  ∂   t 2 +     n 0   e 2  m   𝜖 0 𝛿 n =  1  m    ∂ 2 𝛿   P  x x  kin  ∂   x 2 .


  𝛿 n


    𝜔  p


    𝜔  p 2 =     n 0   e 2  m   𝜖 0 ,        ∂ 2 𝛿 n  ∂   t 2 +   𝜔  p 2 𝛿 n = 0 .


    𝜔  p


    v  th


    v  th 2 =  1    n 0 ∫   d 3 p       p  x 2    m 2   f  eq =     k  B   T 0  m ,       𝜆  D =     v  th    𝜔  p .


    k  B   T 0 𝛿 n


  k


     ( k   v  th /   𝜔  p ) 2 =    ( k   𝜆  D ) 2


  k   𝜆  D ≪ 1


    𝜔  p


  𝛿   P  x x  kin


  𝜔


      𝛿 f ^  1 , k  ( 𝐩 , 𝜔 ) =   ∫ 0 ∞  d t     e  i 𝜔 t 𝛿   f  1 , k  ( 𝐩 , t ) .


      𝜙 ^  k


      E ^  k


  Im 𝜔


    e  − Im 𝜔   t


    ∫ 0 ∞  d t     e  i 𝜔 t   ∂ 𝛿   f  1 , k  ∂ t = − 𝛿   f  1 , k  ( 𝐩 , 0 ) − i 𝜔     𝛿 f ^  1 , k .


      E ^  k = − i k     𝜙 ^  k


      𝛿 f ^  1 , k =   i   𝛿   f  1 , k  ( 𝐩 , 0 ) + e k     𝜙 ^  k   ∂   f  eq / ∂   p  x  𝜔 − k   p  x / m .


  𝜔


  k   p  x / m


    p  x


      f ¯  eq


    p  x


         f ¯  eq  (   p  x ) = ∫ d   p  y   d   p  z     f  eq  ( 𝐩 ) =     n 0     ( 2 𝜋 m   k  B   T 0 )  1 / 2   e  −   p  x 2 /  ( 2 m   k  B   T 0 ) ,     ∫  − ∞ ∞  d   p  x       f ¯  eq  (   p  x ) =   n 0 .


      𝜙 ^  k


  𝒟  ( k , 𝜔 )


  𝒟  ( k , 𝜔 ) = 1 +     e 2    𝜖 0 k   ∫  − ∞ ∞      f ¯  ′  eq  (   p  x )  𝜔 − k   p  x / m   d   p  x .


  𝒟  ( k , 𝜔 )     𝜙 ^  k  ( 𝜔 ) = −   i e    𝜖 0   k 2 ∫   d 3 p     𝛿   f  1 , k  ( 𝐩 , 0 )  𝜔 − k   p  x / m .


  𝒟


  𝜎 > 0


    𝜙  k  ( t ) =  1  2 𝜋   ∫  − ∞ + i 𝜎  ∞ + i 𝜎  d 𝜔     e  − i 𝜔 t     𝜙 ^  k  ( 𝜔 ) .


  𝜔


  t > 0


    e  − i 𝜔 t


    e  − i 𝜔 t


  𝒟


  𝒟  ( k , 𝜔 ) = 0 .


  𝜔


    𝜔  r > 0


    𝜔  r


    p  res =   m   𝜔  r  k .


  x


    𝜔  r / k


  𝜔 =   𝜔  r + i 𝜂


  𝜂 > 0


    p  res + i m 𝜂 / k


  PV


    p  res


  𝜂 →  0 +


       lim  𝜂 →  0 +   ∫  − ∞ ∞      f ¯  ′  eq  (   p  x )    𝜔  r − k   p  x / m + i 𝜂   d   p  x = PV   ∫  − ∞ ∞      f ¯  ′  eq  (   p  x )    𝜔  r − k   p  x / m   d   p  x     −   i 𝜋 m  k   f ¯  ′  eq  (   p  res ) .


  1 /  (   p  x −   p  res )


  i 𝜋


  −  ( k / m )  (   p  x −   p  res )


  − i 𝜋  ( m / k )   f ¯  ′  eq  (   p  res )


  t = 0


    𝒟  R


    𝒟  I


       𝒟  R  ( k ,   𝜔  r ) = 1 +     e 2    𝜖 0 k PV   ∫  − ∞ ∞      f ¯  ′  eq  (   p  x )    𝜔  r − k   p  x / m   d   p  x ,     𝒟  I  ( k ,   𝜔  r ) = −   𝜋 m   e 2    𝜖 0   k 2   f ¯  ′  eq  (   p  res ) .


    f ¯  ′  eq = −   p  x     f ¯  eq /  ( m   k  B   T 0 )


    p  res > 0


    𝒟  I > 0


    𝜔  p


  k   𝜆  D ≪ 1


    𝜔  r


  k   v  th


  m   v  th


  k   p  x / m


    p  res /  ( m   v  th ) ≃ 1 /  ( k   𝜆  D ) ≫ 1


   1    𝜔  r − k   p  x / m ∼  1    𝜔  r [ 1 +   k   p  x  m   𝜔  r +     k 2   p  x 2    m 2   𝜔  r 2 +     k 3   p  x 3    m 3   𝜔  r 3 + ⋯ ] .


    𝜔  r /  ( k   v  th ) ≫ 1


    𝒟  I


  |   p  x |


      f ¯  eq


       ∫  − ∞ ∞    f ¯  ′  eq   d   p  x = 0 ,     ∫  − ∞ ∞    p  x   f ¯  ′  eq   d   p  x = −   n 0 ,     ∫  − ∞ ∞    p  x 2   f ¯  ′  eq   d   p  x = 0 ,     ∫  − ∞ ∞    p  x 3   f ¯  ′  eq   d   p  x = − 3   n 0 m   k  B   T 0 .


  − 3 ∫   p  x 2     f ¯  eq   d   p  x = − 3   n 0 m   k  B   T 0


    𝒟  R  ( k ,   𝜔  r ) ≃ 1 −     𝜔  p 2    𝜔  r 2 −   3   𝜔  p 2   k 2   v  th 2    𝜔  r 4 .


     ( k   𝜆  D ) 2


    𝜔  r 2 ≃   𝜔  p 2 + 3   k 2   v  th 2 =   𝜔  p 2 [ 1 + 3    ( k   𝜆  D ) 2 ] .


  k → 0


  k


  𝛾


  𝜔 =   𝜔  r − i 𝛾 ,       e  − i 𝜔 t =   e  − i   𝜔  r t   e  − 𝛾 t .


  𝛾 ≪   𝜔  r


     0 ≃   𝒟  R  ( k ,   𝜔  r ) + i [   𝒟  I  ( k ,   𝜔  r ) − 𝛾   ∂   𝒟  R  ∂   𝜔  r ] ,   𝛾 ≃     𝒟  I  ( k ,   𝜔  r )  ∂   𝒟  R  ( k ,   𝜔  r ) / ∂   𝜔  r .


  𝛾   ∂   𝒟  I / ∂   𝜔  r


  ∂   𝒟  R / ∂   𝜔  r ≃ 2   𝜔  p 2 /   𝜔  r 3 > 0


    𝒟  I > 0


  𝛾


    p  res = m   𝜔  r / k


    𝒟  I  ( k ,   𝜔  r ) =    𝜋 2       𝜔  p 2   𝜔  r    k 3   v  th 3 exp  ( −     𝜔  r 2  2   k 2   v  th 2 ) .


  𝛾 ≃    𝜋 8       𝜔  r 4    k 3   v  th 3 exp  ( −     𝜔  r 2  2   k 2   v  th 2 ) .


    𝜔  p 2


    𝜆  D =   v  th /   𝜔  p


      𝜔  r 2  2   k 2   v  th 2 =  1  2    ( k   𝜆  D ) 2 +  3 2 + O  (    ( k   𝜆  D ) 2 ) .


    𝛾    𝜔  p ≃    𝜋 8      ( k   𝜆  D )  − 3 exp [ −  1  2    ( k   𝜆  D ) 2 −  3 2 ] .


     ( k   𝜆  D ) 2


  k   𝜆  D


    𝜔  r / k


    v  th


  k   𝜆  D


  k   𝜆  D ≤ 0 . 20


    v  th ≃ 1 . 23 ×  10 6   m    s  − 1 ,       𝜔  p ≃ 5 . 64 ×  10 9    s  − 1 .


  k   𝜆  D = 0 . 20


       2 𝜋  k ≃ 6 . 86 ×  10  − 3   m ,     𝜔  r ≃ 5 . 97 ×  10 9    s  − 1 ,     𝛾 ≃ 3 . 7 ×  10 5    s  − 1 .


  2 𝜋 /   𝜔  r


  1 . 05   ns


    𝛾  − 1


  2 . 7   𝜇 s


    𝜔  p   𝜏  coll ≫ 1


    𝜏  coll ≫   𝛾  − 1


  H


  H


  t ′


     𝛿   f  1 , k  ( 𝐩 , t ) = ​ 𝛿   f  1 , k  ( 𝐩 , 0 )   e  − i k   p  x t / m   + e   ∂   f  eq  ∂   p  x   ∫ 0  t    E  k  ( t ′ )   e  − i k   p  x  ( t − t ′ ) / m   d t ′ .


  t


    p  x


  ∫   d 3 p   𝛿   f  1 , k  ( 𝐩 , 0 )   e  − i k   p  x t / m = 𝛿   n  k  ( 0 ) exp [ −      ( k   v  th t ) 2 2 ] .


  𝛥   p  x


  k 𝛥   p  x t / m


  2 𝜋


  t > 0


  𝛥   p  x =   2 𝜋 m  k t .


  H


  𝒱


  H


    f  ref > 0


  H  ( t ) =   ∫  𝒱 ​    d 3 r ∫   d 3 p     f 1 ln  (     f 1    f  ref ) .


   ∇  𝐫 ⋅   𝐩  m +  ∇  𝐩 ⋅  ( − e 𝐄 ) = 0 .


  𝐩 / m


  h =   f 1 ln  (   f 1 /   f  ref )


  1 + ln  (   f 1 /   f  ref )


    ∂ h  ∂ t +  ∇  𝐫 ⋅  (   𝐩  m h ) +  ∇  𝐩 ⋅  ( − e 𝐄 h ) = 0 .


    d H  d t = 0 .


  H


  H


    f 1


  H


    E  kin


    W  E


  𝐣


       E  kin =   ∫  𝒱 ​    d 3 r ∫   d 3 p       p 2  2 m   f 1 ,       W  E =     𝜖 0 2   ∫  𝒱 ​    d 3 r     | 𝐄 | 2 ,   𝐣 = − e ∫   d 3 p     𝐩  m   f 1 = − e n 𝐮 .


    p 2 /  ( 2 m )


    d   E  kin  d t = − e   ∫  𝒱 ​    d 3 r   𝐄 ⋅ ∫   d 3 p     𝐩  m   f 1 =   ∫  𝒱 ​    d 3 r   𝐣 ⋅ 𝐄 .


    p 2 /  ( 2 m )


  𝐩 / m


  𝐣 ⋅ 𝐄


    ∂   𝜌  el  ∂ t + ∇ ⋅ 𝐣 = 0 ,     ∇ ⋅  (   𝜖 0   ∂ 𝐄  ∂ t + 𝐣 ) = 0 .


  𝜙


  𝒱


  ∇ 𝜙 = − 𝐄


    ∫  𝒱 ​  𝐄 ⋅  (   𝜖 0  ∂  t 𝐄 + 𝐣 )     d 3 r = 0


    d   W  E  d t = −   ∫  𝒱 ​    d 3 r   𝐣 ⋅ 𝐄 .


    d  d t  (   E  kin +   W  E ) = 0 .


  H


    𝜏  coll


  N


    H ^


    𝜓  n


    E  n


    H ^   𝜓  n =   E  n   𝜓  n .


  n


    𝜓  n


    w  n  ( t )


  t


    𝜌 ^  ( t )


  |   𝜓  n ⟩ ⟨   𝜓  n |


    𝜌 ^  ( t ) =   ∑  n ​    w  n  ( t ) |   𝜓  n ⟩ ⟨   𝜓  n | ,       w  n  ( t ) ≥ 0 ,       ∑  n ​    w  n  ( t ) = 1 .


    f 1


  N


    w  n  ( t )


    H ^


  𝛿   H ^  ( s )


  𝛹  ( s )


    𝜓  n


  ℏ


  i ℏ   ∂ 𝛹  ( s )  ∂ s = [   H ^ + 𝛿   H ^  ( s ) ] 𝛹  ( s ) ,     𝛹  ( t ) =   𝜓  n .


    𝜓  n


  s


    w  n  ( s ) = ⟨   𝜓  n |   𝜌 ^  ( s ) |   𝜓  n ⟩


  ⟨   𝜓  n |   𝜌 ^  ( s ) |   𝜓  m ⟩


  n ≠ m


    w  n  ( s )


  𝜏 > 0


    w  n  ( t + 𝜏 ) −   w  n  ( t )


  t


  t + 𝜏


  P  ( n ; n ′ ; t , 𝜏 )


    𝜓  n


    𝜓  n ′


  n


  n


  n


    w  n  ( t + 𝜏 ) −   w  n  ( t ) =   ∑  n ′ ≠ n ​  [   w  n ′  ( t ) P  ( n ′ ; n ; t , 𝜏 ) −   w  n  ( t ) P  ( n ; n ′ ; t , 𝜏 ) ] .


  n ′


  n


  P


    𝜓  n


  𝛹  ( s ) =   ∑  k ​    a  k  ( s )   e  − i   E  k  ( s − t ) / ℏ   𝜓  k ,       a  n  ( t ) = 1 ,       a  k  ( t ) = 0    ( k ≠ n ) .


    H ^


    a  k  ( s )


    𝜓  k


    𝜓  n ′


  ⟨   𝜓  n ′ | 𝛿   H ^  ( s ) |   𝜓  k ⟩


    𝜓  n ′


  i ℏ   d   a  n ′  d s =   ∑  k ​ ⟨   𝜓  n ′ | 𝛿   H ^  ( s ) |   𝜓  k ⟩   e  i  (   E  n ′ −   E  k )  ( s − t ) / ℏ   a  k  ( s ) .


    a  n  ( s ) = 1


  n ′ ≠ n


    a  n ′  ( t + 𝜏 ) ≃ −   i ℏ   ∫  t  t + 𝜏  d s   ⟨   𝜓  n ′ | 𝛿   H ^  ( s ) |   𝜓  n ⟩   e  i  (   E  n ′ −   E  n )  ( s − t ) / ℏ .


  P  ( n ; n ′ ; t , 𝜏 ) =   |   a  n ′  ( t + 𝜏 ) | 2


  𝛿   H ^  ( s ) = 𝛿   H ^


  P  ( n ; n ′ ; 𝜏 ) ≃ 4   | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | 2     sin 2 [  (   E  n ′ −   E  n ) 𝜏 /  ( 2 ℏ ) ]     (   E  n ′ −   E  n ) 2 ,     n ′ ≠ n ,     E  n ′ ≠   E  n .


  𝜏


    E  n ′ =   E  n


  𝜏


  P  ( n ; n ′ ; 𝜏 ) ≃     𝜏 2   ℏ 2   | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | 2 ,     n ′ ≠ n ,     E  n ′ =   E  n .


  n


  n ′


  ⟨   𝜓  n | 𝛿   H ^ |   𝜓  n ′ ⟩ = ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n  ⟩ ∗ ,     P  ( n ; n ′ ; 𝜏 ) = P  ( n ′ ; n ; 𝜏 ) .


  I  ( x , 𝜏 ) =  {      2 ℏ  𝜋 𝜏    sin 2  ( x 𝜏 / 2 ℏ )    x 2 ,   x ≠ 0 ,     𝜏  2 𝜋 ℏ ,                             x = 0 ,    


  x


      w  n  ( t + 𝜏 ) −   w  n  ( t )  𝜏 ≃   2 𝜋 ℏ   ∑  n ′ ≠ n ​    | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | 2 I  (   E  n ′ −   E  n , 𝜏 ) [   w  n ′  ( t ) −   w  n  ( t ) ] .


  I  (   E  n ′ −   E  n , 𝜏 )


  𝜏


  t


  t + 𝜏


  𝜏


  I  (   E  n ′ −   E  n , 𝜏 )


    lim  𝜏 → ∞ I  ( x , 𝜏 ) = 𝛿  ( x ) .


  n ′


    w  n ′  ( t ) −   w  n  ( t )


  𝛿 E


  𝛥 E


  I  ( x , 𝜏 )


  ℏ / 𝜏


  𝛿 E ≪  ℏ  𝜏 ≪ 𝛥 E .


  I


  𝜏


    𝜏 ℏ | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | ≪ 1 ,       ∑  n ′ ≠ n ​  P  ( n ; n ′ ; 𝜏 ) ≪ 1 .


  𝜏


  I


  P  ( n ; n ′ ; 𝜏 ) ≃ 𝜏     2 𝜋 ℏ   | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | 2 𝛿  (   E  n ′ −   E  n ) .


  𝜏


  n


  n ′


    w ~  ( n ; n ′ )


    w ~  ( n ; n ′ ) =   2 𝜋 ℏ   | ⟨   𝜓  n ′ | 𝛿   H ^ |   𝜓  n ⟩ | 2 𝛿  (   E  n ′ −   E  n ) ,     n ′ ≠ n .


    E  n ′ =   E  n


  n


  n ′


    w ~  ( n ; n ′ ) =   w ~  ( n ′ ; n ) .


  P  ( n ; n ′ ; 𝜏 ) ≃ 𝜏   w ~  ( n ; n ′ )


  𝜏


  𝜏


    d   w  n  ( t )  d t ≃     w  n  ( t + 𝜏 ) −   w  n  ( t )  𝜏 .


    d   w  n  ( t )  d t =   ∑  n ′ ≠ n ​  [   w ~  ( n ′ ; n )   w  n ′  ( t ) −   w ~  ( n ; n ′ )   w  n  ( t ) ] .


  n


  n


    ∑  n ​  d   w  n / d t = 0


  𝛿   H ^


  E


  𝛥  ( E −   E  n )


  n


  E


  𝛤  ( E )


    w  n  ( E , t )


    w ~  ( n ; n ′ ) =   w ~  ( n ′ ; n )


    d   w  n  ( E , t )  d t =   ∑  n ′ ≠ n ​    w ~  ( n ; n ′ ) [   w  n ′  ( E , t ) −   w  n  ( E , t ) ] .


    t 0


  j


  n


    c  n   ( j )


    𝜆  j


    w  n  ( E , t ) =   ∑  j ​    c  n   ( j )   e  −   𝜆  j  ( t −   t 0 ) .


  t =   t 0


    w  n  ( E ,   t 0 ) =   ∑  j ​    c  n   ( j ) .


  j


    c  n =   c  n   ( j )


  𝜆 =   𝜆  j


  − 𝜆   c  n =   ∑  n ′ ≠ n ​    w ~  ( n ; n ′ )  (   c  n ′ −   c  n ) .


    c  n


  n


  − 𝜆   ∑  n ​    c  n 2 =   ∑  n ​    ∑  n ′ ≠ n ​    w ~  ( n ; n ′ )   c  n  (   c  n ′ −   c  n ) .


  n


  n ′


    c  n  (   c  n ′ −   c  n )


    c  n ′  (   c  n −   c  n ′ )


    c  n  (   c  n ′ −   c  n ) +   c  n ′  (   c  n −   c  n ′ ) = −    (   c  n ′ −   c  n ) 2


  𝜆   ∑  n ​    c  n 2 =  1 2   ∑  n ​    ∑  n ′ ≠ n ​    w ~  ( n ; n ′ )    (   c  n ′ −   c  n ) 2 .


    ∑  n ​    c  n 2 > 0


  𝜆 ≥ 0


  𝜆 > 0


  𝜆 = 0


    w  n  eq  ( E )


  𝜆 = 0


    c  n =   w  n  eq  ( E )


    w  n  eq  ( E ) =   w  n ′  eq  ( E )     whenever    w ~  ( n ; n ′ ) > 0 .


  1 / 𝛤  ( E )


    w  n  eq  ( E ) =   𝛥  ( E −   E  n )  𝛤  ( E ) ,     𝛤  ( E ) =   ∑  n ​  𝛥  ( E −   E  n ) .


  𝛤  ( E )


  𝛥  ( E −   E  n )


  𝜆 > 0


    w  n  ( E , t ) →   𝛥  ( E −   E  n )  𝛤  ( E )     as  t −   t 0 → ∞ .


    𝜆  min


  1 /   𝜆  min


    f  LE


  n  ( 𝐫 , t )


  𝐮  ( 𝐫 , t )


  T  ( 𝐫 , t )


  n  ( 𝐫 , t )


  𝐮  ( 𝐫 , t )


  T  ( 𝐫 , t )


    𝜏  H


    𝜏  loc


  𝛥   t  hyd


    𝜏  loc ≪ 𝛥   t  hyd ≪   𝜏  H .


    𝜏  mfp


  𝛥   t  hyd


    𝛥   t  hyd    𝜏  mfp ∼   𝛥   t  hyd    𝜏  loc ≫ 1 ,


    𝜏  loc ∼   𝜏  mfp


    𝜏  int ≪ 𝛥   t  kin ≪   𝜏  loc


  n , 𝐮 , T


  L


  𝛥   x  hyd


    𝜆  mfp


    𝜆  mfp ≪ 𝛥   x  hyd ≪ L .


  n , 𝐮 , T


    f 1  ( 𝐫 , 𝐩 , t ) ≃   f  LE  ( 𝐫 , 𝐩 , t ) .


    𝜆  mfp / L ≪ 1


    𝜏  loc /   𝜏  H ≪ 1


    𝜆  mfp / L


    𝜏  loc /   𝜏  H


  𝜀 = n   d 3 ≪ 1


  n , 𝐮 , T


    f 1


    f 1


  𝛼 , 𝛽 = x , y , z


    f 1


    f 1  ( 𝐫 , 𝐩 , t )


    𝐅  ext  ( 𝐫 , t )


    ∂   f 1  ∂ t +     p  𝛽  m   ∂   f 1  ∂   r  𝛽 +   F  𝛽  ext   ∂   f 1  ∂   p  𝛽 = C [   f 1 ] .


    f 1     d 3 p


    d 3 p


    p  𝛽 / m


  𝛽


   (   p  𝛽 / m )   f 1     d 3 p


  n   u  𝛽


   ∂    r  𝛽  ( n   u  𝛽 )


  C [   f 1 ]


    ∂ n  ∂ t +  ∂  ∂   r  𝛽  ( n   u  𝛽 ) = 0 .


    p  𝛼


    p  𝛼   f 1     d 3 p


  m n   u  𝛼


  A


  𝛽


    p  𝛽 > 0


  d t


   (   p  𝛽 / m ) d t


  A  (   p  𝛽 / m ) d t


    f 1     d 3 p


    p  𝛼


    p  𝛼


  A   d t


   (   p  𝛼   p  𝛽 / m )   f 1     d 3 p


    p  𝛽 < 0


    p  𝛽 / m


  𝛼


  𝛽


    p  x   p  y / m


  x


  y


    c  𝛼 =     p  𝛼  m −   u  𝛼 ,     ∫   d 3 p     c  𝛼   f 1 = 0 .


  m   c  𝛼


  𝛽


    c  𝛽


    P  𝛼 𝛽  kin = m ∫   d 3 p     c  𝛼   c  𝛽   f 1 .


    p  𝛼 = m  (   u  𝛼 +   c  𝛼 )


  ∫   d 3 p       p  𝛼   p  𝛽  m     f 1 = m n   u  𝛼   u  𝛽 +   P  𝛼 𝛽  kin .


  m n   u  𝛼


    u  𝛽


    p  𝛼


    f 1


    p  𝛼


  ∫   d 3 p     p  𝛼   F  𝛽  ext   ∂   f 1  ∂   p  𝛽 = −   F  𝛽  ext ∫   d 3 p     f 1   ∂   p  𝛼  ∂   p  𝛽 = − n   F  𝛼  ext .


   ∂  ∂ t  ( m n   u  𝛼 ) +  ∂  ∂   r  𝛽  ( m n   u  𝛼   u  𝛽 +   P  𝛼 𝛽  kin ) = n   F  𝛼  ext .


    𝐅  ext


  n


  m n   u  𝛼


  m n   u  𝛼   u  𝛽


  m   u  𝛼


  m   u  𝛼  (  ∂  t n +  ∂    r  𝛽  ( n   u  𝛽 ) )


  m n  (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 )   u  𝛼 = n   F  𝛼  ext −   ∂   P  𝛼 𝛽  kin  ∂   r  𝛽 .


   ∂  t   u  𝛼


    u  𝛽  ∂    r  𝛽   u  𝛼


  m n


  −  ∂    r  𝛽   P  𝛼 𝛽  kin


    c 2 =   c  𝛼   c  𝛼


    𝜀  kin = ∫   d 3 p     m   c 2 2     f 1 =  3 2 n   k  B T ,       q  𝛽  kin = ∫   d 3 p     m   c 2 2     c  𝛽   f 1 .


  m   c 2 / 2


    c  𝛽


  m   c 2 / 2


  𝐫 , t


    u 2 =   u  𝛼   u  𝛼


  ∫   d 3 p     m   c 2 2   C [   f 1 ] = ∫   d 3 p  (     p 2  2 m −   u  𝛼   p  𝛼 +   m   u 2 2 ) C [   f 1 ] = 0 .


  T


    c  𝛽


  ∫   d 3 p     m   c 2 2     F  𝛽  ext   ∂   f 1  ∂   p  𝛽 = −   F  𝛽  ext ∫   d 3 p     c  𝛽   f 1 = 0 .


  𝐮  ( 𝐫 , t )


   ∂  ∂ t  (   m   c 2 2 ) = − m   c  𝛼   ∂   u  𝛼  ∂ t ,      ∂  ∂   r  𝛽  (   m   c 2 2 ) = − m   c  𝛼   ∂   u  𝛼  ∂   r  𝛽 .


  ∫   d 3 p     c  𝛼   f 1 = 0


    p  𝛽 / m =   u  𝛽 +   c  𝛽


    u  𝛽   𝜀  kin


    q  𝛽  kin


  m ∫   d 3 p     c  𝛼  (   p  𝛽 / m )   f 1 =   P  𝛼 𝛽  kin


     ∫   d 3 p     m   c 2 2     ∂   f 1  ∂ t =   ∂   𝜀  kin  ∂ t ,   ∫   d 3 p     m   c 2 2       p  𝛽  m   ∂   f 1  ∂   r  𝛽 =  ∂  ∂   r  𝛽  (   u  𝛽   𝜀  kin +   q  𝛽  kin ) +   P  𝛼 𝛽  kin   ∂   u  𝛼  ∂   r  𝛽 .


    ∂   𝜀  kin  ∂ t +  ∂  ∂   r  𝛽  (   u  𝛽   𝜀  kin ) = −   ∂   q  𝛽  kin  ∂   r  𝛽 −   P  𝛼 𝛽  kin   ∂   u  𝛼  ∂   r  𝛽 .


    𝜀  kin =  3 2 n   k  B T


  T


   ∂  t n +  ∂    r  𝛽  ( n   u  𝛽 )


   3 2 n   k  B  (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 ) T = −   ∂   q  𝛽  kin  ∂   r  𝛽 −   P  𝛼 𝛽  kin   ∂   u  𝛼  ∂   r  𝛽 .


  p


    P  𝛼 𝛽  kin  ∂    r  𝛽   u  𝛼 = p  ∇  𝐫 ⋅ 𝐮


   ∇  𝐫 ⋅ 𝐮 < 0


  − p  ∇  𝐫 ⋅ 𝐮


  n


  𝐮


  T


    f 1


    P  𝛼 𝛽  kin


    𝐪  kin


  n , 𝐮 , T


  n , 𝐮 , T


    c  𝛼   c  𝛽


  m ∫   d 3 p     c 2   f  LE = 3 n   k  B T


  n   k  B T


  m   c 2   c  𝛽   f  LE / 2


    c  𝛽 → −   c  𝛽


  p


    𝛿  𝛼 𝛽


  𝛼 = 𝛽


    P  𝛼 𝛽  kin = p     𝛿  𝛼 𝛽 ,     p = n   k  B T ,       𝐪  kin = 0 .


    f  LE


    f  LE


   ℒ 1   f  LE ≠ 0


  C [   f  LE ] = 0


    f  LE


    P  𝛼 𝛽  kin


  p   𝛿  𝛼 𝛽


    𝐪  kin = 0


  p = n   k  B T


    ∂ n  ∂ t +  ∂  ∂   r  𝛽  ( n   u  𝛽 ) = 0 ,


  m n  (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 )   u  𝛼 = n   F  𝛼  ext −   ∂ p  ∂   r  𝛼 ,


   (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 ) T = −  2 3 T     ∂   u  𝛽  ∂   r  𝛽 .


  p = n   k  B T


  −  ∇  𝐫 p


   ∂    r  𝛽   u  𝛽 < 0


  p = n   k  B T


  − n    ∂    r  𝛽   u  𝛽


  p = n   k  B T


  1


  2 / 3


      (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 ) p = −  5 3 p     ∂   u  𝛽  ∂   r  𝛽 ,    (  ∂  ∂ t +   u  𝛽  ∂  ∂   r  𝛽 )  (   p    n  5 / 3 ) = 0 .


  p /   n  5 / 3


    n  5 / 3


  p /   n  5 / 3 =   k  B T /   n  2 / 3


    T  3 / 2 / n


    U  ext  ( 𝐫 )


    𝐅  ext = −  ∇  𝐫   U  ext


  𝐮 = 0


   ∇  𝐫 p = n   𝐅  ext = − n  ∇  𝐫   U  ext .


  𝐮 = 0


  n , T


  n T


  𝐮 = 0


    𝐩  m ⋅  ∇  𝐫   f  LE −  ∇  𝐫   U  ext ⋅  ∇  𝐩   f  LE = 0 .


    𝐩  m ⋅ [    ∇  𝐫 n  n −  3 2    ∇  𝐫 T  T +     𝐩    2  2 m   k  B   T 2    ∇  𝐫 T +    ∇  𝐫   U  ext    k  B T ] = 0 .


    𝐩    2  ∇  𝐫 T


   ∇  𝐫 T = 0


    T  eq


  T =   T  eq ,      ∇  𝐫 ln n = −    ∇  𝐫   U  ext    k  B   T  eq .


    n  eq  ( 𝐫 )


    𝐫 0


    n  eq  ( 𝐫 ) =   n  eq  (   𝐫 0 ) exp [ −     U  ext  ( 𝐫 ) −   U  ext  (   𝐫 0 )    k  B   T  eq ] .


    f  eq  ( 𝐫 , 𝐩 ) =     n  eq  (   𝐫 0 )     ( 2 𝜋 m   k  B   T  eq )  3 / 2 exp [ −     𝐩    2 /  ( 2 m ) +   U  ext  ( 𝐫 ) −   U  ext  (   𝐫 0 )    k  B   T  eq ] .


    f  eq


    f  eq / N


    T  eq


  z


    g  grav


    U  ext = m   g  grav z


    n  eq  ( z ) =   n  eq  ( 0 ) exp [ −   m   g  grav z    k  B   T  eq ] ,       p  eq  ( z ) =   k  B   T  eq   n  eq  ( z ) .


  e


    k  B   T  eq /  ( m   g  grav )


    k  B   T  eq


  m   n  eq   g  grav


  Kn


    f 1


    𝜆  mfp


  L


  Kn =     𝜆  mfp  L ≪ 1 .


    v  th


  m   v  th 2 ∼   k  B T


    𝜏  loc ∼   𝜏  mfp


    𝜆  mfp ∼   v  th   𝜏  loc


    v  th


  m   v  th


       𝜆  mfp   |  ∇  𝐫 n |  n = O  ( Kn ) ,     𝜆  mfp   |  ∇  𝐫 T |  T = O  ( Kn ) ,     𝜏  loc |   ∂   u  𝛼  ∂   r  𝛽 | = O  ( Kn ) ,       𝜏  loc |   𝐅  ext |  m   v  th = O  ( Kn ) .


    𝜆  mfp | ∂   u  𝛼 / ∂   r  𝛽 |


    v  th


    𝜏  loc |   𝐅  ext |


  m   v  th


  L


    v  th


    f  LE


    v  th   f  LE / L


      𝜏  loc   v  th  L     f  LE ∼ Kn     f  LE .


    𝜒   ( j )  ( 𝐫 , 𝐩 , t )


    f 1 =   f  LE [ 1 + Kn     𝜒   ( 1 ) +   Kn 2   𝜒   ( 2 ) + ⋯ ] .


  Kn   f  LE   𝜒   ( 1 )


    f  LE


    f 1


     ∫   d 3 p     f  LE   𝜒   ( j ) = 0 ,   ∫   d 3 p     p  𝛼   f  LE   𝜒   ( j ) = 0 ,     𝛼 = x , y , z ,   ∫   d 3 p     m   c 2 2     f  LE   𝜒   ( j ) = 0 ,     j ≥ 1 .


    f 1


    f  LE


  n , 𝐮 , T


    𝐩 1 ,   𝐩 2


    f  LE , i =   f  LE  ( 𝐫 ,   𝐩  i , t )


    𝜒  i   ( j ) =   𝜒   ( j )  ( 𝐫 ,   𝐩  i , t )


  g = |   𝐩 2 −   𝐩 1 | / m


  d 𝜎


    f  LE , 1 ′   f  LE , 2 ′ =   f  LE , 1   f  LE , 2


  Kn


    f  LE , 1   f  LE , 2  (   𝜒 1   ( 1 ) ′ +   𝜒 2   ( 1 ) ′ −   𝜒 1   ( 1 ) −   𝜒 2   ( 1 ) ) .


    f  LE , 1


   (   𝒞  lin   𝜒   ( 1 ) )  ( 𝐫 ,   𝐩 1 , t ) = ∫   d 3   p 2 ∫ d 𝜎   g     f  LE , 2  (   𝜒 1   ( 1 ) ′ +   𝜒 2   ( 1 ) ′ −   𝜒 1   ( 1 ) −   𝜒 2   ( 1 ) ) .


  C [   f 1 ] = Kn     f  LE   𝒞  lin   𝜒   ( 1 ) + O ​  (     Kn 2   f  LE    𝜏  loc ) .


    𝜒   ( 2 )


  1 /   𝜏  loc


  n , 𝐮 , T


    D  t =  ∂  t +   u  𝛽  ∂    r  𝛽


   ℒ 1 =   D  t +   c  𝛽  ∂  ∂   r  𝛽 +   F  𝛽  ext  ∂  ∂   p  𝛽 .


    f  LE


  p = n   k  B T


  p   v  th


    D  t n / n = −  ∂    r  𝛽   u  𝛽


    |   D  t n |  n = O ​  (     v  th  L ) ,       |   D  t 𝐮 |    v  th = O ​  (     v  th  L ) ,       |   D  t T |  T = O ​  (     v  th  L ) .


   ℒ 1


   ℒ 1   f 1 =  ℒ 1   f  LE + Kn    ℒ 1  (   f  LE   𝜒   ( 1 ) ) + O ​  (     Kn 3   f  LE    𝜏  loc ) .


    f  LE


    v  th   f  LE / L ∼ Kn   f  LE /   𝜏  loc


  Kn


  L


  Kn   v  th   f  LE / L ∼   Kn 2   f  LE /   𝜏  loc


  1 /  ( m   v  th )


    Kn 2   f  LE /   𝜏  loc


  Kn


   ℒ 1   f  LE = Kn     f  LE   𝒞  lin   𝜒   ( 1 ) + O ​  (     Kn 2   f  LE    𝜏  loc ) .


       P  𝛼 𝛽  kin = p   𝛿  𝛼 𝛽 + Kn   m ∫   d 3 p     c  𝛼   c  𝛽   f  LE   𝜒   ( 1 ) + O  (   Kn 2 p ) ,     q  𝛽  kin = Kn ∫   d 3 p     m   c 2 2     c  𝛽   f  LE   𝜒   ( 1 ) + O  (   Kn 2 p   v  th ) .


  Kn p


  Kn p   v  th


      1  m n  ∂  ∂   r  𝛽  (   P  𝛼 𝛽  kin − p   𝛿  𝛼 𝛽 ) = O ​  ( Kn     v  th 2  L ) = O ​  (   Kn 2     v  th    𝜏  loc ) ,    1  n   k  B [   ∂   q  𝛽  kin  ∂   r  𝛽 +  (   P  𝛼 𝛽  kin − p   𝛿  𝛼 𝛽 )   ∂   u  𝛼  ∂   r  𝛽 ] = O ​  ( Kn   T   v  th  L ) = O ​  (   Kn 2   T    𝜏  loc ) .


  Kn p   v  th / L


  n   k  B


  Kn T   v  th / L


    v  th / L ∼ Kn /   𝜏  loc


  Kn


       D  t n = − n     ∂   u  𝛽  ∂   r  𝛽 ,     D  t   u  𝛼 =     F  𝛼  ext  m −  1  m n   ∂ p  ∂   r  𝛼 + O ​  (   Kn 2     v  th    𝜏  loc ) ,     D  t T = −  2 3 T   ∂   u  𝛽  ∂   r  𝛽 + O ​  (   Kn 2   T    𝜏  loc ) .


  Kn


    c  𝛼 =   p  𝛼 / m −   u  𝛼


        ℒ 1   f  LE    f  LE = ​     D  t n  n +     c  𝛽  n   ∂ n  ∂   r  𝛽   +  (   m   c 2  2   k  B T −  3 2 )  (     D  t T  T +     c  𝛽  T   ∂ T  ∂   r  𝛽 )   +   m   c  𝛼    k  B T  (   D  t   u  𝛼 +   c  𝛽   ∂   u  𝛼  ∂   r  𝛽 −     F  𝛼  ext  m ) .


  𝐮


  𝐜 = 𝐩 / m − 𝐮


    F  𝛼  ext   ∂   f  LE  ∂   p  𝛼 = −     F  𝛼  ext   c  𝛼    k  B T     f  LE .


  p = n   k  B T


    m   c  𝛼    k  B T  (   D  t   u  𝛼 −     F  𝛼  ext  m ) = −     c  𝛼  n   ∂ n  ∂   r  𝛼 −     c  𝛼  T   ∂ T  ∂   r  𝛼 + O ​  (     Kn 2    𝜏  loc ) .


    D  t   u  𝛼


    c  𝛽  ∂    r  𝛽 T / T


  m   c 2 /  ( 2   k  B T ) − 3 / 2


  m   c 2 /  ( 2   k  B T ) − 5 / 2


      D  t n  n +  (   m   c 2  2   k  B T −  3 2 )     D  t T  T = −   m   c 2  3   k  B T   ∂   u  𝛽  ∂   r  𝛽 + O ​  (     Kn 2    𝜏  loc ) .


  Kn     𝒞  lin   𝜒   ( 1 ) =   m    k  B T  (   c  𝛼   c  𝛽 −  1 3   c 2   𝛿  𝛼 𝛽 )   ∂   u  𝛼  ∂   r  𝛽 +  (   m   c 2  2   k  B T −  5 2 )     c  𝛽  T   ∂ T  ∂   r  𝛽 .


    𝜒   ( 1 )


  n , 𝐮 , T


  1 ,   p  𝛼 ,   𝐩    2


    𝜒   ( 1 )


    𝜒   ( 1 )


    𝜒   ( 1 )


   ℐ 1   ( R ) = −     f 1 −   f  LE    𝜏  R ,       𝜏  R > 0 ,       𝜏  R ∼   𝜏  loc .


  n , 𝐮 , T


    f 1


    f 1 −   f  LE


    𝜏  R


  − Kn   f  LE   𝜒   ( 1 ) /   𝜏  R


     ℒ 1   f  LE    f  LE = −   Kn     𝜒   ( 1 )    𝜏  R .


  Kn     𝜒   ( 1 ) = −   𝜏  R [   m    k  B T  (   c  𝛼   c  𝛽 −  1 3   c 2   𝛿  𝛼 𝛽 )   ∂   u  𝛼  ∂   r  𝛽 +  (   m   c 2  2   k  B T −  5 2 )     c  𝛽  T   ∂ T  ∂   r  𝛽 ] .


  c ∼   v  th


    𝜏  R | ∂   u  𝛼 / ∂   r  𝛽 |


    𝜏  R   v  th | ∇ T | / T


  Kn


    𝜏  R ∼   𝜏  loc


  Kn   f  LE   𝜒   ( 1 )


    c  𝛼   c  𝛽


    c 2   𝛿  𝛼 𝛽 / 3


    S  𝛼 𝛽 =  1 2  (   ∂   u  𝛼  ∂   r  𝛽 +   ∂   u  𝛽  ∂   r  𝛼 ) −  1 3   𝛿  𝛼 𝛽   ∂   u  𝛾  ∂   r  𝛾 .


    S  𝛼 𝛽 =   S  𝛽 𝛼


    S  𝛼 𝛼 = 0


   (   c  𝛼   c  𝛽 −  1 3   c 2   𝛿  𝛼 𝛽 )   ∂   u  𝛼  ∂   r  𝛽 =   c  𝛼   c  𝛽   S  𝛼 𝛽 .


  𝐜 → − 𝐜


  ∫   d 3 p     f  LE   c  𝛼   c  𝛽   c  𝛾   c  𝛿 = n    (     k  B T  m ) 2  (   𝛿  𝛼 𝛽   𝛿  𝛾 𝛿 +   𝛿  𝛼 𝛾   𝛿  𝛽 𝛿 +   𝛿  𝛼 𝛿   𝛿  𝛽 𝛾 ) .


     Kn   m ∫   d 3 p     c  𝛼   c  𝛽   f  LE   𝜒   ( 1 ) = −     𝜏  R   m 2    k  B T   S  𝛾 𝛿 ∫   d 3 p     f  LE   c  𝛼   c  𝛽   c  𝛾   c  𝛿   = − 2 p   𝜏  R   S  𝛼 𝛽 .


    𝛿  𝛼 𝛽   𝛿  𝛾 𝛿


    𝛿  𝛼 𝛽   S  𝛾 𝛾 = 0


    𝛿  𝛼 𝛾   𝛿  𝛽 𝛿


    S  𝛼 𝛽


    𝛿  𝛼 𝛿   𝛿  𝛽 𝛾


    S  𝛽 𝛼 =   S  𝛼 𝛽


  𝜂


  − 2   S  𝛼 𝛽


    P  𝛼 𝛽  kin = p   𝛿  𝛼 𝛽 − 2 𝜂   S  𝛼 𝛽 + O  (   Kn 2 p ) ,     𝜂 = p   𝜏  R ,     p = n   k  B T .


  𝐮 =  (   u  x  ( y ) , 0 , 0 )


    S  x y =  1 2 ∂   u  x / ∂ y


    P  x y  kin = − 𝜂   ∂   u  x  ∂ y .


    P  x y  kin


  x


  y


    u  x


  y


  x


    u  x


  𝐜 → − 𝐜


     ∫   d 3 p     f  LE   c 2   c  𝛼   c  𝛽  (   m   c 2  2   k  B T −  5 2 ) =     𝛿  𝛼 𝛽 3 ∫   d 3 p     f  LE   c 4  (   m   c 2  2   k  B T −  5 2 )   = 5 n    (     k  B T  m ) 2   𝛿  𝛼 𝛽 .


  ∫   d 3 p     f  LE   c 4 = 15 n    (     k  B T  m ) 2 ,     ∫   d 3 p     f  LE   c 6 = 105 n    (     k  B T  m ) 3 .


     Kn ∫   d 3 p     m   c 2 2   c  𝛼   f  LE   𝜒   ( 1 ) = −     𝜏  R m  2 T   ∂ T  ∂   r  𝛽 ∫   d 3 p     f  LE   c 2   c  𝛼   c  𝛽  (   m   c 2  2   k  B T −  5 2 )   = −   5 n   k  B 2 T   𝜏  R  2 m   ∂ T  ∂   r  𝛼 .


  𝜅


    q  𝛼  kin = − 𝜅   ∂ T  ∂   r  𝛼 + O  (   Kn 2 p   v  th ) ,     𝜅 =   5   k  B  2 m p   𝜏  R .


  𝜅 > 0


  𝜂


  𝜅


    𝜅  𝜂 =   5   k  B  2 m .


    𝜏  R


    𝜒   ( 1 )


    𝜒   ( 1 )


    f  LE


  g   d 𝜎


    𝜒   ( 1 )


  𝜂


  − 2   S  𝛼 𝛽


  𝜅


  − ∂ T / ∂   r  𝛼


  Kn


  m n   D  t   u  𝛼 = n   F  𝛼  ext −   ∂ p  ∂   r  𝛼 +  ∂  ∂   r  𝛽  ( 2 𝜂   S  𝛼 𝛽 ) .


  m n


  n


  T


  −   ∂   q  𝛽  kin  ∂   r  𝛽 =  ∂  ∂   r  𝛽  ( 𝜅   ∂ T  ∂   r  𝛽 ) .


  −   P  𝛼 𝛽  kin   ∂   u  𝛼  ∂   r  𝛽 = − p   ∂   u  𝛽  ∂   r  𝛽 + 2 𝜂   S  𝛼 𝛽   ∂   u  𝛼  ∂   r  𝛽 .


    S  𝛼 𝛽


    S  𝛼 𝛽   ∂   u  𝛼  ∂   r  𝛽 =  1 2   S  𝛼 𝛽  (   ∂   u  𝛼  ∂   r  𝛽 +   ∂   u  𝛽  ∂   r  𝛼 ) =   S  𝛼 𝛽   S  𝛼 𝛽 .


   3 2 n   k  B   D  t T = − p   ∂   u  𝛽  ∂   r  𝛽 +  ∂  ∂   r  𝛽  ( 𝜅   ∂ T  ∂   r  𝛽 ) + 2 𝜂   S  𝛼 𝛽   S  𝛼 𝛽 .


  𝜅 ∇ T


  𝜂 > 0


    S  𝛼 𝛽   S  𝛼 𝛽


    u  𝛼


    u  𝛼  ∂  ∂   r  𝛽  ( 2 𝜂   S  𝛼 𝛽 ) =  ∂  ∂   r  𝛽  ( 2 𝜂   u  𝛼   S  𝛼 𝛽 ) − 2 𝜂   S  𝛼 𝛽   S  𝛼 𝛽 .


  p = n   k  B T


  n , 𝐮 , T


  𝜂


  𝜅


    n 0


    T 0


    p 0 =   n 0   k  B   T 0


  n =   n 0 + 𝛿 n ,     T =   T 0 + 𝛿 T ,     𝐮 = 𝛿 𝐮 ,     p =   p 0 + 𝛿 p .


    | 𝛿 n |    n 0 ≪ 1 ,       | 𝛿 T |    T 0 ≪ 1 ,       | 𝛿 𝐮 |    v  th ≪ 1 ,


    v  th


    T 0


  𝛿 p =   k  B   T 0   𝛿 n +   n 0   k  B   𝛿 T .


  𝜂


  𝜅


    n 0 ,   T 0


  𝛿 𝐮 ⋅ ∇ 𝛿 n


  𝛿 𝐮 ⋅ ∇ 𝛿 𝐮


  𝛿 𝐮 ⋅ ∇ 𝛿 T


  x


  t


    S  x x =  2 3  ∂  x 𝛿   u  x


    S  y x =  1 2  ∂  x 𝛿   u  y


    S  z x =  1 2  ∂  x 𝛿   u  z


       ∂ 𝛿 n  ∂ t = −   n 0   ∂ 𝛿   u  x  ∂ x ,   m   n 0   ∂ 𝛿   u  x  ∂ t = −   ∂ 𝛿 p  ∂ x +  4 3 𝜂    ∂ 2 𝛿   u  x  ∂   x 2 ,   m   n 0   ∂ 𝛿   u  y  ∂ t = 𝜂    ∂ 2 𝛿   u  y  ∂   x 2 ,     m   n 0   ∂ 𝛿   u  z  ∂ t = 𝜂    ∂ 2 𝛿   u  z  ∂   x 2 ,    3 2   n 0   k  B   ∂ 𝛿 T  ∂ t = −   p 0   ∂ 𝛿   u  x  ∂ x + 𝜅    ∂ 2 𝛿 T  ∂   x 2 .


  k > 0


  2 𝜋 / k


  k   𝜆  mfp ≪ 1 .


  y


  x


  𝛿   u  y  ( x , 0 ) =   U 0 cos k x


  𝛿 n = 𝛿 T = 0


   ∂  x 𝛿   u  x = 0


  𝛿   u  y  ( x , t ) = U  ( t ) cos k x


   ∂  x 2 cos k x = −   k 2 cos k x


    d U  d t = − 𝜈   k 2 U ,     U  ( 0 ) =   U 0 ,     𝜈 =   𝜂  m   n 0 .


  𝜈


  𝛿   u  y  ( x , t ) =   U 0 cos k x     e  − t /   𝜏  𝜈 ,       𝜏  𝜈 =  1  𝜈   k 2 .


    P  y x  kin = − 𝜂  ∂  x 𝛿   u  y


  y


  x


  1 / k


    U 0


  z


  𝜈 =     k  B   T 0  m   𝜏  R ,       𝜅    n 0   k  B =  5 2     k  B   T 0  m   𝜏  R .


  m   v  th 2 ∼   k  B   T 0


    𝜏  R ∼   𝜏  loc


    𝜆  mfp ∼   v  th   𝜏  loc


  𝜈 ∼   𝜅    n 0   k  B ∼   v  th 2   𝜏  loc ∼   v  th   𝜆  mfp .


  𝜂


  𝜅


  𝛿   u  x


    ∂ 𝛿 p  ∂ t = −  5 3   p 0   ∂ 𝛿   u  x  ∂ x +  2 3 𝜅    ∂ 2 𝛿 T  ∂   x 2 .


     ∂ 2 𝛿 p  ∂   t 2 =   c  s 2    ∂ 2 𝛿 p  ∂   x 2 ,       c  s 2 =   5   p 0  3 m   n 0 =   5   k  B   T 0  3 m .


    c  s


  𝛿 p  ( x , t ) =   P 0 cos  ( k x ∓   c  s k t ) ,


    P 0


  x


  x


  𝛿 T /   T 0 =  2 3 𝛿 n /   n 0


    c  s k


  𝜈   k 2


  𝜅   k 2 /  (   n 0   k  B )


  𝜈 ∼ 𝜅 /  (   n 0   k  B ) ∼   v  th   𝜆  mfp


    c  s ∼   v  th


  k   𝜆  mfp ≪ 1


  𝛿 p = 0 ,       𝛿 n    n 0 = −   𝛿 T    T 0 ,     𝛿 𝐮 = 0 .


  𝜅 k /  (   n 0   k  B   c  s ) ∼ k   𝜆  mfp


  𝛿 n /   n 0 = − 𝛿 T /   T 0


  k   𝜆  mfp


    ∂ 𝛿 T  ∂ t =   T 0   ∂ 𝛿   u  x  ∂ x .


  −   n 0   k  B  ∂  t 𝛿 T


   ∂  t 𝛿 T


   5 2   n 0   k  B   ∂ 𝛿 T  ∂ t = 𝜅    ∂ 2 𝛿 T  ∂   x 2 .


  5 / 2


  3 / 2


    ∂ 𝛿 T  ∂ t =   D  T    ∂ 2 𝛿 T  ∂   x 2 ,       D  T =   2 𝜅  5   n 0   k  B ,


    D  T


    𝛩 0


  𝛿 T  ( x , t ) =   𝛩 0 cos k x     e  − t /   𝜏  T ,       𝜏  T =  1    D  T   k 2 .


  𝛿 n = −   n 0 𝛿 T /   T 0


  𝛿   u  x  ( x , t ) = −     D  T k   𝛩 0    T 0 sin k x     e  − t /   𝜏  T .


  𝛿 n  ( x , 0 ) = −     n 0   𝛩 0    T 0 cos k x ,     𝛿   u  x  ( x , 0 ) = −     D  T k   𝛩 0    T 0 sin k x .


    D  T 2   k 3   |   𝛩 0 |    T 0   e  − t /   𝜏  T ,      4 3 𝜈   D  T   k 3   |   𝛩 0 |    T 0   e  − t /   𝜏  T .


  sin k x


  𝛿 p  ( x , t ) = P  ( t ) cos k x


  P  ( t )


  k | P  ( t ) | /  ( m   n 0 )


    k | P  ( t ) |  m   n 0 ≤  (   D  T 2 +  4 3 𝜈   D  T )   k 3   |   𝛩 0 |    T 0   e  − t /   𝜏  T .


    D  T = 2 𝜅 /  ( 5   n 0   k  B )


    D  T , 𝜈 ∼   v  th   𝜆  mfp


  k


    p 0 ∼ m   n 0   v  th 2


  | 𝛿 p | ≤ | P  ( t ) |


    | 𝛿 p |    p 0 = O ​ [    ( k   𝜆  mfp ) 2   |   𝛩 0 |    T 0   e  − t /   𝜏  T ] .


  k   𝜆  mfp


  𝜂


  𝜅


  𝜈 =   D  T =     k  B   T 0  m   𝜏  R .


  𝜂


  𝜅


  1 / k


    𝜏  s = 1 /  (   c  s k )


    𝜆  mfp ∼   v  th   𝜏  loc


  𝜈 ,   D  T


      𝜏  s    𝜏  loc ∼  1  k   𝜆  mfp ,         𝜏  𝜈    𝜏  loc ∼     𝜏  T    𝜏  loc ∼  1     ( k   𝜆  mfp ) 2 .


    𝜏  H


  𝜈


    D  T


    𝜏  loc


    𝜏  s


    𝜏  𝜈


    𝜏  T


    𝜏  loc


  k   𝜆  mfp ≪ 1


    f 1


  n ,   u  x ,   u  y ,   u  z , T


    f 1


    𝜏  int ∼ 7 ×  10  − 13   s


    𝜏  loc ∼   𝜏  mfp ∼ 1 . 4 ×  10  − 10   s


  2   mm


  k = 𝜋 /  ( 1   mm )


  𝜈 ≃ 1 . 4 ×  10  − 5    m 2    s  − 1


    𝜏  H =   𝜏  𝜈 = 1 /  ( 𝜈   k 2 ) ≃ 7 ×  10  − 3   s


  𝜀 = n   d 3 ≪ 1 ,     Kn =     𝜆  mfp  L ≪ 1 .


    f 1


  Kn


    f 3


    f 4


    f 2


  𝜀


  Kn


  𝜈 =   D  T


    d H  d t ≤ 0 .


  N


    𝜏  int ≪ 𝛥   t  kin ≪   𝜏  loc ,


    f 1


  H


  H


  H


  H


  N


    𝐫  i  ( t )


    𝐩  i  ( t )


  i


  t = 0


  t =   t 0 > 0


  rev


    𝐫  i  rev  (   t 0 ) =   𝐫  i  (   t 0 ) ,       𝐩  i  rev  (   t 0 ) = −   𝐩  i  (   t 0 ) .


  s


       𝐫  i  rev  (   t 0 + s ) =   𝐫  i  (   t 0 − s ) ,     𝐩  i  rev  (   t 0 + s ) = −   𝐩  i  (   t 0 − s ) ,     0 ≤ s ≤   t 0 .


  2   t 0


    t 0


  H


  𝐩 ↦ − 𝐩


    H  rev


    H  rev  (   t 0 + s ) = H  (   t 0 − s ) .


  H


  H


  H

